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THE EXISTENCE OF ONE WEAK SOLUTION FOR A
SECOND-ORDER IMPULSIVE HAMILTONIAN SYSTEM

Hadi Haghshenas and Ghasem A. Afrouzi

Abstract. In this work, we are concerned with the existence of at least one non-trivial
weak solution for a second-order impulsive Hamiltonian system. The proof of the main result
is based on the critical point theory.

1. Introduction

We wish to give sufficient conditions for the existence of a nontrivial weak solution to
the second-order impulsive Hamiltonian system
—u’(t) + A(t)u(t) = AVF(t,u(t)) + VH (u(t)), a.e. t € 0,77,
Alui(t;)) = Lij(ui(ty)), i=1,2,...,N, j=12,...,p, (1)

u(0) —u(T) = u'(0) — /' (T) =0,

where N >1,p > 2, u= (u1,...,un), T >0, A > 01is a parameter, t;, j = 1,2,...,p,
are the instants at which the impulses occur, 0 =ty < t; < ... < 1, < tpy1 =T,
and A(u(t;)) = u;(tj) —wi(t;) = lim,_,+ ui(t) — lim,_,,~ ui(t). Without further
mention, the following conditions are assumed to hold thrc;ughout the remainder of
this article. The function A : [0,7] — RY*¥ is a continuous map from the interval
[0, 7] to the set of N x N matrices, such that

(M1) A(t) = (am(t), &k =1,2,...,N, 1 =1,2,...,N, is a symmetric matrix with
ag € L*°([0,T)) for any ¢ € [0,T);

(M2) There exists § > 0 such that (A(¢)¢,€) > §|¢]? for any £ € RY and almost every
t e 0,7
Note that in (M2) and in the sequel, by (-,-) and |- | we mean the usual inner

product and usual norm in RY, respectively. Also, for the sake of convenience, we
define A ={1,2,...,N}, B={1,2,...,p}.
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The functions I;; : R — R are Lipschitz continuous with the Lipschitz constants
L;j > 0,1e., |L;j(y1) —Lij(y2)| < Lijlyr —yo| for every y1,y2 € R. Also, VF (¢, z) is the
gradient of the function F : [0,7] x RY — R with respect to z; F(t, ) is measurable
with respect to ¢ for all z € RY and continuously differentiable in 2 for almost every
t € [0,T). Moreover, there exist a € C(RT,RT) and b € L'([0,T],RT) such that

max{|F(t, )|, [VF(t,2)[} < a(|2])b(t), (2)

for all z € RY and almost every ¢ € [0, T]. The function H : RY — R is continuously
differentiable, V H is Lipschitz continuous with the Lipschitz constant L > 0, i.e.,

IVH(&1) — VH(&)] < LI — & (3)
for every &,& € RN, H(0,...,0) =0 and VH(0,...,0) = 0.

REMARK 1.1. From the previous we deduce that
[H(E)I < LIEP,  LIEP < (VH(€),€) < LEE?, forall ¢eRY. (4)

The study of multiplicity of solutions of Hamiltonian systems, as a special case
of dynamical systems, is interesting both from the theoretical and practical point of
view. These systems form a natural framework for mathematical models of many
natural phenomena in fluid mechanics, gas dynamics, nuclear physics, relativistic
mechanics, etc. For background, theory, and applications of Hamiltonian systems, we
refer to [4,12]. Inspired by the monographs [11,13], the existence and multiplicity
of weak solutions for Hamiltonian systems have been investigated using variational
methods by many authors.

In the recent years, a great deal of work has been done in the study of the existence
of solutions for impulsive boundary value problems (IBVPs), by which a number of
chemotherapy, population dynamics, optimal control, ecology, industrial robotics, and
physics phenomena are described. For the general aspects of impulsive differential
equations, we refer the reader to the classical monograph [10]. Some classical tools or
techniques have been used to study (IBVPs). These classical techniques include the
method of upper and lower solutions and some fixed point theorems. On the other
hand, in the last twelve years, some researchers have used critical point theory to
study the existence of solutions for (IBVPs). We refer to [1,2,9]. Very recently, a
great deal of work has been done on the existence of multiple solutions to second-order
impulsive Hamiltonian systems. In [5,14] the existence of multiple solutions to second-
order impulsive Hamiltonian systems based on variational methods and critical point
theory was established. We also refer to [6,8,16,17] in which second-order Hamiltonian
systems with impulsive effects have been examined.

The results presented here were motivated by the recent papers [3,7].

2. Preliminaries

We recall some basic concepts that will be used in the following text. Set
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E={u:[0,T] = R" :u is absolutely continuous, u(0) = u(T),u" € L*([0,T],R")}

with the inner product and the corresponding norm defined by

(u,v)p = /0 [(u/(t),v"(t)) + (u(t),v(t))] dt, forall w,ve€E,

N|=

lullp = (/0 (Ju' (B> + |u(t)]?) dt) for all we E.
For every u,v € F, we define
T
(u, ) = / [ (8), 0/ (1)) + (A(t)u(), v(®))] dt,
0

and we observe that conditions (M1) and (M2) ensure that this defines an inner
1

product in E. Then F is a reflexive Banach space with the norm ||u|| = (u,u)z for
all u € E. A simple computation shows that for every ¢t € [0,7] and & € RY
N N
(A = > au®)& < Y llawl o1&, (5)
k=1 k=1
Along with (M2), this implies /Ci|lu|lg < ||u]] < vVCa||lu||g, where C; = min{l,d}
and Cy = max {1,ZkN’l:1||akl||oo}, which means the norm || - || is equivalent to the

norm || - ||g. Since (E,].||) is compactly embedded in C([0,7],RY) (see [11]), there
exists a positive constant C' such that ||ullcc < C||ul|, where ||ul|cc = max;c(o,71|u(t)]

and C = \/Czlmax{%ﬁ/f} (see [5]).

Now, consider the following function space: E = {u IS fOT u(t)dt = O}. Then,
we have the Wirtinger’s and Sobolev’s inequalities respectively
T2 ~
lull32 < EHU'H%Q, for all u € F,
2 r. ., 2 o
|z, < EHU |72, forall weE, (see][l1]).
By Wirtinger’s inequality we have
4m? 4 T2
472
and from Sobolev’s inequality it follows that
V3T
6
which combining ||w’||r2 < ||w||g yields that

T ~
|w(t)\§—vg||w||E forall te[0,7] and we B. (8)

|wl|% < |w'|2. forall weE, (6)

[w(t)] < |wlloo < |w!||p> forall te[0,7] and w e E, (7)

In view of (7), for every i € A, t € [0,T] and w € E, we have

V3T

ws®)] < )] < = 12 9)
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For every t € [0,T], w € E and z € R, it follows from (8) that

V3T
o+ w(t)] < fo] + [wt)] < Jo + —=llwlle. (10)
Next, we define what we mean by a solution of (1).

DEFINITION 2.1. By a weak solution of the problem (1), we mean any v € E such that

- / [/ (£), (1)) + (A(E)u(t), v(t)) — (VH (u(t)), v(t))] dt

P T
=S Bttt A [ (VEGu(e) o) de =0
j=1i=1 0

for every v € E.

An important relationship between a weak solution and a classical solution of (1)
is given in the next lemma.

LEMMA 2.2 ([6, Lemma 2.2]). Ifu € E is a weak solution of (1), then u is a classical
solution of (1).

Define the functional @y : E — R by

1 p N wi (t5) T T
B =gl =33 [ iyt [ H@) @ [P an
j=11i=1
for every u € E.
For convenience, if we define the function g : £ — R by

PN ru(ty)
g(u) = — Z Z/ I;;(y) dy, for every u € E,
j=1i=170
1 T T
then @, (u) = —§||u|\2 + g(u) + H(u(t))dt+X [ F(t,u(t))dt, for every u € E.
0 0

REMARK 2.3. For any x = (21,%2,...,2y5) € RN and w = (wy,ws,...,wyx) € E,
it follows that g(z +w) = —>2%_, Zi\;l oziﬂw(tj) I;;(y) dy. Putting w = 0 in the

previous equation we get g(z) = —>%_, wN Iy Lij(y) dy.

LEMMA 2.4 ([3, Lemma 5]). If I;;(y) is nonincreasing in y € R for all i € A and
j € B, then g(x) is convez in x € RV,

It is well-known that ®, is a Gateaux differentiable functional whose Gateaux
derivative at the point u € E is the functional ®) (u) € E* given by

@) (u)(v) =—/0 [(w' (1), (8)) + (A()u(t), v(t) — (VH(u(t)), v(t))] dt

J

T
S L (us(t)ur(t) + A / (VEu(t) o) d, (1)

i=1
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for every v € F.
By (11) and Definition 2.1, we have the following corollary.

COROLLARY 2.5. The weak solutions of problem (1) are precisely the critical points
Of (I),\.

Inspired by the notations, addressed above, assume that
p N
K = C2<2LT+ZZLM>,
j=1i=1
[T max L F(t,€)dt — [ F(tw(t)) dt
0 |€]<e(72%) 2 ’ 0 ’
r— 51+ K)|lw]? ’

for a given r > 0 and a given w € E with r # (1 4+ K)||w|[>. Then Graef et al.
proved the following two main theorems in [7], under the extra conditions I;;(0) = 0
foralli € A, j € Band F(t,0,...,0) =0 for any ¢t € [0,T].

and ay(r) =

THEOREM 2.6 ([7, Theorem 3.1]). Assume that there exist constants vy > 0 and
ro > 0, and a function w € E such that

(A1) (£)7 < |lwl < (&%)%;
(A2) ay(re) < ay(ry).

Then, for each A € (ﬁ,m) pmblem (1) has a non-trivial weak solution

Ulus|? = g(u*) — fi H(u*(£))dt < ro.

u* € E such that r < =

THEOREM 2. 7 ([7 Theorem 3.5]). Assume that there exist a constant ¥ > 0 and a
2 such that

T _
(B1) fo maxlflgc(%)% F(t,&)dt < [y F(t,w(t))dt;

(B2) lim SUD|¢| - 100 F‘(g"g) 0, wniformly for te€[0,T].

<
Then, for each \ € (a@ 7y, 100 ), problem (1) has a non-trivial weak solution @ € E
such that 1||a|? — g(u) — f H(u(t))dt > 7.

For the reader’s convenience, we now recall the critical point theorem obtained
n [16]. It will be our main tool.

THEOREM 2.8 ([16, Theorem 1.1]). Suppose that V and W are reflexive Banach
spaces, ® € CY(V x W,R), ®(v,-) is weakly upper semi-continuous for all v € V
and ®(.,w) : V. — R is convez for all w € W, that is ®(Avy + (1 — Nvg,w) <
AP (v1, w) + (1 =N)P(ve, w), for all A € [0,1] and vi,v2 € V, w € W, and D' is weakly
continuous. Assume that (0, w) — —oo, as |w| — 400, and, for every M > 0,
D(v,w) — +00, as ||v]| = +oo uniformly for ||w|| < M. Then ® has at least one
critical point.
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3. Main results

For convenience, we introduce some assumptions:

(H1) F(t, =) is convex in x € RY for almost every ¢ € [0, T);
H2) H(x) is convex in z € RY;

(H2)
(H3) —(A(t)z,z) is convex in # € RY for almost every ¢ € [0, T];
(H4)

H4 Forx_(xtha“ )ERN
P
_ZZ/ Li( dy+/\/ (t,z)dt — +oo0, as |z| — +oo;
j=11:=1

(H5) There exist o € L'([0,T];RT) and 8 € L*([0, T]; R) such that
F(t,x) < o(t)|z|* + B(t) for every z € RY and almost every ¢ € [0,T];
(H6) For any i € A, j € B, there exist constants a;; > 0, b;; > 0 and v;; € [0,1]

(among which ~;; =1 for (,5) € C € Ax B and v;; € [0,1) for (¢,5) € (Ax B)\C
such that I;;(y) > —a;; — bijy79, Yy >0 and I;;(y) < ai; + bij(—y)", Vy < 0.

(H7) Under the conditions stated in (H5) and (H6),
12
> bw+2)\/ o(t)dt < - and > biy=0 if C=0.
(i.j)ec (i.j)ec

THEOREM 3.1. Suppose that (H1)-(H7) hold, and I;;(y) is nonincreasing in y € R
for alli e A, j € B. Then problem (1) has at least one weak solution in E, for every
0<A<I.

Proof. Let the spaces V and W of Theorem 2.8 be RY and E, respectively, and
0 < A < 1. We complete the proof in six steps

Step 1. Assumption (2) implies that —z fo |u/(t)dt + /\fo ,u(t))dt € C1(E,R)
(see [11, pp. 13]). Moreover, it follows from the continuity of all that g € CYE,R).
Also, by (5), we have that —5 fo ,u(t))dt € CLH(E, R) In addition, since H

is continuously differentiable, fo ( )) dt € CY(E,R).

Step 2. The function ®(z + w) is weakly upper semi-continuous on w € E for all
x € RY (see [11, pp. 13] and [6]).

Step 3. By (H1), F(t,x + w(t)) is convex in z € RY for every w € E and almost
every t € [0,7]. Then )\fOT F(t,x + w(t))dt is convex in z € RY for every w € E.
Also, by (H2) and (H3), fOT H(zx+w(t))dt and —5 fo t)(z+w(t)),z+w(t))dt are

convex, respectively, in z € RY for every w € E. M~oreover, it follows from Lemma 2.4
that g(x + w) is convex in # € RY for every w € E. Thus, for every w € F

T T
@)\(1174’10):*%/0 \w’(t)|2dtf%/0 (A(t)(z 4+ w(t)), = +w(t)) dt
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T T
+ g(z +w) +/ H(x +w(t)) dt+/\/ F(t,z + w(t)) dt, (12)
0 0
is convex in z € RV,

Step 4. Let (u) be a weakly convergent sequence to u in E. Then (uj) converges
uniformly to u on [0,7] [11, Proposition 1.2]. In view of (11), assumptions (2), (3)
and the continuity of all I;;, we have that ®/, is weakly continuous.

Step 5. Owing to (H6), we have that

z
bij y
/ Lij(y) dy > —agjz — —2=2"0% = —ay]z] —
0

1 — L |zputt vz >0,
Yij

zg"‘l

/O].,(y)dy < —iin — Mzwﬁl = ai;|z| + ALZ Yiitl Wy <0
2 - Y Yij +1 N Yij +1 ’
Therefore, for any i € A, j € B and z € R, we have
z
i+
| s ay = el = et

which combining with (9) yields that

wi(t5) bi; .
[t dn = —asunte] - e
0 Yij
> s V 3T||w/H o b’ij V3T||w/|| ot
= %] 6 L2 Yij +1 6 L2 )

foreveryi € A, j € Band w € E. Thus for every w € E we have

Yij+1
<ZZ% wm+ZZ”+(fnww) Sy

Jj=11i=1 Jj=11i=1

We deduce from (H5), (7) and o € L([0,T];R*") that, for every w € E and almost
every t € [0,T], F(t,w(t)) < o(t)lw(t)]* + A(t) < ot )12||’LU,||L2 + B(t), which implies

that
T T
/Ftw )t < ||L2/ U(t)dt+/ B(t) dt. (14)
0 0

For every w € E, we deduce from (M2), (4), (13) and (14) that

T T
%@O=—%/I’(Nﬁ—%A(A®wWwﬁDﬁ
T
/H dt—i—)\/o F(t,w(t))dt

T
_[— 255 | ()dt]w||Lz+)\/ B#) dt + (L — 56) w3
N

+

1

2

D p N \/ﬁ Yij+1

>3 au e + 13 s (Vi) )
j=1i=1 j=1i= Vi

1 1)

=
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In view of (6), for every w € E, ||w|| g — 400 implies ||w'[z> — 400. Then we have
the following result. If C = 0, then v;; € [0,1) for all i € A, j € B and (H7) becomes

2\ [ o(t)dt < 2.

Since 0 < A < 1, it follows from (15) that ®y(w) — —oo as ||w| g — +oo, w € E.
If C # 0, we deduce from (15) and (H6) that

T
@A(w)é[—le)\lj;/o ot di+ oy Y b”]|u/||L2+A/ Bt) di + (L~ 30) w3

2

(ZJ)EC
p N \/37 b \/37 Yij+1
t XY s Y S (Y e)
j=11i=1 (i,5)E(AXB)\C ij

which combining (H7) yields that ®(w) — —oo as ||w||g — +o00, w € E.

Step 6. For any w € E with ||w|g < M, we deduce from (9) and |[w'||z2 < ||lw|g
that

—wi(t;)

lg(~w)| = \ 5SS [ 1) dy‘ <
J

j=1i=1

N, —wilts)
S| [ dy\<pzvogwl< )N, (16)
0

=11i=1

<.

P
where C3 = MAX; ¢ 1 e,y < ST 0y |;;(y)]. From (9), (16) and [|w'||f2 < |lw||g it

follows that |g(—w)| < pNCslw;(t;)| < pNCg@Hw’HLz < pNC’g,@M, for any
w € E with ||w||g < M. From this inequality and by the convexity of g, we have that

V3T
6

gla +w) > 29(3) — g(~w) = 2(5) ~ pNCs

for all z € RN and w € E with ||w||z < M. It follows from (2) that, for any w € E
| [T F(t, —w(t)dt] < [T [F(t, —w(t)|dt < [, a(|w(t)])b(t)dt, which combining (8)
and |w||g < M yields that

/ F(t,— dt' max  a(s) /OT b(t) dt. (18)

0<s< 2L pp

M, (17)

We deduce from (H1) and (18) that

T T T T
/OF(t,x+w(t))dt22/0 F(t,g)dtf/o F(t, —w(t)) dt
T T
> 9 /O F(t,5)dt—  max a(s) /0 bty d,  (19)

0<s< 3L pp

forallz € RN and w € E with ||Jw||g < M. Thus it follows from (4), (5), (10), (12), (17)
and (19) that

Dy(z+w) > — %MQ + 2|:g(§) + A/OT F(t, g) dt} - (LT + ;T02> (|x| + \/?M)
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V3T
3M

T
— A max a(s)/ b(t)dt — pNCs 5 )
0

0<s<¥3T pp
for all z € RN and w € E with |w| g < M. Hence, (H4) implies that for every M > 0,
Oy (2 + w) — +o0 as |z| — +oo, x € RN uniformly for w € E with ||w||g < M.
Finally, from Theorem 2.8, for every 0 < A < 1, the functional &) has at least one
critical point in F and Corollary 2.5 shows that the conclusion is reached. 0

Now, we give an example illustrating Theorem 3.1.
ExaMPLE 3.2. Take N =1, 0 < A < 1 and consider the problem
—u(t) —u(t) = A\VF(t,u(t)) + VH(u(t)), ae. te]o,1],
AW (t5)) = Ii(ulty)), i=12, (20)
u(0) — u(1) = u/(0) — v/ (1) =0,
where F(t,z) = ta? for every t € [0,1] and € R, H(z) = 32?2 for all z € R. Also,
t1=1,t,=2,I;(y) = —y+1for j =1,2 and every y € R. Clearly, F satisfies (2) by
choosing a(x) = x? and b(t) = 2|t|. Also, the conditions (H1), (H2) and (H3) hold.
Moreover, for z € R

2 1
—2/(—y+1)dy+)\/ (tm2)dt:(1—|—%)x2—2x,
j=1"0 0

converges to +0o as |z| — +oo and (H4) holds. Also, (H5) and (H6) hold by choosing
o(t)=t, p(t)=0and a; =b; =~; =1for j=1,2. Since 0 < A < 1

T 2 1
> bj+2A/ a(t)dt:ZHzA/ tdt =2+ X\ <3 <12,
je{1,2} 0 j=1 0

and (H7) holds. Therefore, applying Theorem 3.1, for each A € (0,1), problem (20)
has at least one weak solution in E.

REFERENCES

[1] G.A. Afrouzi, A. Hadjian, V. Radulescu, Variational approach to fourth-order impulsive dif-
ferential equations with two control parameters, Results Math., 65 (2014), 371-384.

[2] G.A. Afrouzi, A. Hadjian, V. Radulescu, Variational analysis for Dirichlet impulsive differ-
ential equations with oscillatory nonlinearity, Port. Math., 70(3)(2013), 225-242.

[3] L. Bai, B. Dai, F. Li, Solvability of second-order Hamiltonian systems with impulses via
variational method, Appl. Math. Comput., 219 (2013), 7542-7555.

[4] V. Coti-Zelati, I. Ekeland, E. Sere, A variational approach to homoclinic orbits in Hamiltonian
systems, J. Math. Anal. Appl., 359 (2009), 780-785.

[5] H. Chen, Z. He, New results for perturbed Hamiltonian systems with impulses, Appl. Math.
Comput., 218 (2012), 9489-9497.

[6] J.R. Graef, S. Heidarkhani, L. Kong, Infinitely many periodic solutions to a class of perturbed
second-order impulsive Hamiltonian systems, Differ. Equ. Appl. 9 (2) (2017), 195-212.

[7] J.R. Graef, S. Heidarkhani, L. Kong, Nontrivial periodic solutions to second-order impulsive
Hamiltonian systems, Electron. J. Differ. Equ., 2015(204) (2015), 1-17.

[8] J.R. Graef, S. Heidarkhani, L. Kong, Multiple periodic solutions for perturbed second-order
impulsive Hamiltonian systems, International J. Pure and Appl. Math., 109(1) (2016), 85—
104.



H. Haghshenas, G. A. Afrouzi 367

[9] S. Heidarkhani, G.A. Afrouzi, M. Ferrara, S. Moradi, Variational approaches to impulsive
elastic beam equations of Kirchhoff type, Complex Var. Elliptic Equ., 61(7) (2016), 931-968.

[10] V. Lakshmikantham, D.D. Bainov, P.S. Simeonov, Theory of Impulsive Differential Equations,
Vol. 6 of Series in Modern Applied Mathematics, World Scientific, Teaneck, NJ, USA, 1989.

[11] J. Mawhin, M. Willem, Critical Point Theory and Hamiltonian Systems, Springer, New York,
1989.

[12] P.H. Rabinowitz, Homoclinic orbits for a class of Hamiltonian systems, Proc. Roy. Soc. Edinb.,
114 (1990), 33-38.

[13] P.H. Rabinowitz, Variational methods for Hamiltonian systems, in: Handbook of Dynamical
Systems, vol. 1, North-Holland, 2002, Part 1, Chapter 14, 1091-1127.

[14] J. Sun, H. Chen, J.J. Nieto, M. Otero-Novoa, The multiplicity of solutions for perturbed
second-order Hamiltonian systems with impulsive effects, Nonlinear Anal., 72 (2010), 4575—
4586.

[15] C.-L. Tang, X.-P. Wu, Some critical point theorems and their applications to periodic solution
for second-order Hamiltonian systems, JJ. Differ. Equations, 248 (2010), 660-692.

[16] F. Vahedi, G.A. Afrouzi, M. Alimohammady, Periodic solutions for some second-order im-
pulsive Hamiltonian systems, Annal. Univ. Craiova, Math. Comput. Sci. Ser., 45(2) (2018),
303-311.

[17] J. Zhou, Y. Li, Exzistence of solutions for a class of second-order Hamiltonian systems with
impulsive effects, Nonlinear Anal., 72 (2010), 1594-1603.

(received 09.01.2019; in revised form 25.10.2019; available online 29.05.2020)

Department of Mathematics, Faculty of Mathematical Sciences, University of Mazandaran,
Babolsar, Iran

E-mail: haghshenas60@gmail.com

Department of Mathematics, Faculty of Mathematical Sciences, University of Mazandaran,
Babolsar, Iran

E-mail: afrouziQumz.ac.ir



	Introduction
	Preliminaries
	Main results

