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SOME PROPERTIES OF COMMON HERMITIAN SOLUTIONS OF
MATRIX EQUATIONS A4;XA] = B; AND A2 X A3 = By
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Abstract. In this paper we provide necessary and sufficient conditions for the pair of

matrix equations A; X A] = By and A3 X A5 = Ba to have a common hermitian solution in
Xi1+Xo

the form , where X7 and X are hermitian solutions of the equations A1 X A} = B;
and A2 X A5 = Bs, respectively. In the last section, we derive necessary and sufficient

conditions for common hermitian solution X of this pair of matrix equations to have the

forms 0* Xo and X1 0 , where X1, X2 and X3 denote some submatrices in X.
X2 O O X3

1. Introduction

Throughout this paper, C"*™ and C% stand for the sets of all m x n complex matrices

and all n x n complex Hermitian matrices, respectively. We denote by, A*, r(A) and
R(A) the conjugate transpose, the rank, and the range of A, respectively. The Moore-
Penrose inverse of a matrix A € C™*", denoted by A", is defined to be the unique
matrix X € C"*™ satisfying the four matrix equations

(1) AXA=A, (2) XAX =X, (3) (AX)* = AX, (4) (XA)" = XA.
Moreover, the two matrices E4 and F4 stand for the two orthogonal projectors F4 =
Im—AAT, Fy = I,—A" A induced by a matrix A. Their ranks are given by r(E4) =
m—r(A), r(Fa) =n—r(A).

The majority of properties of the generalized inverse, especially the Moore-Penrose
generalized inverse have been treated in the book of A. Ben-Israél and T. N. E.
Greville [1], and also in the book of Z. Nashed [11].

The inertia of a Hermitian matrix is defined to be a triplet In(A) = {i+(A),i—(A),
i0(A)} composed of the numbers of the positive (i+(A)), negative (i—(A)) and zero
eigenvalues (ig(A)) of the matrix counted with multiplicities, respectively.
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Recently, research on linear matrix equations has received more attention and has
had lots of nice results. For example, Mitra [9,10] has provided conditions for the
existence of a solution and a representation of the general common solution to the
pair of matrix equations

AlXBl = Cl and AQXBQ = CQ, (1)
where A;, B;, C; are given for i = 1,2 and X is unknown.

Also A. Navarra, P.L. Odell, D.M. Young. [12] gave new necessary and sufficient
conditions for the existence of a common solution to (1) and derived a new represen-
tation of the general common solution to these two equations. In [6] Liu established
the condition for the matrix equations (1) to have a common least-squares solution.
In [7] X. Fu Liu, Hu Yang gave an expression of the general common least squares
solution to the pair of matrix equations (1). In [3] S. Guerarra and S. Guedjiba de-
termined necessary and sufficient conditions for the pair of matrix equations (1) to
have a common least-rank solution, and the expression of this solution is also given.

Consider the pair of matrix equations

Al)(Air = Bl and AQXA; = BQ. (2)
Various problems related to (2) and applications have been investigated in the lit-
erature. In [13] Y. Tian determined the conditions for the existence of a common
hermitian solution to the pair of matrix equations (2) and gave a representation of
the general common hermitian solution. Furthermore, he established explicit formulas
for calculating

mgxr( 1 1 X 1)7 mgxli( 1 1X 1)a
. ! Bi XB L. B. XRB
Xésr( ! 1 1)’ Xésl ( 1 ! 1)’

where S = {X S (CTIEI‘ [BQXB;,B;gXB;] = [AQ,Ag]}.
In [14] Y. Tian gave necessary and sufficient conditions for § = T, where
S ={X € RY|AXA* = B},

T — {Xl +X5

2

In [4], S. Guerarra and S. Guedjiba established a set of explicit formulas for calculating

the maximal and minimal ranks and inertias of P—X with respect to X, where P € C%

is given, X is a common hermitian least-rank solution of matrix equations A1 X A} = B
and AQXA; = BQ .

In [19], the authors derived the maximal and minimal ranks of the submatrices
in a least squares solution to the equaition AXB = C. From these formulas, they
derived necessary and sufficient conditions for the submatrices to be zero and other
special forms.

| TVAX1A™T] = T\ BT{ , To AX2 A™T5 = Ty BT } )

Motivated by these works we use the matrix rank method to derive necessary

and sufficient conditions for (2) to have a common hermitian solution in the form

X1+X .. . .
g, where X; and X3 are hermitian solutions of the equations A; XA} = By and

A9 X A5 = Ba, respectively, and we give necessary and sufficient conditions for the
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submatrices in a common hermitian solution to (2) to have a special form.
We first give some lemmas.

LEMMA 1.1 ([8]). Let A e C™*", Be€ C™*P and C € C¥*". Then, the following rank
expansion formulas hold

r (A, B) = 1(A)+r(BsB) = r(B)+r(EgA), (3)
r (é) = 1(A)+r(CFa) = r(C)+r(AFc), (4)
r (é g) =1r(B)+r(C)+r(EAFc). (5)

LEMMA 1.2 ([16]). Let A e C™*", Be C™** ¢ e C*" and C € D'** be given. Then
the rank of the Schur complement S4 = D—CA™ B satisfies the equality
ATAAT A*B

) —r(A). (6)

r(D-CATB) =r ( oA* D

LEMMA 1.3 ([15]). Let A€ CY, Be C™*™, D e CY, and let

= (7). am= (7). @

Then, the following expansion formulas hold

i(M) = r(B)+is (BpABp),  ix(Ma) = ix(A)+iz (B*(}EA D_@éﬁﬁw), (®)

r(My) = 2r(B)4r(EpABp),  r(Ms) = r(A)tr (B*OEA oo B) NG
Under the condition A =0,
i(M)=r (A B), i-(M)=r(B), r(M)=r(A B)+r(B).
Under the condition R(B) C R(A),
i+ (Ms) = it (A)+it(D-B*ATB), r(M) = r(A)+r(D-B* A" B).
Some general rank and inertia expansion formulas derived from (3)—(5), (7)—(9) are
given below

AB
A B\ [(ABo A BF\
T(EPC' o)_r<cop>_’"(P)’ T(c 0 >_T gg (@),

AB O
r ( o BgQ) —r|lcor|-—rr)-rQ), (10)
P
0Q0
AB O
it < FAB* ng) =it (B* 0 P* | —r(P), (11)
P
0P O
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A BQ
it (ngéf@ E%B> =it | B* D 0 | —r(Q).
@ Q"0 0

LEMMA 1.4 ([14]). Let A € CY, B € C}, Q € C™*™, and assume that P € C™*™ is
nonsingular. Then,

i+(A) if x>0

ix(A) if A <0’

it (g‘ g) — i+ (A)+i(B), i <¢§ ﬁf) i (3 ff) —r@.  (12)

LEMMA 1.5. Let A€ C™*"™ and B € C}; be given. Then, the following hold.

(a) [2,5], The matriz equation AXA* = B has a solution X € C} iff R(B) C R(A),
or equivalently, AATB = B.

(b) [15] Under AATB = B the general hermitian solution of AXA* = B can be
written in the following two forms X = ATB(AT)*+U—-ATAUATA, X = ATB(AT)*+
FAVA+V*Fy, where U € C and V € C™*™ are arbitrary.

i+ (PAP*) = i1 (A), i+ (ANA) = {

LEMMA 1.6 ([13]). Let B; € C}*, A; € C™*™ be given for i = 1,2 and suppose that
each of the two matriz equations A1 X A} = By and A3 X A3 = B, has a solution, i.e.,
R(B;) CR(A;) fori=1,2. Then, the following hold.

(a) The pair of matriz equations has a common hermitian solution if and only if

B 0 A A
r| 0 =By Ag :r(A1>. (13)
A} A5 0 2
(b) Under (13), the general common hermitian solution of the pair of equation can be
written in the following parametric form X = Xo+VFpg+FAV*+Fa UFp,+Fa,U*Fy,,
where Xg is a special hermitian common solution to the pair of equations, A = il ,
2

and U,V € C"*™ are arbitrary.

2. Properties of common solutions of matrix equations A4; XA] = B; and
Ay X AL = By

LEMMA 2.1 ([17]) Let ¢(X17X2) = A-BleCl—(Blecl)*—BQXQCQ—(BQXQCQ)*,
where A € C}, B; € C™*Pi and C; € CEX™ are given, and X; € CPi*% are vari-
able matrices for i = 1,2, and assume that R(B2) C R(B1), R(CT) C R(B1), R(C3) C
R(B1). Also let

. A By Cf C3 A By C} C3
A B
N_<C 02(’(;16;2>, Ni=|B50 0 0|, N=|Cci 0 0 0],
! Ci 0 0 0 C; 0 0 0
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A B A By C} A CF Gy
M_<C 01>, Mi=|Bs 0 0 |, My=|Cy 0 0
! Ci 0 0 C; 00
Then, the global mazimal and minimal ranks and inertias of ¢(X1, X2) are given by
max 7[¢p(X1, X2)] =min{r[A, B1],7(N),r(M1),r(M2)},
X1 ECP1X41, XocCP2X92
min r[o(X1, X2)] =2r[A, B1]=2r(M)+2r(N)+max{s1, s2, 53,4},
X1 €CP1X41 XoeCP2X492
max ii[gf)(Xl,Xg)] :min{ii(Ml),ii(Mg)},
X1 €CPLXAL, XoeCP2X 42
min i+[p(X1, X2)] =r[A, Bi]-r(M)+r(N)

X1 €CPLX91,XoeCP2%92
+ max{i+ (M1)—r(N1),i+(Ma)—r(N2)},
where 1 = r(My)—2r(Ny), s9 = r(Ma)—2r(Na2),
s3 = i4 (My)+i— (Ma)—r(Ny1)—r(N2), s4 =i_(My)+it(Mz)—r(Ny)—r(N2).

Let A; € C™i*P, B; € C}}?, for i = 1,2. Define

{Y: X1-2%X2

Sy = € Cl | A1 X1 AT = By, Ag X2 AS = Bz}, (14)

SQZ{XE(C?{ ‘A1XAT:Bl,A2XA;:BQ}. (15)
In this case, we give necessary and sufficient conditions for S; N Sy # 0.

THEOREM 2.2. Assume that the pair of matrices in (15) has a common hermitian
solution, and let S1 and Sy be defined as in (14) and (15). Then, S1 NS # 0 iff

0 —A} 4 A
r|—-A1 —3B1 0 =2r< 1). (16)
Ao 0 %BQ

Proof. Note that S1NSs # 0 is equivalent to . min  r(Y—X) =0. From Lemma 1.5,

€51,X€Sy
the general expression of the matrices of the two equations in (14) can be written as
AT By (A7)* AF By(A7)*
Y = MnLFAlU1+U{‘FAI+%(2)+FA2UQ+U§FA2, where U; and U, are
arbitrary. Then
AT By (A])* . A By(A7)* .
YoX = S e By Ut U Fay + 20 =2+ Fa, U AU Fay = Xo
—VFA—FAV*—FAl UFAQ_FAQU*FAl
F
AT B (A" AF Bo(Af)* A
- AT A BT o (v vt —u3) | B
2 2 1
Fy,

V*
- (FA7 Fay, FAQ) —Uy | —FA,UFA,—Fa,U"F4,.
—Uy
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Let
ATBZ(AD +A2+BQQ(A2+) —Xo Fa, Fa Fa, Fa, Fa,
L= Fy 00 0 0 0
Fyu, 0 0 0 0 0
Fyu, 0 0 0 0 0
ATBZ(AT) A;BQQ(A;) —Xo Fa, Fa Fa, Fa, Fa,
L Fyu, 0 0 0 0 0
Fy 00 0 0 0 |°
Fy, 00 0 0 O
Fa, 0 0 0 0 0
*
A1+Bl2(A1+) A;Bgz(A;) Xy Fa, Fa Fa, Fa, Fa,
Fy 00 0 0 O
L2 = Fa, o 0 0 0o o |
Fa, 0 0 0 0 0
Fa, 0 0 0 0 0
AT Bi(AT)* AT Bo(AD)* 1
2 2 0 Ip
G = Fp 0 s
Fy, 0
Fy, 0
* *
ATBlz(AD +A;BQ;A;) —Xo Fa, Fa Fa, Fa,
G Fy, 0 0 0 0
Fy 0 0 0 0 |°
Fa, 0 0 0 0
Fa, 0 0 0 0
A1+312(A1+) +A2+BQ2(A2+) Xy Fa Fa, Fa, Fa,
Fy 0 0 0 0
G2 = Fa, 0 0 0 0
Fa, 0 0 0 0
Fa, 0 0 0 0
Thus, from Lemma 2.1, we get
min (Y —X)=2r ATBl(AT)*JrA;FBQ(A;)*—XO,I,,
Y€eS],XeSy 2 2

—2r(GQ)+2r(L)+ max{ty, ta, t3, 14}, (17)

t1 = r(G1)—2r(L1), ty = 1(G2)—2r(L2),
t3 = i4(G1)+i—(G2)—r(L1)—r(L2),  ta=1i-(G1)+it(G2)—r(L1)—r(L2).
We will simplify r(G), r(L), i+(L;) and i+ (G;) for i = 1,2.

where
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Applying (4), (6), (11) and (12), and simplifying by [A1 AT By, Ay AJ Bo] = [By, B,
elementary matrix operations and congruence matrix operations, and the fact that
R(F4) C SR(FAI) and R(Fy4) C m(FAQ), we obtain

AfBl(Af)*+A;BQ(A;)*

5 3 —Xo Ip
r(G)=r Fa 0
Fy, 0
Fa, 0
ALBATY | AT BT
5 + 5 —Xp Ip
=r Fa, ol = 2p+r(As2Fa,)—r(A2),
Fa, 0

Fy, 0 0 0 0
i+(G1) =iz Fyu 0 0 0 O
Fy, 0 0 0 O
Fy, 0 0 0 O
ATB1(AT)* AT By(AD)*
1 12( 1)+ 2 22( 2)—X0FA1FA2
—iE Fu, 0 0
FA2 0 0
ATB1(AT)* AT By(AD)*
112(1)+222(2)—X01p1p00
‘ I, 0 0 A7 0
=it I, 0 0 0 A3 —r(A1)—r(A3)
0 A1 0 0 0
0 0 A, 0 0
0 Iy Iy —3A{B1+5X0A} —1AT B,
Ip 0 0 Aj 0
=iy I 0 0 0 A3 —r(A1)—r(Az2)
—%Bl(Aii_)*‘F%AlXO AL O 0 0
— 1By (AF)* 0 A 0 0
0 —A} A

=p+it+ | —A1 —%Bl 0 —r(A1)—r(As2)
Ay 0 1B
By similar steps we obtain
0 —A] A3
i+(G2) = p+it | —Ag —%Bl 0 —r(A1)—r(As),
Ay 0 1B
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0 —A7 A}
r(L)=2p+r | —A; —3B1 0 | —2r(A;)—2r(As2).
Ay 0 1B
It is clear that r(L) = r(L1) = r(L2) and t; = to = t3 = t4 = —r(L). Substituting these
relations into (17) yields (16). O

3. Ranks of submatrices in a common hermitian solution of matrix
equations A; XA} = B; and A3 X A5 = Bo

Let
SZ{XE(CHH ‘A1XA>{=BLA2XA§=B2}. (18)
The common hermitian solutions of the pair of matrix equations in S are given by
X = Xo+VFA+FAV +Fa, UF,+F4,U"Fy,, where Xj is a special hermitian common
. . . . . A
solution to the pair of matrix equations in S, A = ( Al)’ and U,V € C"*" are
2

arbitrary.

One of the fundamental concepts in matrix theory is the partition of matrix. Many
properties of a matrix can be derived from the submatrices in its partition. The
common hermitian solution X € S is partitioned into 2 x 2 block of the form X =

<§i §2>, where X; € C"1*™ | X5 € C"*™ and X3 € C"2*"2 with ny+ns = n.
2 X3

Since X7, X and X3 are submatrices in a common hermitian solution X to the pair
of matrix equations A1 X AT = By and A3 X A% = B, they can be rewritten as

I . .
X, = (Im, 0) X ( 81> — RiXR, Xoy= (Inl, o) X (IS > = R1XRj,
2

0 x
X = (0, Iny) X (Ing) = RyXRj.
We adopt the following notations for the collections of submatrices X7, X2 and X3.

X1 X2 .
(X; Xg) ES}, i ,2,3

The following are some known results for ranks and inertias of matrices, which will
be used in this section.

S; = {Xl

LEMMA 3.1 ([17]). Let A; € C™i*" and B; € C be given for i =1,2 and assume that
the pair of matriz equations A1 X A7 = By and A3 X A5 = Bs, have a common solution
X € CY. Also, let S be defined by (18) and define

A 0 B A 0 B
A B
P= (0 ) p={o -Bal,  m=|0 -Bal
B0 AL Ay B* A} 0 B* A5 0
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A 0 0 BB A 0 B B A 0 B B
0 —By 0 A; O 0 —B;1 A1 0O 0 —Bgy A2 0
Q=10 0 o a|t LT oar 0 o BT a5 0 0
B* AT A} 0 0 0 0 0 A 0 0 0 A

Then, the following hold.
(a) The global mazimal rank of A—BXB* subject to S, defined by (18), is

max r(A—BXB") =
Xes

min {r (A, B) ,7(Q1)—r <i;> —T(Al)—T(AQ),T(P2)_2T(A1),T(P3)—2T(A2)}.

(b) The global minimal rank of A—BXB* subject to S, defined by (18), is

min 7(A—BXB") =
Xes

2r (A, B) —2r(P1)+2r(Q1)+ max {r(Pg)—Qr(Qg),r(Pg)—Qr(Qg), ul,UQ},
where uy = i (Po)+i—(P3)—r(Q2)—7(Q3),

ug =i (P2)+i4 (P3)—7r(Q2)—7(Q3).
(¢) The global mazximal inertia of A—BXB* subject to S, defined by 18, is

max it (A—BXB*) = min {ii(Pg)—r(AlLii(Pg)—r(Ag)}.
(d) The global minimal inertia of A—BXB*subject to S, defined by (18), is
min i4(A-BXB") =
P (4 B) =P +r(Qe)+ max { i ()= (@), 12(Py)-r(Qa) .

LEMMA 3.2 ([18]). Let A € C™*", B e C™*k ¢ e C*", By € C™*P, C1 € CT*" be
given, Y € Ck*n 7z e c™*l U € CP*Y be variant matrices. Then

min r(A—BY -ZC-B,UC1) =

Y, Z,U
A B A B B,
A B B
T(C 0 01)+ C o|l-r|C 0 0]|-r(B)-rC),
Ci1 0 Ci1 0 0
A B
max r(A—BY —-ZC—B1UC1) = min{ m,n,r A B B , 7| C 0 .
Y, Z,U CcC 00 o
1

THEOREM 3.3. Let A; € C™*™ and B; € C};' be given fori=1,2 and assume that the
pair of matriz equations A1 XA} = By and AsX A5 = Bs, have a common solution
X € Cl. Also, let

—-B1 0 A2 —A11 O -B1 0 A7 0 —Aq
Ti=| 0 =By 0 A Az, To=]1 0 —Bs 0 Az A2 |,
Afy A% 0 0 0 AL A3 0 00
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—By A2 —A11 0O —By Agg —A21 O
0 0 o0 |, My=|43% o o o |,
0 0 Az Az 0 0 A1 As

—B1 A;; 0 —Ajpo —B3 A31 0 —Ax
i1 0 0 0 ) My=|A45 0 0 0 ,
0 0 A A 0 0 Ann A2

—B1 Ap [ —B2 Az _(—=B1 A1 [ —B2 As
o0 )0 2T lay, o) BTlan o )0 T lay o
12 22 11 21

Then, the following hold.

(a)

where

(b)

max
Xo€Sy

(c)

Xrlnelrélr(Xl) =2r(T1)—2r (A12, A22) + max {tl,tg, t3,t4},
max r(X7) = min {n 2n1+r(T)—r A1 —r(A1)—r(As2)
X169, 1) = 1 1 A2 1 2)
2711—}—7“([/1)—27“(141),2n1+T(L2)—2T(A2)},
t1 = i+(L1)+i_(LQ)—T(Ml)—T(MQ), t3 =r(Ly)—2r(My),
ty =i (L1)+iq(L2)—r(My)—r(Ma), ta = r(L2)—2r(M2).
0 Tl 0
0 0 0 A, A% 0 0 A5
min T(XQ) =r| Ao —A11 0 B; O +r 0 —ATQ ;2
Xo€Sy
0 A1 Az 0 By A2 B1 0
A;Q 0 B2

%
i1 0

0 0
0 0 0 A3
A A
—r O 0 O — TQ A;2 T <A11) -Tr <A12> y
Aig —A11 0 By O 2 22
0 Aoy Agsg O 0

0 0 0 A Ay

223

) |

(19)

(20)

(21)

r(Xg):min{nl,ng,r A1 —A11 0 By O +n—r(A1)—r(A2)—r(A),

0 A}, O
0 0 A%
r| 0 —Ajy, A, +n_T(A1)—T(A2)—T’(A)}‘ (22)
Ao B 0
Agse 0 B

. A1
min r(X3) = 2r(T2)—2r + max {S1,52,83,54 (,
i (X3) (T2) <A21> {s1,s2,83,54}

Xx?g)sggr()(g) = min {n2,2n2+r(T2)—r (j;) —r(A1)—r(As2),
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2n2+r(L3)72r(A1),2n2+r(L4)72r(A2)},
where s1 =4 (L3)+i—(La)—r(Ms3)—r(My), sz =r(L3)—2r(Ms),
s2 = i—(L3)+iy(La)—r(Ms)—r(Ma), sa4 = r(La)—2r(My).
Proof. Let
0 0 Ry 0 0 R
P1—<£* el j) Po={0 Bia|,  P=|0 B A,
! L Ry A} 0 Ry A5 0
0 0 0 R Ry 0 0 R Ry 0 0 R Ry
Q) = 0 -B;1 0 A1 O Qy = 0 —B1 A1 O Qs = 0 —By Ay O
Y10 0 -By 0 A7 2T R A7 o0 o *T|Rr Ay 0 0
RE AT A5 0 0 0 0 0 A 0 0 0 A

Applying Lemma 3.1, we obtain
i X1) = mi R1XR}
R, T = iy (R XD

= 2r (0, Ry) =2r(P0)+2r(Qu)+maxty, b, ts, ta},

where t1 =i (Pa)+i—(P3)—r(Q2)—r(Q3), t3 = r(P2)—2r(Q2),
to =i (Po)+iy(P3)—1(Q2)—r(Q3), ty = r(P3)—2r(Q3).
g, T0) = pagr(RXRD

. A
= min {7“ (0, Rl) ,r(Q1)—r (Ai) —r(A1)—r(Az),r(P2)—2r(A1),r(P3)—2r(Az)
Rewrite 41 and A5 as
Al = (All, A12) , Ag = (A21, A22)7

where Aqg € (Cm1><n17 Ao € (Cm1><n27 Aoq € (Cm2><n1, Ago € Cm2xn2,

(23)

}. (24)

(25)

Simplifying the block matrices in (23) and (24) by elementary matrix operations

and elementary congruence matrix operations, we obtain

A -B, 0 Ajpp —A;; O
r(P1) = 2n1+r <A12> ; r(@Q1)=2n1+r| 0 —Bs 0 Az Ag
2 Ajy A5y 0 0 0
—B;, A2 —A11 O —B, Azx —A>1 0
r(Q2) =2n1+r | A7y 0 0 0 r(Qsz) =2n1+r | A3y 0 0 0 |,
0 0 Az A 0 0 A A
. [—=B1 A2 —By Asg
Py) = Pr) =
i (F2) = mtix (A*{Q 0 ) i (Fs) =mtix <A§2 0 )
—B;1 Aq —B3y Ao
r(P2) = 2n1+r <AT21 01 ) , r(P3) = 2ni+r (A§2 R

I
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Substituting the above results into (23) and (24) yields (19) and (20).
Next, we apply Lemma 3.2 to

Xz = RiXR3 = R XoR§+Vi PARS+RiFAVS + (R1Fa,, RiFa, ) < 0 U*) ( o Ri) :
142

where V3 € C"*™ and V5 € C"2*", and we get

i X
Xr;légQT’( 2)
. . . U 0\ [Fa,R5
= RiXoR54+ViFAR5+R1FAV: RiF4,, RiF 2
U’I‘I;III?VQT( 1X0R2+ ViAo + R4 2+( 1A, 111 Az) (0 U*) (FAlRS
R1XgRT R1Fy
_, (B1XoRl RiFa RiFa, RaFa,\ . | FaRs 0
FusR5 0 0 0 Fy,R5 0
Fa,R} 0
R1XoR] R1F4 R1Fa, R1Fa,
FuR; 0 0 0 .
— —1r(R1F4)—7r(FaR 26
T FA RS0 0 0 r(R1Fa)—r(FaR3), (26)
Fa,Ry 0 0 0
X
due, %)
= R1XoRy+ViFyRo+R1F4 V- R F R F 2
UTI\}?,)\(/QT( 1A+ ViAo +R1bA 2+( 144, 111 Az) (0 U*> (FA1R§
R1XORT R1Fy
, RiXoR} RiFa RiFa, RiFa, FaoR5 0
= . 27
mm{”“’””( FARS 0 0 0o )| FaR5 0 (27)
Fa,R5 0

Applying (10) to the block matrices in (26) and (27), and simplifying by using
[A; Ai”Bl, AQA;_BQ] = [Bi, Bs], elementary matrix operations, and the fact that R(R1F4) C
R(R1F4,) and R(R1F4) CR(R1F4,), we obtain

<31XOR*{ RiFy RiFy, RlFA2> . <1~21XOR*{ RiFy, RlFA2>

F4R} 0 0 0 F4sR5 0 0
0 0 0 Tl A;l
=T A12 —A11 0 A11R1XOAT 0 'H’L—T(Al)—'I“(AQ)—T(A)
0 A Az 0 Ag1 R1X0A3
(0.0) 0 (0.0 i A3y
=r (o, A12) ~Ar (0,0 (Au, o) XoA} 0 Fn—r(A1)—r(Az)—r(A)

(0, 0) Ao (0, A22) 0 (Azl, 0) XoA3
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0 0 0 A, Ay

Ais —A11 0 By O -H’L—T(Al)—T(AQ)—T(A),

0 A21 A22 0 BZ

R1XoRSY R1F

[ RiXoR5 RiFa

A2 =r| FaR5 0

FA2R2 O F R* O

Fa,R5 0 Az 712

0 Tl 0

0 0 Ay

0 —Aj, A3, +n14+n2—r(A)—r(A41)—r(As2)
A12 0 AlX()RZA;Q

Ass 0 A2X0R§A§2

0 Tl 0

0 0 0

0 0 Al

0 0 0

0 —Afy A3y +n—r(A)—r(A;)—r(Az)

0
Aqo A1X0< " )
12
*

Aogo 0 As X <A§1>

0 A5 0

0 0 A%

0 —Ajy A5y | +n—r(A)—r(A41)—r(A42),
Ao Bi 0
Ax 0 Bo
R1XoR; RiFq R1Fy, R1F

1 XoRY 1l FaFay BaFay RiXoR] RiFa, RiFa,
FuR, 0 0 0 .

* =T FA1R2 0 0
Fa,R5 0 0 0 PR .
Fa,Ry 0 0 0 A272
0o 0 o0 * 0
0 0 0 0 A%,

0 0 0 —Ajs A3y | +n14n2—2r(A1)—2r(As2)
Ap —A1n 0 AR XoA7 0

0 Aoy Aso 0 0

0 0 0 A 0

0 0 0 0 A%

0 0 0 —Aj, A§2 +n—2r(A1)—2r(A2).

A2 —A1; 0 By 0
0 Aoy Aos O 0
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Az2
Substituting these results into (26) and (27) yields (21) and (22).
The proof of (c) is similar to (a). O

By Lemma 1.2, we obtain r(R1F4) = ni+r A12> —r(A), r(FARS) = ng+r (i“) —r(A).
21

COROLLARY 3.4. Let A; € C"™*™ and B; € C;’;i be given for i =1,2 and assume that
the pair of matriz equations A1 XA} = By and 2 X A5 = By, has a common solution
X € C4. Then

(a) Equation (2) has a common hermitian solution in the form X = ( 0 X2> iff
_ * * _ All

max {tl,tg,tg,t4} =2r (Alg, A22) —2r(Ty), and max{81,52,53,54} =2r 4 —2r(Ty).
21

. . 0 Xo\ .

(b) All the common hermitian solutions of (2) have the form X = (X* 0) iff

2
min{ZnH—r(Tl)—r <i1> —T(Al)—T(AQ),2n1+7‘(L1)—27‘(A1),2n1+T(L2)—2T(A2)} =0, and
2

min {2n2+r(T2)fr <i;> fr(Al)fr(Az),2n2+7‘(L3)72r(A1),2n2+r(L4)72r(A2)} =0.

(¢) Equation (2) has a common hermitian solution in the form X = <X1 0 ) iff

0 Xs
0 0 0 Aj; O
0 0 0 0 A5 0 0 0 Al A5
r] 0 0 0 —Ajy A5y | =r|A12-A11 0 Br O
A1 —A11 O By 0 0 Ag; Az 0 Bo
0 Ao Ay 0 0
0 1 0
0 0 A5
+r 0 —ATQ A;z - (jl:[) - (ﬁ12> .
Ap By 0 21 22
A;Q O BQ

(d) All the common hermitian solutions of (2) have the form X = <)§)l )? ) iff
3

0 0 0 Af, A%

min{T Ao —A11 0 By 0 | +n—r(A1)—r(A2)—r(A),

0 A9y Azs 0 Bo

0 A%, 0
0 0 A%

r| 0 —Ajy A3 +nfr(A1)fr(A2)fr(A)} =0.
Ais By 0

Ao 0 By
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THEOREM 3.5. Let A; € C™*™ and B; € Cy' be given for i = 1,2 and assume that
the pair of matriz equations A1 X AT = By and A3XA5 = Bs, has a common solution
X € C%. Then

(a) The submatriz X1 is unique iff dim {R(AT)NR(A3)}— dim {R(AT) NR(A35,)} = n1.
(b) The submatriz X3 is unique iff dim {R(A]) NR(A3)}— dim {R( A11 )NR(A31)} = no.
(¢) The submatriz X, is unique iff dim {R(A]) NR( A§)} dim {R(A]) NR(A35,)} = n1,

and dim {R(AT) NR(A43) }—dim {R(A];) NR(45,)} =

Proof. We only prove (a). Note that
X1 = RiXoRI+ViFARI+R1FAVY"+ R\ FA, UF g, Ri+R1Fa,UF4, R}.
Then X is unique iff R1F4 = R1F4, = R1F4, =0.

RiFy = RiFa, = RiFa, =0& r(R1Fa) = r(RiFa,) = r(R1Fa,) = 0

ni+r Arz —r(A) =0 r(A) A +nq
Ago A
<~ <

2
n1+r(A12)—r(A1) =0 =r(A12)+n1
ni +T(A22)—T(A2) =0 (AQ) = T(A22)+n1
<:>d1m{9‘{A1 H%AQ} d1m{%A12 ﬂSR( 3)}:711,
where we use the partitioning of A; and Az as in (25). O
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