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AN EXTENSION OF THE CONCEPT OF ~-CONTINUITY FOR
MULTIFUNCTIONS

Marian Przemski

Abstract. A function f : (X,7) — (Y,7") between topological spaces is called -
continuous if f~(W) C Cl(Int(f~(W))) U Int(CI(f~1(W))) for each open W C Y, where
Cl (resp. Int ) denotes the closure (resp. interior) operator on X. When we use the other
possible operators obtained by multiple composing Cl and Int, then this condition boils
down to the definitions of known types of generalized continuity. The case of multifunctions
is quite different. The appropriate condition have two forms: F'H(W) C Cl(Int(F+(W))) U
Int(CL(F(W))) called u.y.c. or, F~ (W) C Cl(Int(F~(W))) UInt(Cl(F~(W))) called l.7.c.,
where FH(W) = {z€ X : F(z) CW} and F~ (W) = {z € X : F(x)NW #0}. So, one
can consider the simultaneous use of the two different inverse images namely, F'*(W) and
F~(W). We will show that in this case the usage of all possible multiple compositions of Cl
and Int leads to the new different types of continuity for multifunctions, which together with
the previous defined types of continuity forms a collection which is complete in a certain
topological sense.

1. Introduction and preliminaries

Throughout the present paper, (X, 7) and (Y, 7*) will denote topological spaces with
no separation properties assumed. Given a nonempty subset A C X, we denote by
P(A) the family of all subsets of A. The closure and the interior of a subset A of
a topological space (X, 7) are denoted by Cl(A) and Int(A), respectively. We will
regard Cl and Int as operators acting on P(X).

REMARK 1.1. If we denote by O; V O3 the sum of two operators O1,02 on P(X)
defined by O1 V O2(A) = O1(A) U O3(A) for any A € P(X), then it is easy to check
(see [13]), that by using the sum operation and composing the members of {Cl, Int}
we may construct at most the following new operators: Int o CloInt, CloInt, Int o Cl,
CloInt VIntoCl, CloInto Cl. Of course, the set of all such operators including the
operator Int, which will be denoted by Zy, is closed with respect to the operation V.
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224 ~-continuity for multifunctions

The usage of these operators leads to the following definitions:

A subset A C X issaid to be a-open [24] (resp. semi-open [8], pre-open [18], b-open [2]
(or y-open [3], or sp-open [9]), B-open [20] (or ps-open [1]) if A C Int(Cl(Int(A))) (resp.
A C Cl(Int(A)), A C Int(Cl(A)), A C Cl(Int(C1(4))), A C Cl(Int(A)) U Int(CI(A))).
The family of all a-open (resp. semi-open, pre-open, v-open, S-open) sets in (X, 7)
is denoted by aO(X, 7) (resp. SO(X, 1), PO(X,T), vO(X,7), BO(X,7)). The union
of all a-open (resp. semi-open, pre-open, y-open, $-open) sets of X contained in A is
called a-interior (resp. semi-interior, pre-interior, y-interior, S-interior) of A and is
denoted by aInt(A) (resp. sInt(A), pInt(A), vInt(A4), 5Int(A)).

By a multifunction F': (X,7) — (Y, 7*) we mean a map defined on X with values
being nonempty subsets of Y. We will denote the upper and lower inverse images of a
subset B of Y by F(B) and F~ (B) respectively, that is, F*(B) = {z € X : F(z) C B}
and F~(B) = {zx € X : F(z) N B # 0}, see [4].

Let us recall some classical notions — a multifunction F : (X,7) — (Y, 7%) is said
to by upper semi continuous (briefly u.s.c.) (resp. lower semi continuous (briefly
ls.c.)) at a point = € X, [12,14,19,25], if x € Int(F+(W)) (resp. = € Int(EF~(W)))
for each open subset W of Y such that x € F+(W) (resp. = € F~(W)). We will
say that a multifunction F : (X,7) — (Y,7%) is u.s.c. (resp. [l.s.c.) if it has this
property at each point which means that FT(W) C Int(F+(W)) (resp. F~(W) C
Int(F~(W))) for each W € 7*. One can also consider the other two possible relations,
namely F*(W) C Int(F~(W)) and F~ (W) C Int(FT(W)). We denote these types
of continuity as w.l.s.c. and [.u.s.c., respectively. It is easy to show that the first one
is equivalent to z € Int(F~(W)) for any open subset W C Y such that z € F* (W)
for any x € X, which defines the type of continuity introduced in [10]. The second
property means that & € Int(FT(W)) for any open subset W C Y such that z €
F~ (W) or equivalently, F is u.s.c. at x and F(x) is a singleton.

The usage of the operators IntoCloInt, CloInt, IntoCl, CloIntVIntoCl or
CloInt o Cl instead of Int leads to the following types of generalized continuity.

DEFINITION 1.2. A multifunction F' : (X, 7) — (Y, 7%) is called (&) u.av.c. (or l.a.c.) [23]

(resp. (q) u.q.c. (or l.q.c.) [27], (p) u.p.c. (or l.p.c.) [26], () u.7y.c. (or l.y.c.) [21]), (B)
u.p.c. (or l.6.c.) 28], [7] at a point x € X if,

- x € Int(Cl(Int(FT(W)))) (or x € Int(Cl(Int(F~(W))))) (resp.
-z € Cl(Int(FH(W))) (or z € Cl(Int(F~(W))
- x € Int(Cl(FT(W))) (or z € Int(CL(F~(W))

- x € Cl(Int(F™(W)))UInt(CL(FT(W))) (or z € Cl(Int(F~ (W)))UInt(CL(F~(W))))),

- x € Cl(Int(CL(F+(W)))) (or x € Cl(Int(CL(F~(W))))) for each W € 7* such that
x e FY(W) (or z € F~(W)).

A multifunction F : (X,7) — (Y,7%) is called u.a.c. (or l.a.c.) (resp. u.g.c. (or
l.q.c.), u.p.c. (or l.p.c.), ury.c. (or l.y.c.), w.f.c. (or l.5.c.)) if it has this property at
each point x € X.

))7
)

)



M. Przemski 225

REMARK 1.3. It is evident that a multifunction F : (X,7) — (Y,7*) is w.a.c. (or

l.a.c.) (resp. w.q.c. (or l.g.c.), u.p.c. (or l.p.c.), u~y.c. (or l.y.c.), u.p.c. (or l.8.c.)) if
and only if

- Ft(W) C Int(Cl(Int(FT(W)))) (or F~(W) C Int(Cl(Int(F~(W))))) (resp.
- Ft*(W) c Cl(Int(FH(W))) (or F~ (W) C Cl(Int(F~ (W)
- Ft*(W) C Int(CL(FT(W))) (or F~ (W) C Int(CI(F~ (W)

) (

_ FH(W) ¢ Cl(Int(F*(W))) U Int(CI(F+(W))) (or F~
Int(CL(F~(W)))),

_ FH(W) € Cl(Int(CLEF+(W)))) (or F~ (W) € Cl(Int(CL(EF— (W)))))) for each W € 7*.

))7
)

W) ¢ Cl(Int(F~(W))) U

)

\_/\_/\_/\_/

The lemma stated below guarantees, that the property w.a.c. (or l.a.c.) (resp.
u.q.c. (orl.q.c.), u.p.c. (or l.p.c.), u.y.c. (or l.y.c.), u.f.c. (or l.5.c.)) is in fact equivalent
to

- Ft(W) = alnt(FT(W)) (or F~ (W) = aInt(F~(W))) (resp.

- Ft(W) = sInt(FT(W)) (or F~ (W) = sInt(F~(W))),

- FH(W) = pInt(F*(W)) (or F~(W) = pInt(F~(W))),

- FH(W) = yInt(F*(W)) (or F~(W) = yInt(F~ (W),

- FY (W) =BInt(FT(W)) (or F~ (W) = Int(F~(W)))) for each W € 7*.

LEMMA 1.4 ([2]). The following hold for any subset A of a space (X,T):

(a) aInt(A) = ANInt(Cl(Int(A))); (d) vInt(A) = sInt(A) U pInt(A),
(b) sInt(A) = AN Cl(Int(A));
(c) pInt(A) = ANInt(Cl(A)); (e) BInt(A) = AN Cl(Int(Cl(A))).

REMARK 1.5. For the same reasons as in Remark 1.1, the following set of operators
7 = {Int, a Int, s Int, p Int, v Int, S Int} is closed with respect to the operation V.

The requirements stated in the above forms of generalized continuity of a multi-
function F : (X, 7) — (Y, 7*) apply to only one of the two types of the inverse images
of open subsets W C Y, namely to upper inverse image F'T (W) for the upper types
of generalized continuity, and lower inverse image F~ (W) for the lower types. It is
obvious, however, that a multifunction F' designates unequivocally the pairs (F (W),
F~(W)) which are identified by W € 7*. So, it is justified to establish the require-
ments for the pairs (F(W), F~(W)), where W € 7*. The simultaneous use of these
two types of inverse images leads to the following types of generalized continuity.

DEFINITION 1.6. A multifunction F': (X,7) — (Y, 7*) is said to be
(o) ul.ac. (or Lu.a.c.) [30](resp.

(p) w.l.p.c. (or Lu.p.c.) [30],
(¢) u.l.q.c. [30](or l.u.q.c. [5-7,15,22]),
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(7) w.loy.c. (or lusy.c.)
(8) w.l.B.c. (or lLu.B.c.) [30])) at a point = € X if|
z € Int(Cl(Int(F~(W)))) (or z € Int(Cl(Int(F*(W))))) (resp.
-z € Int(CL(F~—(W))) (or z € Int(CL(F+(W)))),
z € Cl(Int(F~(W))) (or z € Cl(Int(F+(W)))),
z € Cl(Int(F~(W))) U Int(CL{(F—(W)))
(or z € Cl(Int(F+(W))) U Int(CL(ET(W)))),
-z € Cl(Int(CI(F~(W)))) (or z € Cl(Int(CI(FT(W)))))), for each W € 7* such

that € F*(W) (or x € F—(W)).

A multifunction F : (X,7) — (Y,7*) is called u.l.a.c. (or l.u.a.c.) (resp. w.l.q.c.

(or lu.g.c.), ul.p.c. (or Lu.p.c.), ul~y.c. (or Lury.c.), wl.B.c. (or l.u.B.c.)) if it has
this property at each point z € X.

In [5,7] the property l.u.q.c. was used under the name of the minimality or w.s.c.o.
(u.s.c. with compact values) multifunction. In [7, Theorem 5.2] and [15, 22] this
property was used independently of the u.s.c.

Of course, if a single-valued function f : (X, ) — (Y, 7) is treated as a multifunc-
tion F : (X,7) — (Y, 7*) given by F(x) = {f( )} for all x € X, we have F"(B) =
F~(B) = f~YB) for any B C Y and consequently, the properties marked by (),
(p), (q), (7) or (B) are equivalent to the a-continuity [17], pre-continuity [18], semi-
continuity (quasi-continuity) [11,16], y-continuity3 (b-continuity) or S-continuity20).
respectively.

REMARK 1.7. It is, of course, clear that a multifunction F' : (X, 7) — (Y, 7%) is u.l.s.c

(or l.u.s.c.) (resp. w.l.a.c. (or Lu.a.c.) u.l.q.c. (or l.u.g.c.), u.l.p.c. (or l.u.p.c.), u.l.y.c.
(or lLuy.c.) ul.B.c. (or lu.f.c.)) if and only if
- FH(W) Cc Int(F~(W)) (or F~(W) C Int(F*(W))) (resp.

- FHW) € Int(CYInt(F~ (W) (or F~ (W) C Int(CI(Int(F+(W)))))
- FH(W) € ClInt(F~ (W) (or F~(W) C Cl(Int(F+(W))
_ FH(W) € Int(CI(F~(W))) (or F~(W) C Int(CI(F+(W))
(W) ) (
1
(

)
)
W) ¢ Cl(Int(F+(W))) U

)

-~ FH(W) ¢ Cl(Int(F~(W))) U Int(CI(F~(W))) (or F~
Int(CL(F'H(W)))),

- FH(W) € Cl(Int(CLE~(W)))) (or F~ (W) C Cl(Int(CL(F+(W)))))) for each Wer*.

Analogously as in Remark 1.3, these types of continuity can be characterized by
means of equality. For this purpose, we will use the following operators.

DEFINITION 1.8 ([29]). Given a topological space (X,7) we define the following opera-
tors P(X)XP(X) — P(X), where P(X)XP(X) = {(A4,B) € P(X) x P(X) : AC B}:
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a,) Inty, (A, B)=BNInt(A),
a;) Int;(A, B)=ANTInt(B),
b,) alnt,(A, B)=BNInt(Cl(Int(A))),

( dy) pInt, (A, B)=BNInt(Cl(A)),
(

(

(br) alnt;(A, B)=ANInt(Cl(Int(B))),

(

(

dy) pInt;(A, B)=ANInt(Cl(B)),

ey) vInt, (A, B)=sInt, (A, B)UpInt, (A, B),
er) vInt; (A4, B)=s.Int;(A, B)Up. Int; (A, B),
fu) BInt, (A4, B)=BNCl(Int(Cl(A4))),

f1) BInt; (A, B)=AN Cl(Int(C1(B))).

cu) sInt, (A, B)=BNCl(Int(A)),
¢) sInt;(A, B)=ANCl(Int(B)),

m~ o~ o~ o~ o~ o~

Directly from this definition we get the following characterizations.

LEMMA 1.9. A multifunction F : (X, 7) = (Y, 7%) isu.l.s.c (orl.u.s.c.) (resp. u.l.a.c.
(orlu.a.c.) ul.g.c. (orlu.g.c.), ulp.c. (orlup.c.), ul.B.c. (orlup.c), ul~y.c (or
loury.c.)) if and only if

- FH(W) =Inty(Fr*(W),F~(W)) (or F=(W) = Int,(F* (W), F~(W))) (resp.

- FY(W) = alnty(FT(W), F~(W)) (or F=(W) = alnt,(Ft (W), F~(W))),

- FH(W) = qInty(F*(W), F~(W)) (or F~(W) = ¢Int,(F* (W), F~(W))),

- FY(W) = pInty(F* (W), F~(W)) (or F~ (W) ZPInt (F(W), F=(W))),

- FH(W) = yInty(FH(W), F~(W)) (or F~(W) = yInt,(F* (W), F~(W))),

- F}j{(y) = Blnty(FH (W), F~(W)) (or F~ (W) = Blnt,(FH(W),F~(W)))) for
eac eTr.

It is easy to see that the classical topological operators presented in Lemma 1.4
can be expressed as compositions of the above operators and the diagonal operator
A P(X) = P(X) x P(X) given by A(A) = (A, A) for any A € P(X). More
precisely:

REMARK 1.10. The following hold for a subset A of a topological space (X, 7):

(a) Int, (A, A)=Int;(A, A)=1Int(A); (d) pInt, (A, A)=sInt;(A, A)=sInt(A);
(b) alnt, (A, A)=aInt;(A, A)=aInt(A); (e) vInt, (A4, A)=yInt;(A4, A)=7Int(A);
(¢) sInt, (A, A)=sInt;(A, A)=sInt(A); (f) fInt,(A, A)=F1Int;(A, A)=FInt(A).

Let us note that the equivalence conditions presented in Remark 1.7 and Lemma 1.9
show that the definitions of considered types of continuity actually determine rela-
tions R C P(X) x P(X) described in terms of the operators Cl and Int such that
(FH(W), F~(W)) € R for each W € 7*. So, it is convenient to use the following
general concept.

DEFINITION 1.11 ([29]). Let R be a binary relation on P(X). Then we say that a mul-
tifunction F' : (X, 7) — (Y, 7*) is R-continuous if for any Wer*, (FT (W), F~(W))eR.

A direct application of Remark 1.7 and Lemma 1.9 shows that the considered
types of continuity can be presented in terms of relations as follows.
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LEMMA 1.12. The following hold for any multifunction F : (X,7) — (Y,7%):
(i) The property of being u.s.c. (or l.s.c.) (resp. u.a.c. (orl.a.c.), u.q.c. (orl.q.c.),
w.p.c. (orlp.c.), uy.c. (orl~y.c.), u.p.c. (orl.B.c.)) is equivalent to

- C(my, Int om,)-continuity (or C(m, Int om;)-continuity (resp.
- C(my, o Int omry,)-continuity (or C(m, aInt omy)-continuity,
- C(my, sInt omr,,)-continuity (or C(m, s Int om;)-continuity,
- C(my, pInt omy,)-continuity (or C(m, pInt om)-continuity,
- C(my,yInt omy,)-continuity (or C(m;,~y Int om;)-continuity,
- C(my, BInt om,)-continuity (or C(m, B Int om)-continuity).
(i) The property of being u.l.s.c. (or lu.s.c.) (resp. uw.l.a.c. (or lu.a.c.), ul.q.c. (or
lu.g.c.), ul.p.c. (orlup.c.), wly.c (orlusy.c), ul.B.c (orlu.B.c.))isequivalent to
- C(my, Int;)-continuity (or. C(m,Int,,)-continuity) (resp.
- C(my, aInty)-continuity (or. C(m, aInty,)-continuity)
- C(my, s Inty)-continuity (or C(m, sInt,,)-continuity),
- C(my, pInt;)-continuity (or C(m, pInt,)-continuity),
- C(my )-continuity (or C(m,~y Int,,)-continuity),
- C(wu,ﬁlntl) -continuity (or C(m, 8 Int,)-continuity)).
It is easy to see that in the case of u.y.c., l.7.c., u.l.7y.c. and l.u.7y.c., the corre-
sponding set of coincidence points can be presented as follows:
- C(my,vInt o) = C(my, s Int omr,, & pInt omy,),
- C(m,yInt om;) = C(my, s Int om; @ pInt omy),
- C(my,yInt;) = C(my, s Int; ®pInt;) and
- C(m,vInt,) = C(m, s Int, ®pInt, ), where U1 ¢ Uy means the sum of the operators
\Ill, U, : P(X) X P(X) — P(X) defined by (‘111 D qu)(A,B) = \Ill(A, B) U \IJQ(A,B)
for any (A, B) € P(X) x P(X).
We will determine all possible types of continuity understood as C(m,, U1 & Us)-
continuity or C(m;, ¥1 @ ¥s)-continuity, where

Uy, Uy € {Int om,, a Int omy, s Int omr,,, p Int oy, v Int omry,, S Int o7y, }
U {Int;, a Int;, s Int;, p Int;, v Int;, BInt; } , or

Uy, Uy € {Int omr;, a Int o7, s Int o7, p Int o7y, Int o7y, S Int oy }
U {Int,, a Int,, s Int,,, p Int,, v Int,, 5 Int,}, respectively.

2. New types of generalized continuity

The following theorem identifies all possible types of C(m,, U1 & ¥s)-continuity, in the
case if Uy, Wy € I U, where

Z,, = {Int om,, aInt om,, s Int oy, p Int o7, v Int o7, BInt omr, },  and
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7, = {Int;, o Int;, s Int;, p Inty, v Int;, S Int; } .

In the parts (1)—(14) we set certain new types of continuity and we introduce their
abbreviations.

THEOREM 2.1. Let F : (X,7) — (Y,7*) be a multifunction and suppose that ¥y
and Vo are operators belonging to I, UTI;. Then C(my,, V1 & Wy )-continuity of F is
equivalent to one of the following types of continuity:

(1) C(my, aInt o, @ Int;)-continuity (briefly u.[a, c].c.),

(2) C(my, sInt om, @ Int;)-continuity (briefly u.[q, c].c.),
(8) C(my, sInt om, & aInty)-continuity (briefly u.[q, a].c.),
(4) C(my, sInt om, @ pInt;)-continuity (briefly u.[q,p].c.),
(5) C(my, pInt om, @ Int;)-continuity (briefly u.[p, c].c.),
(6) C(my,pInt om, & aInty)-continuity (briefly u.[p, a].c),
(7) C(my, pInt omy, @ sInt;)-continuity (briefly u.[p, q].c.),
(8) C(my,yInt om, @ Int;)-continuity (briefly u.[v,c.c.),

(9) C(my,yInt om, @ alnt;)-continuity (briefly u.[v, a.c.),
(10) C(my, B81Int om, @ Int;)-continuity (briefly u.[8,c].c.),
(11) C(my, B1Int o, @ aInt;)-continuity (briefly u.[S, a].c.),
(12) C
(13) C
(14) C(my, B1Int o, @ v Int;)-continuity (briefly u.[8,7].c),

T, 8 Int o7y, @ sInt;)-continuity (briefly u.[B, q].c.),
T, 8 Int omr,, @ p Int;)-continuity (briefly u.[8,p).c.),

(
(
(
(

(15) w.s.c., v.a.c., u.q.c., u.p.c., u.y.c. or u..c.,

(16) w.l.s.c., ul.a.c., ul.q.c., ulp.c., uly.c. or ul.p.c.

Proof. The set Z,, is closed with respect to the operation @. Indeed, if ¥, Uy € 7 ,
then by definition, there exist operators O1,0; € Z (Remark 1.5), such that ¥; =
Oy0my, and Uy = Ogo0mr,,. So, U1 BV, (A, B) = Or0om, (A, B)UOsom, (A, B) = O1(A)U
O9(A) = O1 V O9(A) = O1 V Oq o 7, (A, B) for any (A, B) € P(X)XP(X). Since,
according to Remark 1.5, O1 V Oy € Z, this proves that ¥; @ ¥y € Z,. Consequently,
in the case when Uy, ¥y € 7., according to Lemma 1.12 (i), C(my, ¥1®V;)-continuity
means one of the following: u.s.c., u.cv.c., u.q.c., u.p.c., u.y.c. or u.p.c.

Analogously, if U1, Uy € Z; then, since for any ¥ € Z; there exists O € Zy (see
Remark 1.1), such that W(A4, B) = AN O(B) for all (A, B) € P(X)xP(X), we have
\Ifl@\l/g(A, B) = (AﬂOl(B))U(AﬂOg(B)) = Aﬁ(Ol (B)UOQ(B)) = AmOl\/OQ(B) for
some 01,01 € Zy. According to Remark 1.1, O VOs € Zy, this proves that U1 Wy €
7;, consequently, the set Z; is closed with respect to the operation ®. Therefore, in
the case when ¥y, ¥y € 7;, Lemma 1.12 1.12 - implies that C(m,, ¥1 ® ¥s)-continuity
means one of the following: wu.l.s.c., u.l.a.c., u.l.q.c., u.l.p.c., u.l.y.c. or u.l.3.c.
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Now we will consider all the cases when ¥; € 7, and ¥, € ;.

At first, let us assume that ¥; = Intom,. Then, for every ¥5 € Z; we have
U1 @ Py = Py. Indeed, since ¥y € 7;, then there exists O € Zj such that Uy(A, B) =
ANO(B) for all (A, B) € P(X)XP(X). So, ¥1 @ ¥y(A,B) =Int(A)U(ANO(B)) =
ANO(B) = TUy(A, B) because Int(A) C AN O(B).

Now suppose that ¥; = aInt omr,,. Then, in the case when ¥, = Int;, the operator
U @ Uy determines the relation noted in item (1), while in the case if U5 € Z;\ {Int, },
for every (A, B) € P(X)XP(X) we have Uy(A, B) = ANO(B), where O € T\ {Int}.
Consequently, ¥; & Uy(A,B) = alnt(4) U (AN O(B)) = AN O(B) = Uy(A,B)
because aInt(4) C AN O(B).

Next, we assume that ¥y = sInt om,. Then, in the case when ¥y is equal to Int;
(resp. aInty, pInt;), the operator ¥y @ ¥y determines the relation noted in item (2)
(resp. (3), (4)). In the other cases i.e., if U5 € Z; \ {Int;, @ Int;,pInt;}, we have
U, & ¥y = Uy for the same reason as in the previous parts of the proof.

Analogously to the above, if ¥; = pIntom, and ¥y € {Int;, aInt;, ¢ Int;}, then
the operator Uy & Wy determines the relation noted in item (5), (6) or (7). And,
Uy @ Py € Z; when Uy € 7\ {Int;, aInt;, g Int; }.

Suppose now that W, = v Int om,. If U5 is equal to Int; or a Int;, then the operator
Uy @ Py determines the relation noted in item (8) or (9), respectively.

If ¥y = sInt;, then we have
Uy @ Py(A, B) = vyInt(A) U (AN Cl(Int(B)))

= (AN (Cl(Int(A)) UInt(Cl(A)))) U (A N Cl(Int(B)))
= AN (Cl(Int(A4)) UInt(Cl(A)) U Cl(Int(B)))
= AN (Int(Cl(A4)) U Cl(Int(B))) = (AN Int(ClL(A))) U (AN Cl(Int(B)))
= pInt om, (A, B) U sInt;(A, B) = pInt om, @ sInt;(A, B),
for all (A, B) € P(X)XP(X), So, in this case the operator ¥; & ¥y determines the
relation noted in item (7).

Analogously, one can prove that ~Intomw, ® pInt; = sIntom, @ pInt;. So, in
the case when Wy = plInt;, the operator ¥, @ W5 determines the relation noted in
item (4). Finally, if U5 = 81Int;, analogously as in the previous parts one can prove
that \I’l D \112 = \I/Q.

Finally, if we assume that ¥y = fInt omr,, then for ¥y equal to Int; (resp. aInty,
qInt;, pInt;, vInt;), the operators U1 @ Vs determine the relations noted in item (10)
(resp. (11), (12), (13), (14)), while ¥; & S1Int; = §1Int;, which finishes the proof of
the theorem. O

We can directly express in the following way the new types of continuity listed as
items (1)—(14) in the above theorem, in terms of the inverse images of open subsets.

LEMMA 2.2. For any multifunction F : (X, 1) — (Y, 7*), the following pairs of state-
ments are equivalent:

(1) F isu.[a, c].c. and FT(W)C Int(Cl(Int(F* (W) )UInt(F~(W)) for each WeT*,
(2) F is u.[q,cl.c. and FT(W)C Cl(Int(F™(W)))UInt(F~ (W)) for each WeT*,
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(8) F isu.lq,al.c. FT(W)C Cl(Int(F*(W)))UInt(Cl(Int(F~(W)))) for each WeTt*,
.c. and F*(W)C Cl(Int(F+(W)))U Int(CL(F~(W))) for each WeT*,
(F( )

q,

a,p]

.c. and FY(W)C Int(CI(FT (W)U Int(F~(W)) for each WeT*,
] )

q]

[

(4) Fis ulg

(5) F is u.[p,

(6) F isu.[p,a

(7) F is u.[p,ql.c. and F*(W)C Int(CI(F+(W)))U Cl(Int(F~ (W
)

p )
(8) F isu.[y,c).c. and F*(W)C Cl(Int(F(W)))UInt(CL(F+ (W)
each Wet*,

(9) F is u.]y,a].c. and F*(W) C Cl(Int(F*(W))) U Int(CL(FT(W)))
U Int(Cl(Int(F'—(W)))) for each Wer*,

(10) F isu.[3,cl.c. and FT(W)C Cl(Int(CL(F+ (W) UInt(F~(W)) for each WeT*,

(11) Fisu.[3,al.c. and F*(W)CCl(Int(CL(F(W))))UInt(Cl(Int(F~(W)))) for each
Wer*,

(12) F isu.[B,q].c. and FT(W)C Cl(Int(CI{(FT(W))))U Cl(Int(F~(W))) for each W eT*,
(18) F isu.[B,p].c. and FT(W)C Cl(Int(C1(FT(W))))UInt(CL(F~(W))) for each WeT*,

(14) F is u.[8,7].c and FT (W) C Cl(Int(Cl(FT(W)))) U Cl(Int(EF~(W)))
UInt(CLI(F~(W))) for each WeT*.

.cand FT(W)C Int(Cl(FT(W)))UInt(Cl(Int(F~(W)))) for each WeT*,
) for each Wer*,

)
))UInt(F~(W)) for

The use of the lower inverse images on the left side of the sign of inclusion in the
above lemma defines new types of continuity as follows.

DEFINITION 2.3. Let F': (X,7) — (Y, 7*) be a multifunction. Then

(1) F is said to be L.[a, c].c. if F~(W)C Int(Cl(Int(F+(W))))UInt(F~(W)) for each
Wer*,

(2) Fissaid tobel.[q,c|.c.if F~(W)C Cl(Int(F(W)))UInt(F~ (W)) for each WeT*,
(3) F is said to be l.[g,a].c. if F~(W)C Cl(Int(F*(W)))UInt(Cl(Int(F~ (W)))) for
each Wer*,

(4) F is said to be l.[q,p].c. if F~(W)C Cl(Int(F*(W)))UInt(CI(F~(W))) for each
Wer*,

(5) Fissaidtobel.[p,c|.c.if F~(W)C Int(CI(FT(W)))UInt(F~(W)) for each WeT*,
(6) F is said to be l.[p,a].c if F~(W)CInt(CLl(F*(W)))UInt(Cl(Int(F~(W)))) for
each Wer*,

(7) F is said to be L[p,ql.c. if F~(W)C Int(CL(FT(W)))U Cl(Int(F~ (W))) for each
Wer*,

(8) Fissaid to be L[y, d.c. it F~ (W) Cl(Int (F+(W)))U Int(CLE+ (W)U Int (F~ (W)
for each Wer*,

(9) F is said to be [y, a].c. if F~ (W) C Cl(Int(F*(W))) U Int(Cl(FT(W)))

U Int(Cl(Int(F~(W)))) for each W € 7%,
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(10) F is said to be l.[3, c].c. if F~(W)C Cl(Int(Cl(F*(W))))UInt(F~(W)) for each
Wer*,

(11) F is said to be L.[8, a].c. if F~(W)CCl(Int(CI(F*(W))))Ulnt(Cl(Int(F~ (W))))
for each Wer™,

(12) F is said to be 1.[3,q].c. if F~(W)C Cl(Int(CL(F*(W))))U Cl(Int(F~(W))) for
each Wer*,

(13) F is said to be L.[3,p|.c. if F~(W)C Cl(Int(CI(F*(W))))UInt(Cl(F~(W))) for
each Wer*,

(14) F is said to be L.[8,7].c if F~ (W) C Cl(Int(CI(FT(W)))) U Cl(Int(F~(W)))
UInt(Cl(F~(W))) for each Wer*.

The above lemma shows that, analogously as in Theorem 2.1, these types of conti-
nuity can be presented in terms of relations i.e., as types of C(m;, U1 & ¥s)-continuity,
in the case if ¥y, ¥y € Z,, UZ,, where

T, = {Int om;, o Int o7y, s Int omry, p Int oy, v Int o7y, S Int om;} and
T, = {Int,, aInt,,, s Int,,, pInt,,, v Int,, 5 Int, } .

LEMMA 2.4. Let F: (X, 7) — (Y, 7*) be a multifunction and suppose that ¥y and ¥y
are operators belonging to Iy, UL,. Then C(m;, W1 ® Yo )-continuity of F is equivalent
to one of the following types of continuity:

(1) C(my, aInt,, @ Int om;)-continuity or, equivalently, l.[a, c].c.,

(2) C(my,sInt, @ Int om;)-continuity or, equivalently, l.[q, c].c.,
(8) C(my, s Int, ®aInt omy)-continuity or, equivalently, l.[q, a.c.,
(4) C(my, s Inty, ®pInt om)-continuity or, equivalently, 1.[q, p].c.,
(5) C(m, pInt, & Int om;)-continuity or, equivalently, I.[p, c|.c.,
(6)
(7) C
(8)
(9) C(my,~vInt, @alnt omy)-continuity or, equivalently, 1.[y, al.c.,
(10) c(
(11) C(my, BInt, ®aInt om)-continuity or, equivalently, 1.[3, a.c.,
(12) C(my, B Int, &qInt om)
(138) C(my, B1Int, ®pInt om)-continuity or, equivalently, 1.[3, p].c.,
)

w1, p Int,, ®a Int omy)-continuity or, equivalently, l.[p, a.c,,
w1, p Int,, ®q Int om;)-continuity or, equivalently, 1.[p, q].c.
w1,y Int,, @ Int om;)-continuity or, equivalently, I.[v,c].c.,

(
(
C(
(
C(
(

w1, B Int,, ® Int omy)-continuity or, equivalently, 1.[5,c].c.,
-continuity or, equivalently, 1.[8,q].c.,
(14) C(m, BInt, @ Int om;)-continuity or, equivalently, 1.[5,7].c,

(15) Ls.c., l.a.c., lg.c., Lp.c., l.y.c. orl.B.c.,
(16) lu.s.c., Lu.a.c., lu.g.c., Lu.p.c., Lu~y.c. orlu.B.c.
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The relationships between the operators that are used in the characterizations
given in Remark 1.3, Lemma 1.9, Lemma 2.2 and Definition 2.3 designate the appro-
priate relationships between types of continuity.

Below we present the relationship between these operators, where we have used
the short notation k and 4 [31] to represent Cl and Int, respectively. So, the operators
Int, Int o Clo Int, CloInt, Int o Cl, CloInt V Int o Cl and Clo Int o Cl take the forms i,
ik, ki, ik, ki V ik and kik, respectively.

The presented below diagram, where (A, B) € P(X)XP(X), shows the inclusion
relationships between the values of topological operators used to define the types of
generalized continuity of multifunctions F': (X, 7) — (Y, 7*) by taking all pairs (A, B)
of the form A = F*(W) and B = F~ (W), where W € 7*.

kik(B)

ki V ik(B) —kik(A) U ki V ik(B)

ik(A) U ki(B) kik(A) U ki(B)
ki(B)
| iB(B)—t- Ki(A) U ik(B) — kik(A) U ik(B)

ik(A) Uiki(B)—— ki V ik(A) Uiki(B) — kik(A) U iki(B)

iki(B) ——» ki(A) Uiki(B)

ik(A) Ui(B)——» ki v ik(A) Ui(B)— kik(A) Ui(B)

wui(3)7+ki(/l Ui(B)

ik(A) | ki v ik(A)

kik(A)

iki(A) ki(A)

i(4)
Diagram 1

The diagram below presents all types of C(m;, ¥1® VU5 )-continuity listed in Lemma 2.4.
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l.B.c.

ly.c.—1[B,7].c.

Lp,ql.c. 118, q].c

l.p.c. ——1.[q,p].c.—4—L[3,p].c.

Llp, a].c.—— L[y, a].c.—— 1[5, a].c.

lac. —1.[q, a].c
Llp.c].c. ——1.[y, ¢].c—— 1[5, c].c.
l.[ogc]c./'al.[q,c}{'
l.s.c.
l.u.p.c. l.u.y.c. lu.B.c.
l.u.a.c.;»l.u.q{'
lu.s.c.

Diagram 2

The classes of multifunctions presented in the above diagram are strictly different
as the following example shows.

EXAMPLE 2.5. We consider a multifunctions F' : (X,7) — (X,7*), where X is the
set of all real numbers, 7 is the natural topology on X and 7* is generated by
{(=o00,r) : r € R}. We will denote the set of all rational numbers by Q.
(E1) Let us define F' by
F(O) = X, Flz) = {(—oo, —In(—2)) ?f x <0,
(—o0,—In(z)) ifx>0.

If W = (—o0,r) for some r € X, then
FT(W) = (—o00, —exp(—r)] U [exp(—7),+o0) and F~ (W)= X.
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So, the set F~ (W) is open and F~ (W) ¢ Cl(Int(Cl(F*(W)))) which proves that F
is l.s.c., but not l.u.f3.c.

(E2) We define F' by

{—In(z)} ifre{l:n=12..},
B ~ J(=o0,—In(z)] ifze(0,+00)\ ({2:n=1,2,...}),
FO) =X, Flz) = {—In(—2)} ifre{-1:n=12..},
(=00, —In(—z)] ifz € (—00,0)\ ({-L:n=1,2,...}).
If W = (—o0,r) for some r € X, then
(W) (=00, —exp(—r)) U (exp(—r), +00) and
F-(W) = X\({_rlz :—exp(—r)<—rll}u{711:71l <exp(—r)}).
So, Int(F~(W)) = F~(W)\{0}, Int(Cl(Int £~ (W))) = X, and Cl(Int(CL(F+(W)))) =
(=00, —exp(—r)| U exp(—r), +00). Hence F'~ (W) C Int(Cl(Int(F~(W)))) and F~ (W)

Z Cl(Int(Cl(F+( ))))U Int(F~(W)) which proves that F' is l.a.c, but not 1.[3, ¢].c.

(E3) If we define F' by
{—In(—x)} if x <0,

F(0) = X, F(x) = {(_OO —In(z)] ifz>0

then for any W = (—oo, r), where r € X, we have
FH (W)= (~00, —exp(—r)) U (exp(~r), +00) and F~ (W)= (—00, —exp(~r))U[0, +00).

(=
W)))= (—o0, —exp(—r))U

So, Cl(Int(F~ (W)))= (—o0, — exp(—r)]U[0, +00), Int(CL(F~(
(0, +00) and Cl(Int(CL(EF+(W))))= (—o0, — exp(—r)|U[exp(—7), +00). Hence F-(W) cC
Cl(Int(F~(W))) and F~(W) ¢ Cl(In (Cl(F+( )))) U Int(CL(F~(W))). This proves

that F' is l.q.c, but not 1.[3, p].c.

(E4) We define F by
{—In(x)} ifz >0,
F(0)=X, F(z) =< (—oo,—In(—z)] if z € QN (—00,0),
[—In(—2),00) ifx€(—00,0)\Q.
If W = (—o0,r) for some r € X, then
FT (W) = ((—00, —exp(=7)) N Q) U (exp(—r), +00
F=(W) = (=00, —exp(—7)) U ([—exp(-7),0] N Q
Then Cl(Int(F~ (W)))UInt(CL(F~(W))) = (—o0,0)U[exp
= (—o00, — exp(—r))U[exp(—r), 00) and Cl(Int(Cl(F_(W))) T)
So, F~ (W) C Cl(Int(CI(F~(W)))) and F~ (W) ¢ Cl(Int(F~(W)))UInt(CL(F~(W)))
which proves that F' is [.5.¢, but not 1.[3,7].c.
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(E5) Let us define F' by

{-In(-2)} ifze{-L:n=12..},
B ) {-In(=)} ifze{l:n=12..7},
FO) =X, F@) = {In(—z)} ifze(-00,0)\{-L:n=1,2,..7},
{In(z)} if x€(0,+00)\ {L:n=1,2,...}.

If W = (—o0,r) for some r € X, then
FHV) = (= ephexpr) \ (1 —expl-n) < L bu g0 u {1 L <ep-n}

F~(W)=F"(W)uU/{0}.
So Int F~ (W) = F*(W) and Int(Cl(Int(F+(W)))) = (—exp(r),exp(r)). Conse-
quently, F=~(W) ¢ Int(F~(W) and F~ (W) C Int(Cl(Int(F+(W)))) which proves
that F'is l.u.a.c but not L.s.c.
(E6) We define F' by

{In(—k)} ifxek—1,k) where k=-1,-2,...

1
F(0) =X, F(z) = {ln(_n%l)} ifze [—%, —n%l) where n =1,2,...

{In(k)} if x € (k,k+1] where k=1,2,...
{ln(n%rl)} if x € (nil’ﬂ where n =1,2,...
Let W = (—oo,r) for some r € X, then F~ (W) = [—exp(r)—¢),exp(r)+e)] and

FH(W) = F~ (W) \ {0} for some € € [0,1). So, F~ (W) = Cl(Int(F*(W))) and
F~(W) ¢ Int(Cl(F~(W)) which proves that F' is l.u.q.c. but not L.p.c.
(E7) Let F be defined by
{In(—z)} ifx e QN (—0,0),
F(0) = X, Fla) = {In(—=z)+1} ?f x € (—00,0)\ Q,
{In(z)} ifze@nN(0,+00),
{In(z)+1} ifz € (0,+0)\ Q.
If W = (—o0,r) for some r € X, then
FH(W) =((— exp(r), —exp(r—1)] N Q) U (— exp(r—1),0)
U (0, exp(r—1)) U ([exp(r—1),exp(r)) N Q)
F~ (W) =F"(W)u{0}.
Hence, Int(Cl(F'(W))) = (—exp(r),exp(r)) and Cl(Int(F~(W)))
= [—exp(r—1),exp(r—1)]. So, F~ (W) C Int(Cl(F*(W))) and F~ (W) ¢ Cl(Int(F~(W)))
which proves that F'is [.u.p.c. but not [.q.c.

(E8) We define F' by
{—In(—z)} ifze€ (—o00,0),
F0)=X, F(z)=<¢{-In(z)} ifze (0,+0)NQ,
{In(z)} if x € (0,400) \ Q.
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If W = (—o0,r) for some r € X, then
FH (W) = (—o00, —exp(—r)) U (0, exp(—7)] \ Q) U (exp(—r), exp(r))
U ([exp(r), +00) N Q),

(—o0,In(—z)] if z € (—o0,0)
F(0)=X, F(z) = ¢ (—oo,In(z)] ifz e (0,400)NQ .
[ln(x),+o00,) if z € (0,4+0)\Q
If W = (—o0,r) for some r € X, then
FH(W) = (= exp(r),0) U ((0,exp(r)) N Q),
F~(W) = (—o0,exp(r)) U ([exp(r), +00) N Q)
and consequently, Cl(Int(C1(F*(W)))) = [(— exp(r), exp(r)], Cl(Int(F~ (W)l)) = (—o0, exp(r)]

and Int(Cl(F~(W))) = X. So F~ (W) C Int(Cl{(F~(W))), but F~ (W) ¢ C (Int(Cl(F*’(W)S))U
Cl(Int(F—(W))) which proves that F is l.p.c., but not I.[8, ¢].c.

Analogously as in Diagram 2, we present below all types of C(m,, U1 & ¥y)-
continuity listed in Theorem 2.1.

The following example shows that the classes of multifunctions presented in Dia-
gram 3 are strictly different.

EXAMPLE 2.6. In the first part we consider the multifunction F : (X,7) — (X, 7%),
where X is the set of all real numbers, 7 is the natural topology on X and 7* is
generated by {(—oo,r):r € X}. In the other parts we will consider the examples
of multifunctions F : (X,7) — (Y,7%), where Y = [0, +00,) and 7% is generated by
{[0,7) :r € X}.

(E1) Let F be defined by

[In(—z),400,) ifze (-o0,0)\{-2:n=1,2,...},

o . {ln(—2)} if:cé{—%:n:l,Z,...},
FO=% 0 PO = @), toe)) e (0. 400)\{2:n=1.2,..}.

{In(z)} ifre{l:n=12..}.
If W = (—o0,r) for some r € X, then
. 11 11
FT(W)=<——:—=>—exp(r) p U —: — <exp(r)p, and
noon n n

FZ(W) = (= exp(r), exp(r)) .
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So, Cl(Int(CI(F+(W)))) = 0 and F~ (W) = Int(F~(W)). Consequently, F* (W) C
Int(F~(W)) and F~ (W) ¢ Cl(Int(CL(F*(W)))) which proves that F is u.l.s.c. but
but not u.p.c.
(E2) Let F be defined as follows:

F(0) = {0},

1 1
F(ﬁ) = {n}’ forn=1,2,...,
Flz) = [x, +00) ifz€(0,400)\{L:n=1,2,..7},
N [z, +00,) ifxe (—oo,O)\{—% n=1,2 },

1
F(—ﬁ):{n}, forn=1,2,...
If W =10,r) for some r € X, then

So, Int(F~(W)) = F~(W)\{0}, Int(Cl(Int(F~(W)))) = (—r,r) and Cl(Int(CI(F+(W))))
= (). Consequently, £ (W) C Int(Cl(Int(F~(W)))) but F*(W) ¢ Cl(Int(CI(FT(W))))
UInt(F~(W)). So, F is uw.l.a.c. but not u.[.cl.c.

(E3) Define F by

F(0) = {0},
LI £

1
F(z) = [z, +00), ifo(O,-l—OO)\{n:n:1,2,...},
1
F(k) = {_k}’ for k=-1,-2,..., and

Fla) = {i,+oo,> L ifae (—00,0)\ {k = —1,-2,...}.

If W =1[0,r), where r € X, then F*(W) = {-k: -k < —-1}U{0}u{Z:1 <r} and
F=(W) = (00,—%) U[0,7). So, Cl(Int(CI(F*(W)))) = 0 and Cl(Int(F~(W)))) =
Cl(F~(W)).

Consequently, F'*(W) c Cl(Int(F~(W))) but FT*(W) ¢ Cl(Int(Cl(F+(W)))) U
Int(Cl(F~(W))). Therefore, F is u.l.q.c. but not u.[8.p].c
(E4) We define F by

F(0) = {0}
F(l){l}, forn=1,2,...,
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F(z) = [z, 400), if&vE(Qﬁ(O,l))\{TlL:71:1,27...}7

Flz) = [iﬁroo) Cifa e ((0,1)\ Q) U (1,400),
F(x):{—;}, it 2 € (—00,0).

If W =[0,r), where r € X, then

FH (W)= (—oo, —i> U{0}U {711 : % < r}

Q)
Tnt(F~ (W)= <oo, :) U (:,+oo>
CU(F~ (W)= Cl(Int(CI(F~(W))))= (oo, _i] U0, U E +oo>

Int(CI(F~ (W)= <oo,—i) U (0,r) U (i,—i—oo) . and Cl(Int(CI(F* (W)= (oo,—l} .

So, F*(W) C Cl(Int(CLl(F~(W)))) and F*(W) ¢ Cl(Int(CL(F*(W)))UCI(Int(F~(W)))
U Int(CI(F~(W))) which proves that F is u.l.5.c. but not w.[5.7].c.

(E5) Let us define F as follows:

F(0) = {0}
F(%) = F(—%) =[n,400), forn=1,2,...,

Fz) = (s}, ifxe(O,l)\{lzn_l,Q,...}

Fz) = {2}, ifxe(—l,O)\{—:L:n:1,2,...}
F(x) = E,—i—oo) , ifxe(l,+00) and

Flz) = {—;,—koo) . ifx e (—o0,—1).

If W =[0,r), where r € X, then FT(W) = (-1, )\({-L: —r < =1}u{l: 1 <}
and F~(W) = FH(W)U (=00, =) U (%, 00).

So, Int(Cl(Int(F+(W)))) = (—1,1) and 0 ¢ Int(F~ (W)), and consequently, F'T (W) C
Int(Cl(Int(£'1))) but £ (W) ¢ Int(F~(W)). This proves that F' is u.c.c. but not
u.l.s.c.

(E6) Let F be defined by
F(0) = {0},
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Fz) = {a}), iferﬂ(O,l)\{Tll:n:1,27...}7
F(x)—{;ﬂroo), ifxg((O,l)\Q)U{Tll:n—1,2,...},
F(z) = [0,400), ifze[l,400) and

1
F(z) = {—}, if x <0.
x
If W =[0,r), where r € X, then

FT(W) = (ooi) U((Qﬂ[(),r))\{:l : % <rn= 1,2,...}), ifr<1, or

e
Py
3

[

(—oo,—i)U((Qﬂ[O,l))\{i:n:l,Z...}), itr>1, or
F=(W) = FH(W)U[1,400), ifr<1, or
F(W)F+(W)U<i,+m>, if r > 1.

So, CI(FT(W)) = Cl(Int(CI(FT(W)))) = (=00, —L]U[0,r] if r < 1, or CL(FT(W)) =
Cl(Int(CI(FT(W)))) = (=00, —1]U[0,1] if r > 1 and, C1(Int(F~(W))) = (—o0, —+]U
[1,400) if 7 < 1, or Cl(Int(F~(W))) = (=00, —+]| U [+, 400) if r > 1. Consequently,
FH (W) c Cl(In(CI{(FT(W)))) but, since 0 ¢ Int(Cl(F~(W))) U Cl(Int(F~(W))), we
have FT(W) ¢ Int(C1(F~(W))) U Cl(Int(F~ (W))) which proves that F is u.8.c. but
not u.l.7y.c.

(E7) Let F be defined as follows:

F(0) = {0},
F(;):F(—i):{i}, forn=1,2,...,

F(w) = [z, +00) ifxe(Qm((o,m\{i;n:1,2,...},
Fla) = {1,+oo>, ifxe(((O,l)\Q)U(1,+oo))\{i:n1,2,...},

T

F(z) =[-z,400), ifxe (Qﬁ((—l,O))\{—;:n: 1,2,...} and

Fla) = {—;,—i—oo) L itz e (((=1,0) = Q) U (=00, —1)) \ {_i = 1,2,...}.

Let W = [0,r), where r € X, then we have FF(W) = {-1: -1 > 1 y {0} U
{1: Ll <r}and, F~(W) (=00, =1 )U((—r, m)NQ)U(L, +00) ifr < 1, 00 FT(W) (—o0, —1)
U((-3,3)nQ)u (2 +0) if r > 1. Consequently, In(Cl(Bw)) = (—oo,—1) U
(=r,r) U (L, +00) if r < 1, or Int(CY(FF(W))) = X if r > 1 and, Cl(Int(FT(W))) =
(=00, —1]U[L,+00). So, FT (W) C Int(CI(F~(W))) but F~ (W) ¢ Cl(Int(CI(F+(W))))

~
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U Cl(Int(F~ (W))) which proves that F is u.l.p.c. but not w.[3, ¢].c.
(E8) The multifunction from Example 2.5 (E6) is u.g.c. but not w.l.p.c.
(E9) The multifunction from Example 2.5 (E8) is u.p.c. but not ul.q.c.

u.l.‘ﬂ.c.

u.ly.c.——u.[B,7].c.

u.[p, ql.c. u.[8,q].c

u.l.q.c.

u.l.p.c. +——u.[q, p|.c. +—u.[B,p].C.
Lv

w.[p, a].c. ——u.[y, a].c. ——u.[B, a].c.

u.l.oc. -u.[g, a.c.

w.[p.c.].c. ——uw.[v, c].c. ——u.[B, c].c.

w.]a, cl.c. ——F—u.[q,c].c.

u.p.c. u.y.c. u.f3.c.

u.S.c.
Diagram 3
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