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ON A CLASS OF ELLIPTIC NAVIER BOUNDARY VALUE
PROBLEMS INVOLVING THE (p(-), p2(-))-BIHARMONIC
OPERATOR

A. Ayoujil, H. Belaouidel, M. Berrajaa and N. Tsouli

Abstract. In this article, we study the existence and multiplicity of weak solutions for
a class of elliptic Navier boundary value problems involving the (pi(-),p2(-))-biharmonic
operator. Our technical approach is based on variational methods and the theory of the
variable exponent Lebesgue spaces. We establish the existence of at least one solution and
infinitely many solutions of this problem, respectively.

1. Introduction

In recent years, the study of differential equations and variational problems with
p(-)-growth conditions was an interesting topic, which arises from nonlinear elec-
trorheological fluids and elastic mechanics. In that context we refer the reader to
Ruzicka [14], Zhikov [20] and the reference therein; see also [6,7].

Fourth-order equations appear in various contexts. Some of these problems come
from different areas of applied mathematics and physics such as micro electro-mechani-
cal systems, surface diffusion on solids, flow in Hele-Shaw cells (see [9]). In addition,
this type of equations can describe the static from change of beam or the sport of
rigid body.

In this work, we consider the problem

A(|Au|Pr @2 Au) + A(JAulP>®) 2 Au) = f(x,u) in Q, (1)
u=Au=0 on 0Y,
where € is a bounded domain in RY, with smooth boundary 09, N > 1, Aii(w)u =

A(|AulPi®) =2 An) , is the p;(-)-biharmonic operator with p;(-) for i = 1,2 are contin-
wous functions on Q with p; = inf p;(z) > N and p;} = maxp;(z) > N for i = 1,2,
€N €N

and f: Q x R — R is a Caratheodorey function.
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We point out that elliptic equations involving the p(-)-biharmonic equations are
not trivial generalizations of similar problems studied in the constant case since the
p(+)-biharmonic operator is not homogeneous and, thus, some techniques which can
be applied in the case of the p-biharmonic operators will fail in that new situation,
such as the Lagrange Multiplier Theorem.

The class of p(-)-biharmonic equations was considered by many authors in re-
cent years. Many researchers have investigated into beam equations under various
boundary conditions and through different approaches.

For example, in [3] the authors studied a class of p(-)-biharmonic of the form

A(|AuP@ =2 Au) = Au|9®) =24 in Q, 2)
u=Au=0 on 0f,

where Q is a bounded domain in RY, with smooth boundary 09, N > 1, A > 0,
by using variational methods based on the Mountain Pass Lemma and Ekeland’s
Variational Principle, they established several existence criteria for eigenvalues.

By an approach based mainly on an adequate variational techniques, in [15], the
authors studied some problems with indefinite weight under Neumann boundary con-
ditions and Navier boundary conditions.

In the case where p(-) = ¢(-), the authors in [2] established the existence of
infinitely many eigenvalue sequences for the problem (2) by using the Ljusternik-
Schnirelmann theory on C'-manifolds.

In [11], Lin Li et al. considered the above problem and using variational meth-
ods, by some assumptions on the Carathéodory function f, using the mountain pass
theorem, fountain theorem, local linking theorem and symmetric mountain pass the-
orem, they have established the existence of at least one solution and infinitely many
solutions of this problem, respectively.

In another direction, the authors in [5] have considered the fourth-order quasi-
linear elliptic equation and using variational methods, by some assumptions on the
Carathéodory function f, they have established the existence of three solutions for
the problem of the form

A(JAulP® 2 Au) 4 a(2)|uP® 20 = f(z,u) + Ag(z,u) in Q,
Bu=Tu=0 on 09,
where Bu = Tu = 0 denotes the following boundary conditions:
1. B = B;, T = Ty, Navier boundary condition, i.e. Bju = Au = 0 and
Tiu=u=0 on 019,

2. B = By, T = T, Neumann boundary condition, i.e Bou = % = 0 and
Tou = 8% (JAu|P®)=2y) = 0 where v is the outward unit normal.

Inspired by the above references, based on the use of Kransnoselskii genus and
Mountain Pass Theorem, the aim of this article is to establish, respectively, the exis-
tence of at least one solution and infinitely many solutions of problem (1) under the
following assumptions:

(Fo) f: QxR satisfies | f(x,t) |< cr(1+ [t]7®~1), for all (z,t) € Q x R, where
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r(z) € C4(Q), r(z) < p*(z) for all z € Q p; >r~ := inf r(z) for i = 1,2 and ¢; is a
e
positive constant,

(F1) f(z,t) = o(|t|"®~1) as t — 0 and for all x € O,

(F3) f(x,t) > colt|*@ =1 ast — 0 and for all z € Q, where at = sup a(x) < m}nQpi_,
z€Q =

F(z,t _
(F'3) limsup (:’ ) < a(z) such that § € C(Q), with 67 = supf(x) < min p;,
[t| =00 2] (@) z€Q =12

where F(z,t) = fot f(z,s)ds and a € L>®(Q),
(F4) there exists M > 0, 8 > @flnép:r such that for all z € 2 and all t € R with
[t > M, 0 < BF(x,1) < f(z, 1),

(F5) f(z,—t) = —f(x,t) for all (x,t) € Q x R.
The main result of this paper is expressed by the following theorems.

THEOREM 1.1. Assume that (Fy) and (Fs3) hold. Then the problem (1) has a weak
solution.

THEOREM 1.2. If (Fy), (F1) and (F4) hold, then the problem (1) has a nontrivial
weak solution.

THEOREM 1.3. If (Fy)-(F2) and (F4)-(F'5) hold., then the problem (1) has infinitely
many weak solutions.

This paper is organized in three sections. In Section 2, we recall some basic
properties of the variable exponent Lebegue-Sobolev spaces. In Section 3, we give the
proof of the main result.

2. Preliminaries

For the sake of completeness of this paper, we need to recall some results on the
variable exponent spaces LP()(Q) and W*P()(Q), and some properties which we use
later. Let Q be a bounded domain of RV and denote

. (Q) = {h(x) . h(z) €C@), h(z)>1, Vze ﬁ}
For any h € C (), we define

ht = max{h(x) NS ﬁ}, h™ = min{h(m) T € ﬁ}
For any p € C+(Q), we define the variable exponent Lebesgue space

LrO(Q) = {u : Q — R measurable and / lu(z)|P@) dx < oo},
Q

endowed with the so-called Luzemburg norm |ul,.) = inf {,u >0: [q |¥|p(') dx < 1}.
Then (LPO)(Q),] - lp(-)) is a Banach space.



A. Ayoujil, H. Belaouidel, M. Berrajaa, N. Tsouli 199

PROPOSITION 2.1 ( [8]). The space (LPU)(Q),] - |,(.)) is separable, uniformly convex,
reflexive and its conjugate space is LIC)(Q) where q(-) is the conjugate function of
p(+), i.e., ﬁ + ﬁ =1. Foru e L*V)(Q) and v € L1O)(Q), we have
1 1
<\ o=+ = luleep olag) < 2Julpelvlgc)-

’/uvdm
Q p q

The Sobolev space with variable exponent W*P()(Q) is defined as

whrO () = {u e 1) : D € L'O(Q), o] <k},
W% with multi-index a = (a1, ...,ay) and |a] = Zf\il Q;.
The space W*P()(Q) equipped with the norm [ul|; ) = > lal<k [ D%ulp(, also be-
comes a separable and reflexive Banach space. For more details, we refer the reader
to [8,12,18]. For any k > 1, denote

Np() : .
() = N—Fp ()’ if kp(-) <N,
—+00, if kp(-) > N.

where D%y =

PROPOSITION 2.2 ([8]). For p,r € C(Q) such that r(-) < pi(-), there is a continuous
embedding W) (Q) < L™)(Q). If we replace < with <, the embedding is compact.

We denote by W(;g’p(')(Q) the closure of C§°(Q) in W*»()(Q). Note that the weak
solutions of problem (1) are considered in the generalized Sobolev space X = X1 N Xs

equipped with the norm |Ju|| = ||u||p, + [|u||p,, Where
A ()
||uT:inf{,u>O:/(u(x) Sl}
Q K
and X, = (WQ””(')(Q) N W(}Pi(')(m), i=1,2,
equipped with the norm ||u| = ||lul|p,.

REMARK 2.3. According to [19, Theorem 4.4.], the norm || - || () is equivalent to the
norm | - [,y in the space X. Consequently, the norms || - [|2 5y, || - || and |- [,y are
equivalent.

PROPOSITION 2.4 ([4]). If we denote p(u) = [, |Au|PC) da, then for u,u, € X, we have
(i) |lull, <1 (respectively=1; > 1) <= p(u) < 1 (respectively =1; > 1);

|p(

g + -
(ii) flully <1 = [lullf < p(u) < ullf
- +
(i) fullp =1 = llullp < p(u) < ullf;
() ||unll, = 0 (respectively — o00) <= p(u,) — 0 (respectively — o0).
Let us define the functional

1 1

J(u) = / ——|Au|Pr® dy —|—/ ——|AuP2®@ dz, Yu e X.
o p1(2) o p2(T)

Using the same arguments as in [3, Proposition 2.5] and [1, Proposition 1.6], we can

show the following lemma.
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LEMMA 2.5. J € CY(X,R) and derivative operator J' of J is
J' (u)v :/ |Au[Pr @) =2 AuAw d:rJr/ |AulP2® =2 AuAv dz, Yu,v € X.
Q Q

and we have
(i) J': X — X* is a bounded homeomorphism and strictly monotone operator,

(i) J'is a mapping of type (Sy), namely u, — u andlimsup,,_, . J' (un)(un, —u) <0
implies un, — u.

The main tool used in proving Theorem 1.2 is the well known Mountain Pass
Theorem. It remains to show that there exists an e € X with ||e|]| > p and I(e) < 0.
Further details can be found in [13,16].

In order to establish the existence of infinitely many solutions for the problem (1),
we will use the Kransnoselskii genus and more information on this subject may be
found [10].

Let E be a real Banach space and denote by Y the class of closed subsets A C
E\ {0} that are symmetric with respect to the origin, that is, u € A implies —u € A.

DEFINITION 2.6. Let A € Y. The Kransnoselskii genus v(A) is defined as being the
least positive integer n such that there is an odd mapping ¢ € C'(4,R™ —{0}). When
such number does not exist, we consider v(A) = +o0o0. Furthermore, by definition,

~v(0) = 0.

THEOREM 2.7 ([10]). Let E = RN and 0Q be the boundary of an open, symmetric
and bounded subset @ C RN with 0 € Q. Then v(0S2) =

PROPOSITION 2.8 ([10]). Let A,B € Y. Then:
(i) if there exists an odd map f € C(A, B), then v(A) <~
exists an odd homeomorphism [ : A — B, then v(A) = ~(

(i1) if A C B,then v(A) < ~(B).
(i) 7(AU B) <~(A4) +~(B).
THEOREM 2.9 ([10]). Let I € CY(E,R) be a functional satisfying the Palais-Smale

condition. Also suppose that:
(i) 1 is bounded from below and even;

(i) there is a compact set K € Y such that v(K) = k and sup,c g I(x) < I(0). Then
I possesses at least k pairs of distinct critical points and their corresponding critical
values are less than I(0).

(B). Consequently, if there
B).

3. Existence and muliplicity of weak solutions

In this section, we well state and prove our main result.
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DEFINITION 3.1. We say that u € X is a weak solution of (1) if
/ |Au|P* @2 AuAv dzx +/ |Au|P2 @2 AuAv de = / flz,u)vde,
Q Q Q
for all v € X.

The functional associated to (1) is given by

1 1
I(u :/ Aupl(“)dx—i—/ Aum(”)d;v—/Fm,u dx. 3

Note that under the condition (Fg) the functional I is of class C1(X,R) and
I'(u)v = / |Au|P* @2 AuAv dzx —|—/ |AuP2®) =2 AuAv dx — / flz, w)vdz,Yu,v € X.
Q Q Q

Then, we know that the weak solution of (1) corresponds to the critical point of the
functional 1.

Proof of Theorem 1.1

LEMMA 3.2. Under the assumptions (F1) and (Fs), I is sequentially weakly lower
semi continuous and coercive.

Proof. From the continuity of F' and assumption (F'3) we deduce that there exists a
positive constant cz such that F(z,u) < a(x)[u|’® + c3, Yu € R Vo € Q. We have
for ||ul| > 1 that

1 1
I(u :/ Aupl(@d;v—&—/ 7Aup2(””)dx—/Fx,u dx
() Qp1($)| | QP2($)| | Q (@)

1 1
Zj/ | Ay @) dx—&—j/ | Ag|P2(@) d:c—/ (a(x)|u|9(”3)+03) da
P Ja Do Ja Q

1 1
zj/ | Au|Pr @ dr+—+/ | Au[P2(®) dx—|a|oo/ [ul®@) dz — ¢5]9.
P Ja D2 JQ Q

Since p; > N and p, > N, the embeddings Wy (Q) < C(Q) and Wy P> (Q) —
C(§2) are continuous, so there exist positive constants ¢4 and ¢5 such that

[l de < [ Jult do < o [ Jullf de < calully)
Q Q Q

and [l de < [l de < s [ Jul de < sl
Q Q Q

This implies that

1 1
I(u) zj/ | Au|Pr(®) dx+—+/ | Aq|P2(®) dxf|a\oo/ [ul®@) dz — 5]
pP1 Jao Dy Ja Q

1 n 1 > + +
2zl 4wl = laloe (csllully + eallull) = esi
2

- + . _
Il el mas (ex.s) ul” — sl it oy > pf
= . + . _
Z Jlull”z — Jaloo max (ca,cs) |l = es|€2, it pf < py.
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Since 7 < min;—; 2p; then I is coercive. As the function u fQ F(x,u)dx is
weakly lower semi-continuous and J is convex uniformly, we deduce that I is weakly
lower semi-continuous. Therefore I has a global minimum point v € X, that is a
weak solution to problem (1). U

Proof of Theorem 1.2

We first start with the following lemma.

LEMMA 3.3. If (Fy) and (F4) hold, then I satisfies the Palais-smale condition (PS)
in X, namely, if any sequence (uy) such that I(uy) is bounded and I'(un) — 0 as
n — 400, has convergent subsequence.

Proof. Suppose that

I(uy,) is bounded and I’ (u,) — 0 asn — +o0. (4)
Since p; > r~ for i = 1,2, then
[ 1ulde < colull and [ fulde < erull )
Q Q
[ e < el + el ©)
Q
By (5), (6), (F4) and Proposition 2.4 we have
1
I(up) — BI/(un)un
/ |Au |P1(@) dx—i—/ 7\Au |P2(@) dm—/F (z,up)dx
o p1() o p2()
1
B Au |p1(m)dx+/ | A, |P2 @) da:—/ f(zx un)unda:>
> (- ) a5 )+ (2 = 5 ) (a5 25
p;r P11 p;r 5 p2 > p2
/ [ (2, upn)u n—F(m,un)] dx
Q
1 1 - 1 1 -
> (= 5 ) ol 7 )+ (5 = ) sl 5 o ).

2
Since p; > r~ for i = 1,2, then the sequence (u,) is bounded. Thus, passing to a
subsequence if necessary, there exists u € X such that u,, — uw weakly in X. Thanks to
the compact embedding X < L"(*)(Q), we get u, = u in  L"@(Q), u,(z) — u(x)
a. e. x € (. Since (u,,) is bounded sequence and by (4), we have

I (up) (up — ) :/Q | Ay, [P 72 Ay Ay, — 1) da + /Q | A, [P2@ =2 Auy, Auy, — u) da

—/f(x,un)(un—u)dx —0 as n— oo.
Q
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Using the condition (Fy) and the Holder inequality, we deduce that

]QijaunMun-—u)dw s;/Q|f@aunnuun——undx

< cljf 0+ ") | — )| ez
Q

r(z)
(@) —1

<Cy (|1T&<)z>1 + ‘|un|r<ﬂv>—1 ) |(tn — W)|r@) = Oasn — o0, (7)

which yields
/ f(z,un) (un —u)dz — Oasn — +o0. (8)
By (7) and (8), we haweQ
/Q | At [PY @72 Ay Auy, — u) da + /Q | A, P22 Auy Ay, — u) dz — 0,

According to Lemma 2.5, the functional J’ is of type (S ). Thus u, — w strongly in
X as n — 400 and the functional I satisfies the (PS) condition. [

To prove Theorem 1.2, we need to check that I satisfies the conditions of the
Mountain Pass Theorem.

Since r* < py and r* < p,, X; < L™ (Q) and Xy < L™ () then there exists
¢ and ¢q9 such that |ul.+ < crollullp, and |ul+ < cr1]jullp, for allu € X. Let € > 0 be
small enough such that ec}, < 72+ By assumptions (Fo) and (F;), we have

Fa,t) < elt]™ +e(e)ltl. (9)
In view of (9) with |Ju|| < 1 and by (3), we have

1 1
I(u :/ Aupl(g”)dx—F/7Aup2("”)dx—/Fx,u dx
= Jo @™ o pa() o

1 N 1 T T‘+ (T
> clull 4 el = e [l do -0 [ ol do
D1 2 Q Q

+ + + - .
U E e = eig T — @l it pf <o )
=z + + + - .
ZullPt = eciollull” —e(llul, it pf > pi

Therefore, since r* < py and r* < p;, there exist p > 0 and § > 0 such that
I(u) > § > 0 for every || u ||= p.

From (F4) we have F(x,t) > cio|t|® — c13, for all # € Q and [t| > M. For
we X\ {0} and ¢t > 1 we have

1 1
I(tw) :/ — | Atw|Pr @) dx +/ | Atw|P2@) dx —/ F(z,tw) dz
o pi(z) o p2() Q

i il
g—_/ \Aw|p1($)dx+7_/ | Aw|P2@ dx—012|t|6/ lw|? dz — ¢13]9).
D1 Q Do Q Q
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Due to 8 > max (pf,p;), we have
I(tw) —» —c0 as t— +o0. (11)

Since I(0) = 0, it follows from (10) and (11) that I satisfies the conditions of Mountain
Pass Theorem. By Lemma (3.3), I satisfies (PS) condition in X. Therefore I admits
at least one nontrivial critical point.

Proof of Theorem 1.3

For the proof of Theorem (1.3) we will need the following steps.
Step 1. By Lemma (3.3) I satisfies the (P.S) condition.

Step 2. I is bounded from below. Indeed, by (10) and (F's5) we have that I is
bounded from below and even.

"
Step 3. We notice that X + := (V[/Z’fpl+ Q)N VVol’p1 (Q)) C Xy and X =
+
(W?mI(Q) nWar: (Q)) C Xo.
Consider {ey, e, ...}, a Schauder basis of the space Xp;r ﬂXp;, and for each k € N|
consider, X the subspace of Xp;r N Xp; generated by k vectors {ey,ea,...,ex}.

It is clear that X} is a subspace of X. So we notice that X} C L"®)(Q) be-
cause X + N X + C L"@®) . Thus, the norms || - || and | - |, are equivalent on a finite

dimensional space Xj. Consequently, there exists a positive constant Cj such that
—|ulr < =C|lu| for all u € Xi. By (Fa) we obtain —F(x,u) < fﬁ\ma(z) - c14.

Then we have

/ —F(z,u)dx < —/ 22 1u)*®) d — 14|,
Q Q a(x)

so that / —F(z,u)dx < —c—j_(}'kHuHO‘Jr — 149 (12)
0 «
Therefore by (12) and (3) we have
n 2 _ < at :
o= el +o=lully — S Crllul® — 1@, if ullp, < Tand Jullp, <1

T g + .
o= el +o=lully — 2 Cellull®™ = cwa|@, if Jullp, < Tand Jullp, > 1

I(U)§ 1 p;r 1 p;,&C at 0 if >1 d >1
ol +o=llullps — 3% Crllul* —cra€,  ifflull, = 1and |jullp, >
+ 5 + .
o=l +o=lullyt — & Cellull®™ = cral@, i Jullp, > Tand Jullp, < 1.
In case ||ul|p, < 1land|u|lp, <1, wechoose R > 0small enough such that L Rgpy oy

Py
p%Rpg_aJr < 22 C%. Thus, for 0 < ¢ < R, we consider the set K = {u € X}, : [|u]| = o}.
2
For all u € K, we have

1 1
I(u) <o <9”1 T T CiCk)
P1 Do a
+ ( 1 — o 1 — o
<Rt [ pgrr-ot 4 L pea-e
b

2
_ = < .
5 ~ ck) < 1(0)
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Since

—at —_at
e e i e et
—at +_ ot
< 1 A énu\\”? " - &G
I(u) < ! _ _
ull” (Gl 57 + Ll - =

p
. —at
e (gl gnunm - &0

‘8

if”qul
if”qul
if [|ullp,

if [|ullp,

< Land Jull,,
< Land Jull,
> Land Jull,

> Land [|ullp,

applying similar reasoning to the other cases, we conclude that I(u) < 0 = I(0).

We can considere the odd homeomorphism g : K — S*~! defined by g(u)

205
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Y
—

Y
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(&1,&2, ..., &), where Sk—=1 ig the sphere in R¥. From Theorem (2.7) and Proposi-
.9), I has at least k pairs
of different critical points. Since k is arbitrary, we obtain infinitely many critical

tion (2.8) we conclude that (k) = k, thanks to Theorem (2

points of 1.
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