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AN INTRODUCTION TO 4-METRIC SPACE AND NON-LINEAR
CONTRACTION WITH APPLICATION TO THE STABILITY OF
FIXED POINT EQUATION

Kushal Roy, Mantu Saha and Debashis Dey

Abstract. In this paper, we introduce the notion of i-metric space of n-tuples which
generalizes several known metric type spaces. Also we study the topological properties of
such newly constructed spaces and prove Cantor’s intersection like theorem therein. Banach
contraction principle theorem has been proved in this space and finally we apply the theorem
to obtain the stability of a fixed point equation.

1. Introduction and preliminaries

Generalizations of metric structure are an interesting topic in analysis and are covered
by a vast literature. Recently, Abbas et al. [1] have introduced the notion of A-metric
space by extending S-metric space of three variables to n-tuples (n > 2).

DEFINITION 1.1. Let X be a nonempty set and A : X™ — [0,+00) be a mapping.
Then the function A is said to be an A-metric, if it satisfies the following conditions:
(A1) A(z1,22,...,2,) =0if and only if 21 = 29 = ... = 2,

(A2) A(m1,22, ..., an) < >iy Az, @iy oo, (T5)n—1,a) for all x1,z2, ... ,2,,a € X.

EXAMPLE 1.2. Let X =R. Define A: X™ — [0, 400) by

n n
Az, T, .., Tp) :\le n—1x1|+\z 2)xa| + ...
i= =3

n
1) @i = 2@n o]+ |20 — T

1=n—1

for all 21, s, ...,z, € X. Then (X, A) is an A-metric space.
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In 2017, Ughade et al. [9] investigated the concept of A,-metric space involving
the concepts of A-metric space and b-metric space as follows.

DEFINITION 1.3. Let X be a nonempty set and A, : X™ — [0,400) be a mapping.
The mapping Ap is said to be an A,-metric with coefficient s > 1, if it satisfies the
following conditions:
(Apl) Ap(z1, 22, ... s

Zn)
(Ab2) Ab(l‘l, T, ... ,:En) S S Zz;l Ab(CCZ‘,CCZ‘, ceey (xi)n_l, a)
for all z1,x2,...,2,,a € X.

=0ifand only if x1 =20 = ... =z,

EXAMPLE 1.4. Let X = [1,400). Let us define 4; : X™ — [0, +00) by

n—1

Ab(xl,l'Q, ,Z'n) = Z Z |£E'1 - .’E]|2

i=1 i<j
for all x1, o, ..., 2z, € X. Then (X, Ap) is an Ap-metric space with coefficient s = 2.

In the same year, Kamran et al. [7] generalized the concept of b-metric spaces by
using a function instead of a constant coefficient in the definition.

DEFINITION 1.5. Let X be a nonempty set and 6 : X x X — [1,400). A function
dg : X2 — [0, +00) is called an extended b-metric if for all z,y, z € X it satisfies:
(dgl) dg(z,y) =0 if and only if z =y,

(do2) do(z,y) = do(y, ),

(dp3) dy(z,z) < 0(x,2)[do(x,y) + do(y, 2)].

The pair (X, dy) is called an extended b-metric space.

EXAMPLE 1.6. [7] Let X = {1,2,3}. Define 6 : X? - R* and dy : X x X — RT as:
Oz,y)=14+z+y
de(1,1) =dp(2,2) = dp(3,3) =0
dg(1,2) = dp(2,1) = 80, dp(1,3) = dy(3,1) = 1000, dg(2, 3) = dg(3,2) = 600
Then (X, dg) is an extended b-metric space.

The above example is also a b-metric space but here we give an example which is
an extended b-metric space without being a b-metric space.

EXAMPLE 1.7. Let X =N and d : X2 — [0, 00) be given by
0, if v =y;

d(y,z) = d(z,y) = %, ife=1y=n>1;
I(>0), ife=n>lLy=m>1.
Then d is an extended b-metric with
1, if x = y;
0y, ) = 0(z,y) = 1+ 4,

L+oml iy =n>1,y=m>1.

n+m?’

ifr=1Ly=n>1;
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But d is not a b-metric for any s > 1 since [ = d(n,m) < s[d(n,1) +d(1,m)] — 0 as
n(>1),m(>1) — co.

On the other hand, Hussain et al. [4] defined and studied the properties of a
parametric metric space as follows.

DEFINITION 1.8. Let X be a nonempty set and dp : X2 x (0,+00) — [0,+00) be a
mapping. Then dp is said to be a parametric metric if for all x,y,z € X
(dpl) dp(z,y,r) =0 for all » > 0 if and only if z =y,

(dp2) dp(z,y,7) =dp(y,z,r) for all r > 0,
(dp3) dp(z,z,7) < dp(x,y,r)+ dp(y, z,r) for all r > 0.

EXAMPLE 1.9. Let X be the collection of all functions g : (0, +00) — R. If one defines
dp : X% x (0,+00) = [0,+00) by dp(g, h,r) = |g(r) — h(r)| for all r > 0 and for all
g,h € X then it can be easily seen that dp is a parametric metric on X.

In view of the above considerations, the aim of this paper is to define a proper
generalization of previous structures by a unified approach. For this purpose, we first
introduce a generalized metric type space called $l-metric space and then study some
of its topological properties.

2. Introduction of {-metric spaces

DEFINITION 2.1. Let X be a nonempty set and let 4 : X™ x (0,400) — [0,+00)
be a mapping. Then the function i is called a $l-metric if it satisfies the following
conditions:

(U1) U(z1,x2,...,20;0) =0 if and only if 21 = 29 = ... = z,,, for any 6 € (0, +00),

(U2) U(z1, 22, ..., xn;0) < a1, T2, ..., 21;0) Z:;l @i, @iy ey (X)) n—1, a; 0) for all
X1,&2y .y Tp,a € X and 0 > 0, where a : X™ x (0, 4+00) — [1, +00) is a given function.

The $b-metric is called symmetric if, for any x1,29 € X, U(z1,21,...,21,22;0) =
Wza, 22, ..., 22, 271; 0) for all 6 € (0,400).

EXAMPLE 2.2. Let X be the set of all real valued continuous functions with do-
main (0,+00) and & : X™ x (0,400) — [0,+00) be defined by $(f1, fa,..., fn; 0) =
St St [fi(0) = £5(0) for all fi, fo,..,fn € X and § > 0. Then { is an
{l-metric on X with a(f1, f2,..., fn;0) = 2 for all f1, fa,..., fn € X and 6 € (0, +00).

EXAMPLE 2.3. Let X = C°(0, 4+00), the space of all real valued continuous mappings
with domain (0, 400) and let us define

n—1 n—1
U(frs for s F010) = DD 1£:0) = £0)12 + O D 1f:0) — £;(0)1%)?

i=1i<j i=1 i<j
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for all f1, fa,..., fn € X and for all § € (0,00). Let us choose fi, fo,..., fn,g € X
arbitrarily. Then

Uk (fir fis ooy (Fidn—1,9:0) = (L + (n = 1)|£3(0) — g(0)1*)(n — 1)| fi(0) — 9(O)* (1)
for all i = 1(1)n. Then, from (1) we get

n

Zil (fis fis o (Fidn1,9:0) = > (1+ (n = DIfi(0) = 9(0)*)(n = 1)| £:(0) — g(O)

=1

Z(n_l)Z|fi(9) —g(O). (2)

Thus using (2) we have

U foro fi0) = S SO - F O ST IR0 15(0) )2

i=1 i<j i=1 i<j
<1 S O KO S 3 15000 -0 1,0
i=1 1<j i=1 i<j
<2014 5 S 1O-HOD S SO - a0, 6))
=1 1<j =1 i<y
n—1
"D (14 5SS RO-HOP) Y O -g0)
=1 1<j =1
1+ZZ|fz Zu fir fis s (fi)n=1,9:9).
=1 1<y

Hence # is a $b-metric space with a(f1, fa, ..., [n;0) = n(l + > 1] EKJ |f:(0) —
1;(0)?) for all fi, fa, ..., fn € X and for all 6 € (0, +00).

EXAMPLE 2.4. Let us consider the space X = (%0, +0c0) and define the mapping

(1+ ! ) Z Z |fi(0) — ( )|27 if any one of f;(0) is non zero
u(fla---yfn;e): E‘fl(g)‘ i=11i<g
for all fi, fa,..., fn € X and for all § € (0,400). Then one can verify that &l is a
$l-metric space with

n(1+ ———), if any one of f;(6) is non zero
(f17 s [ ) = > 1f:(0)]

n, if f1(0) =...= fn(0) =0
for all f1, fo,..., fn € X and for all 6 € (0, c0).

The notion of {-metric space generalizes several of known metric type spaces, for
example:
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(i) For n = 2 and for each z1,z2 € X if Y(x1,29;0) is a constant function with
oz, 20;0) =1 for all 1,29 € X, 0 € (0,00), then a symmetric {-metric is the usual
metric.

(ii) For n = 2 and for each z1,z9 € X if Y(xy1,22;0) is a constant function with
a(xy,20;0) = s > 1 for all 1,29 € X, § € (0,00), then a symmetric {l-metric is a
b-metric [2].

(iii) For n = 2 if a(x1,29;60) = 1 for all x1,29 € X, 6 € (0,00), then a symmetric
{l-metric is a parametric metric space [5].

(iv) For n =2 if a(x1,29;0) = s > 1 for all x1, 22 € X, 6 € (0,00), then a symmetric
$l-metric is a parametric b-metric.

(v) For n = 2 and for each x1,20 € X if {(x1,x9;0) is a constant function with
a1, z2;0) is independent of 6 for all x1,x9 € X, then a symmetric -metric is an
extended b-metric [7].

(vi) For n = 3 and for each x1,xq, x5 € X if U(x1, 9, 23;0) is a constant function
with a(z1,ze,x3;0) = 1 for all z1, 29,253 € X, 0 € (0,00), then an {-metric is an
S-metric [3,13].

(vii) For n = 3 and for each x1,z9,23 € X if (21, x2,x3;0) is a constant function
with (a1, z2,23;0) = s > 1 for all 21, z9,23 € X, 6 € (0,00), then an il-metric is an
Sp-metric [14].

(viii) For n = 3 if a(x1,z2,23;0) = 1 for all 1,249,235 € X, 6 € (0,00), then an
{l-metric is a parametric S-metric [15].

(ix) For n = 3 if a1, 22,23;0) = s > 1 for all z1,22,23 € X, 6 € (0,00), then an
$l-metric is a parametric Sp-metric.

(x) For n = 3 and for each x1,29,23 € X if U(xy1,xo,z3;6) is a constant function
with a(z1,zq,23;0) independent of 0, for all z1, x5, 235 € X, then an {-metric is an
extended Sp-metric [8].

(xi) If for each z1,xo,...,z, € X, U(z1,22,...,2,;0) is a constant function with
oz, T2, ... ,xn;0) = 1 for all 1, z9,...,2, € X, 6 € (0,00), then an i-metric is an
A-metric [1].

(xii) If for each x1,x9,...,z, € X, U(z1,22,...,2,;0) is a constant function with
a1, T2, ... ,xn;0) = s> 1 for all 1,29,...,2, € X and § € (0,00), then an {l-metric
is an Ap-metric [9].

(xiii) If a(z1, 22, ..., xn;0) = 1 for all z1, 29, ..., 2, € X, 6 € (0,00), then an L-metric
is a parametric A-metric [10].

DEFINITION 2.5. Let (X, ) be a {-metric space. A sequence {zj} C X is said to be
(i) convergent to an element x € X if for any € > 0 there exists N € N such
that for any k& > N we have W(xy, zk, ..., (Tk)n—1,2;0) < € for all & > 0 that is
Wk, Tk, -y (Tk)n—1,2;68) = 0 as k — oo for all 6 € (0, 00).
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(ii) Cauchy sequence if for any € > 0 there exists M € N such that for any k,m > M
we have Wz, Tk, ..., (Tg)n-1,Tm;0) < € for all § > 0 that is U(zk, zk, ..., (Tk)n-1,
ZTm;0) — 0 as k,m — oo for all § € (0, c0).

(iii) X is called complete if every Cauchy sequence in X is convergent.
DEFINITION 2.6. Let (X,4l,) and (Y,4l,) be two Ll-metric spaces and T': X — Y be a
mapping. Then T is said to be continuous at x¢ € X if for any € > 0 there exists § > 0
such that Y, (Tx, Tz, ..., (Tx)n_1,Txo) < € whenever U, (z,x, ..., (T)n-1,20) < ¢ for
all 6 > 0.
PROPOSITION 2.7. Let (X,4) be a $4-metric space. Then

il(x, Tyeeny (x)’ﬂ—la Y3 0) S 0&(3}, Tyeeny (x)n—la Y; 9)3(% Yyeens (y)n—la x; 0)
for all x,y € X and for all 8 > 0.
Proof. Let us choose x,y € X. Then

il(z, Zy.oos (x)n—la Y; 0)
[by (42)]

< O[(l’,.’E,..., n 17y7 Z u 5579)"‘11(%%7(11/)71—1,%9”
(n 1) times
=a(z, @, ..., (@)n-1,4; 0)(y, Y, ..., (Y)n—1, 73 0). O

LEMMA 2.8. Let (X,4) be a U-metric space which is symmetric or there exists some
s > 1 such that a(x1,x9,...,x,;0) < s for all x1,...,x, € X and 6 € (0,00). Then
any convergent sequence in X has a unique limit.

Proof. Let a sequence {x} C X converges to two elements x,y € X. Then, for all
keN,

u(.T, Ty.eny (l‘)n—la Y; 0)

[by (£12)]
< O[(QS‘,.’,E,. n 173/7 Z ﬂ (X2} n 1, Tk; )+Ll(yay7~-'7(y)n—l;zk;a)]
(n-1) times

:Oé(l‘, Ly.oey (.f)n,l, Y; 6)[(7@-1)2‘(1’, Lyoeey (x)nfla T3 9)+u(y7 Yy oo (y)nfla T3 6)] (3)
Case I: If X is symmetric then from (3) we get
u(xa Ly eny (I)n—lv Y3 0)

S a(a:, Tyeeny (x)n—lﬂ Y; 0)[(n_1)u(xk7 Loy onny (xk)n—la Z; 9)+u($k, Ty enny (xk)n—lv Y; 9)}
for all k € N. By taking k — oo, we get U(z,z, ..., (€)n—1,y;6) = 0 for all § > 0.
Thus x = y.

Case II: If there exists some s>1 such that a(z1, 23, ..., xpn; 0)<s forall zy, ...z, € X
and 6 € ( 00) then (3) gives

ﬂ( ( )n 1,y;9)

S ( ( )n 1,Y; 9)[(71—1)11(30, Ty eney (I)n—h T 9)+u(y7 Yyeeny (y)n—h Ty 9)]

SO&( (-T)n 1,Y; 9)[(”-1)0[(1’, Ly oeny (‘T)nfh Tk, G)L((xkv Ly eeey (xk)nfla X, 0)
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+Oé(y, Y, -ey (y)n—la Tk, o)u(xka Thyeeey (xk)n—la Y 0)] [FI'OIH PI'OpOSitiOIl 27]
SO[(JI, Ty ey (x)n—h Y 9)[(71—1)811(.2%, Ty oeny (xk)n—la €T 0)+8u(xk7 Ty oeny (xk)n—la Y3 0)]

for all k € N. If we let k — oo, we see that U(z,x, ..., (€)n-1,y;0) = 0 for all § > 0
and hence z = y.

.
PROPOSITION 2.9. Let (X, ) be a -metric space. Then
M,z ()1, 2;0)
<(n—Da(z,z, ..., (®)n-1,2; NNz, 2, ..., (T)p—1,¥;0)
+a(z,x, ., (T)n-1,2;0)(z, 2, ey (2) -1, ¥; MY, Yy ooy (Y)n—1, 2;6)
for all x,y,z € X and for all > 0.
Proof. For any z,y,z € X and for all § > 0 we get,
Wa,x, .oy (T)p-1,2;0)
[byg(m)] alx,x, ..., (T)n-1,2;0)] Z U(x (X)n-1,9;0) + Uz, 2z, o, (2)n—1,y; 0)]
(n-1) times
=n—-1Da(z,z,...,(@)n_1,2;)Mx, 2, ..., (T)n-1,y;0)
+a(z,z, ..., (2)n-1,2;Da(z, 2, ., (2)n—1,9; DMy, Yy oy (Y)n—1, 2;0). O

PROPOSITION 2.10. In an U-metric space (X,8), for any x1,%2,...,Zn,a € X and
for any 0 > 0 we have

(i) WMz1,xa,...,2n;0) <
a1, T2y ey @03 0) Y oi o {(@iy Ty ooy (@)1, 21 O) U1, 21, v, (T1) 01, @45 0)
(ii) (w1, T2, ..., 2n;0) < a1, 22, .., 225 0) (21, ooy (T1) 01, 223 0);
(111) (w1, T2, ..., T3 0) < (n— Da(zy, 2, ..., 25 0) (2, ..., (T2)n—1, 713 0);
(iv) U(z1, 22, ..., x,;0) <
Oé(fEl,.’EQ, ooy T 9) Z?:l{a(xiaxiv ceey (mi)nflv a; a)u(avav ceey (a')nflvxi; 9)}
Proof. Let x1,x2,...,x,,a € X; then we get
(i) $(x1,z2,...,2,;0)

[by (412)] -
(w1, 29,00y 03 0) Y (@, Ty ooy (25) 1, 215 0)

= a(®1, 22, ..., Tn; 0) Zﬂ(xi,wm ooy (@i)n—1,7150)

[by Prop. 2.7] n
< Oé($1,5027~-~7l”n;9)Z{@(Ii7iﬂi7~--7(xi)n—l,xl;@ﬂ(?ﬁl,l’l,---,(Il)n—hiﬂi;@)}
=2
(ii) M1, z2,...,22;0)
[by (42)]
a(ml,xg,...,x2;9)[il(x1,...,(xl)n,l,xg;e)—i— Z u($27.’1,‘2,...,l‘2;9)]

(n-1) times
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= Ot(l’l,l'g, ceey L5 G)L[(I’l, ceey (I’l)n_l,l’g; 9)
(111) Ll(a;‘l,l‘g, ceey 23 0)

[by (42)]
< O‘(Il;z%---am2§0)[u(zla---ax17$1;0)+ Z u(ﬂfzyIz,--u(Iz)n—uIl;@)]
(n-1) times
= (n—1)a(z1, z2, ..., x2; 0)U(z2, ..., (T2)n—1,1; 0).
(IV) u($1,$2,...,xn;9)

[by (£12)] "
< 04(1'17552;~~axn§9)zu(xiaxiwn,(l'i)nflaada)
i=1

by Prop. 2.7 "
[by Prop o]z(zl,mg,...,xn;ﬁ) Z{a(xi,xi,...,(:l:i)n_l,a;ﬁ)il(a,a,...,(a)n_l,zi;ﬁ)}
i=1

for all 8 € (0,0). O

PROPOSITION 2.11. In an -metric space (X,8), for any 1,2, ..., Tn,Y1,Y2; - Yns
a,b € X and for any 8 > 0 one has
(i) |M(z1, x, ..., Tpn_1,a;0) — W21, T2, ..., Tp—1,b;0)| < [a(z1, T2, ... ,Tp—1,0a;0)
+Oé(11,$27---  Tn—1,b; 9)] Z;:ll{a(xi,xu ) (ﬂﬂi)n—l,a;@)a(mi,xi, sy (zi)n—hb; 9)
x[Ua, a,...,(a)n—1,zi;0) + U, b, ..., (D)n—1,2:;0)]};
(i) |M(x1, x2, ..., 2p_1,a;0) flil(yl,yg, vy Yn—1,a;0)] < [a(z1, 29, ... ,Tpn_1,a;0)
+Oé(y17 Y2y -5 Yn—1,03 0)] Z?:_l {a('ri7 Liyeees (xi)n—la a; H)Oé(y“ Yiy ooy (yi)n—ly a; 9)
[ﬂ(a, Ay eeny (a)n—la Ly 9) =+ u(av Ay eeny (a)n—la Yi; 0)]};
(i) (w1, T2y oy Tpo1, T3 0) — WY1, Y2, o, Yn—1,Yn; 0)] < (@1, 22, 0, 1, T3 0)
XYL, Y2y o s Yn—15Yn3 0) D iy [ @iy Ty oo s (26 n—1, 05 0) + M(Ys, Yis o s (Yi)n—1,050)].
Proof. (i) Let 1, g, ... ,pn—1,a,b € X and 6 € (0,00). Then by Proposition 2.10 (iv)
we have

|z, 22, e, X1, a;0) — W21, 22,y .., Ty—1, b; 0)]
Su(l‘la T2y eery Tn—1,Q; 9) +u($1,$2, ey Tp—1, b7 0)

n—1
SCM({ED.’EQ, vy Tn—1, 03 9) Z{a(xivxiv st (xi)nfla a; e)u(avaa ceey (a)nflyxi; 9)}
i=1
n—1
+ a(z1,z2, ..., Tp-1,b;0) Z{a(zi,xi, s (X)) =1, b; O)U(D, b, ..., (B) 1, 45 6) }
i=1

n—1
< [a(x17x27 vy Ip—1, Q5 9) + 0[(551,1'2, vy Tn—1, b, 9)} Z{a(l.ivl.iv sy (xi)nflv a; 9)
i=1

X (i, iy ooy (T)n—1, 0;0)[U(a, a, ..., (@)p—1,7:;0) + 4(b, b, ..., (D) n—1,xs;0)]}

(ii) Let @1, 22, oo, Tn—1,Y1,Y2, - s Yn—1,a € X and 6 € (0,00). Then by Proposi-
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tion 2.10 (iv) we have
|ﬂ($1,$2, ey Ip—1, Q5 9) - u(y17y27 vy Yn—1, Q3 9)|
Su(xth) ey Tp—1, a3 6) +u(ylay25 vy Yn—1,Q; 0)

n—1
Sa(xlaan vy Ipn—1,0a; 9) Z{a(xia Lijyeeny (xi)nflaa; g)u(av Ay ..., (a)nflax’i; 0)}

=1
n—1
+ a(y17y27 ey Yn—1, 45 0) Z{a(yiayi? reey (yi)n—la a; G)u(aaa’a L] (a)n—lvyi; 0)}
i=1
n—1
S[Oé(fﬂl,iEQ, vy Tn—1, Q5 9) + a(yla Y2y ey Yn—1,0; 9)} Z{a(mivmiv ey (mi)nflv a; 9)
=1

X a(yiayi7 ooy (yi)n,ha; 9)[u(a7a‘a ceey (a)nfhxi; 0) +u(a7aa ceey (a)nfhyi; 9)]}

(iil) Let @1, 29, oo, Zne1y Ty Y1, Y25+ 5 Yn—1, Yn, &, b € X and 6 € (0, 00).
|Ll(x1,x2, ey Tp—1, Tns 9) - u(ylvy% s Yn—1,Yns 8)|
Su(‘rhx27 coy Tn—1, Tnj 0) +u(y13 Y2,y Yn—1,Yn; 0)

n
Sa(xlnya vy Tn—1, Tnj 0) Zu(xivxiv ) (xi)n—la a; 6)
i=1

+ a(yhyQa ey Yn—1,Yns 0) Zu(yhyla ceey (yi)nfla as; 9)

i=1

Sa(ﬂ:1,l‘2, AR} zn—lyxn; e)a(yl) y27 A 7yn—17yn; 0)

X Z[u(‘riaxia ceey (mi)n—la a; 0) +ﬂ(ylvyl7 ceey (yi)n—ha; 9)] ]
=1

3. Topological constructions

Now we are in a state to study some topological properties of {{-metric spaces.

DEFINITION 3.1. In an {l-metric space (X, 4l), the open ball and the closed ball with
center at g € X and radius > 0 are defined by

Sit(zo) ={y € X : sup )il(y7y,--~ s (Y)n—1,7050) <71}
6 (0,00

Sitlwo] ={y € X : sup )il(y7y,--~  (Y)n1, 205 0) <7}
6 (0,00

PROPOSITION 3.2. Let (X, $1) be a h-metric space. The collection Ty={0}U{P(£0)CX :
for any x € P there exists r > 0 such that S*(x) C P} forms a topology on X.
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DEFINITION 3.3. Let (X,$l) be a Y-metric space. The sets that belong to 7y are
called -open sets. A subset B of X is said to be L-closed if there exists V' € 7 such
that B = V°.

PROPOSITION 3.4. Let V' be a 4-open set containing x¢ in an U-metric space (X, L)
and {x} C X be such that xp, — x9 as k — oco. Then x € V for all k > N.

Proof. Since xo€V and V is tl-open, there exists r>0 such that S¥(z¢)CV. Now let us
take some 0<r’<r. Then there exists NEN such that $(xg,x, ..., (Tk)n-1,T0; 8)<r’
for all k>N and for all 0€(0, 00), that is supge o o0) Tk, Ths -+, (Th)n—1, T0; 0) <1’ <r
for all k>N. Thus, for any k>N, z,€S> (20)CV. O

PROPOSITION 3.5. Let (X, ) be a U-metric space and F(# 0) C X be U-closed. If
there exists a sequence {xy} C F such that x, — z as k — oo then z € F.

Proof. If possible, let z ¢ F. Then z € F€. Since F*° is {l-open and x — 2z as k — 00
then by the previous theorem it follows that there exists N € N such that x) € F°
for all £k > N, a contradiction. Therefore z € F'. O

DEFINITION 3.6. The diameter diam(F') of a subset F' C X, X is a {l-metric space,
is defined by diam(F) = sup, e x 0e(0,00) MT: Ty ooy (T)n—1, 43 0).

Next we prove a Cantor’s Intersection-like theorem in the context of L-metric
spaces.

THEOREM 3.7. Let (X,8l) be a complete U-metric space and {Fy} be a decreasing
sequence of nonempty -closed sets such that diam(Fy) tends to zero as k tends to
infinity. Then the intersection (\;—, Fi contains ezactly one point.

Proof. Let xp, € Fy for all k € N be arbitrary. Since {F}} is decreasing, we have
{zk, Tk11,...} C Fy for any k > 1. Now for any k,m € N with k,m > p we get

sup (g, Ty - (Tk)n—1, Tm; 0) < diam(F,), p > 1.
6>0

Let € > 0 be given. Since diam(F}) — 0 as k — oo then there exists some ¢ € N such
that diam(F,) < e. From this it follows that

Wk, Th, oo, (Zk)n—1, Tm; 0) < diam(Fy) < e, for all k.m > g and 6 > 0.
So {x1} is a Cauchy sequence in X and therefore by completeness of X there exists
z € X such that xy — z as n — oco. Therefore by Proposition 3.5 it follows that
z € F, for all n € N.

Now let y € Ny Fi- Then U(y,y, ..., (Y)n—1,2;0) < diam(F}) for all k > 1 and
for any 6 € (0,00). So by taking k — oo we get U(y,y, ..., (Y)n-1,2;0) = 0 for all
6 € (0,00), which implies that y = z. Hence (\,—, Fi = {2} and this completes the
proof. 0
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4. Banach Contraction Principle in {-metric spaces

Now we present the celebrated Banach Contraction Principle in the context of {l-metric
space.

THEOREM 4.1. Let (X,4) be a complete symmetric h-metric space and T : X — X
be a mapping satisfying

MTx, Tx,...,(Tx)p—1,Ty;0) < ril(z,z, ..., (X)n-1,y;0),
for all z,y € X and for all > 0, where r € (0,1) is such that

1
lim (T z, ..., (T*z), 1, T™x;0) < -

k,m—oc0

for allz € X. Then T has a unique fixed point in X.

Proof. Let xg € X be arbitrary. Let us consider the Picard iterating sequence {x,}
where x,, = T™xq for all m € N. Then for all m € N we have

Mo, Ty oe s (T =15 Tima1;0) = MT -1, TTm—1, s (TTm—1)n-1,TTm;0)
<P Tm—1, Tm—1y o s (Tm—1)n—1,Tm; 0) - <" UWxo, oy v, (X0)—1, 213 6).
Now for any 1 < k < m we have,
M@y ooy (T )1y Tims 0)
<a(Tgy ooy (T )1, Tm; O [(n—=1)M @, ooy (T )1, Tt 15 0) F Ty ooey (Tn )1, Tht1;0)]
=Tk, ooy (T ) =1, Tim; O [(n—D)M X, ooy (k) =1, Thr1; 0)F M Trx1, oy (Tt 1)n—1, Tm; 0)]
<(n=1)a(@k, oy (T)n—1, Tm3; OM(Th41, s (Thot1)n—1, Tp; 0)+
Xy ooy (k) n—1, Tm; 0)(Tgt1, ooy (Trt1)n—1, Tm; O)[(N—D)U(Zhp 1y ooy (Tpt1)n—1, Tht2;6)
FM( Ty ooy (T )1, Tip2; 0)]
=(n—D)a(k, -y (Tk)n—1, Tm; M Tr1s -y (Tpt1)n-1, Tk;0)
+(n=1)a(k, oo, (@k)n—1, Tm; 0)0( Tkt 1, ooy (Tkt1)n—1, Trm; O)U(Thp2, ooy (Tht2)n—1, Trt1;6)
FaThy ooy (Th)n—1s Tm; 0)(Thp1y ooy (Tpt1 )1, Tm; )M Tpt2, ooy (Thg2)n—1, Tm; )

<(n—D[a(zk, s (Tk)n—1, Tm; OMZr11,s vy (Tht1)n—1,2k; 0)
Fa(@py oy (k)15 Tm; O)A(Trt1y ooy (Tt 1)1, Tom; O X 12y ooy (Tht2)n—-1,Tr+1;0)
Fooda(@r, oy (Tr)n-1, Tm; )(Trt1, ooy (Tht1)n—1, Tm; 0)...
A Tm—2y ooy (Tm—2)n—1, Tm; M Zm—1, ooy (Tm—1)n—1, Tm—2;0)]
Fa(ZThy ooy (Th)n—1, Tm; 0)a(Tht1y ooy (X1 )1, T3 0)-..
(T2, ooy (Trmn—2)n—15 Tin; OIME -1, ooy (Tm—1)n—1, Tm; 0)
<(n=1)]a(zg, ., (T )n-1, Tm; )M Tpt1, ooy (Tht1)n—1,Tk; 0)
Fa(Thy ooy (T ) =1, Tm; 0)a(Tht1y ooy (X1 )1, T3 )M X g2, ooy (Tha2)n—1,Tp+1;0)
Fota(@p, ey (k) n—1, Tm; O)(Trt1,y ooy (Tht1)n—1, Tm; 0)-..

O[(il'm,Q, ceey (xm72)n717 Tm; e)ﬂ(xmflu ceey (xmfl)nfla Tm—2; 9)+
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a(Thy ooy (Tk) =1, T3 0)(Tt1y ooy (Tht 1)1, Tin 0)...

(T2, ooy (Tm—2)n—1, Tm; (i1, ooy (Tm—1)n—1s Tm; O T, ooy (T ) -1, Tm—1; )]
<(n=D)[a(Zk, oo (T )01 Tm; )"+ Ty ooy (Th )1, T3 0) (T 1, ooy (T 1 )1y T O)7F T
Fota(Tr, oy (Tr)n—1, Tm; 0)a(Tra1y oy (Tt 1) —1, T3 0)-..

A Zm—2yeeer (T2 15 T ) (Zn— 15 oy (T 1 )15 Ton; )7 V(21 ooy (1)1, T03 6).

Let us denote Pj(m) (w0;0) = (n — 1)r7 g:l Xy ooy (Ti)n—1, Tm; 0) for all j € N and
for all 8 > 0. Then from the previous we get

m—1
U(p, ooy (@) ne1:7m; 0) < [ S0 P (030) | Uar, o, (@1)n-1,70:0),  (4)
j=k

where 1 < k < m. Now since limg ;00 @(T*x0, ..., (T*x0)n_1, T™20;0) < %, by

ratio test we see that the series lim, o0 Y poy Pt(m) (20;0) is convergent and thus

limy oo z;”:_kl Pj(m)(xo; 0) = 0. So (4) implies that z,, is a Cauchy sequence in X and

by the completeness of X we get some z € X such that x,, = z as m — oco. Hence, for

any 6 > 0, MXpma1, Tty oo s (Tmt1)n-1, L2;0) < 18Xy Ty ooy (T )—1,2;6) — 0

as m — oco. Thus by Lemma 2.8 we have Tz = z and T possesses a fixed point in X.
Now if u and v are two fixed points of T' then we have

Wyt ooy (W1, 0;60) = MTuy Ty oo, (TW)p—1,T;0) < 7w, u, ..., (U)p—1,v;0).

Since 0 < r < 1 we get U(u,u, ..., (u)n—1,v;0) = 0 and hence u = v, which shows that
the fixed point of T is unique in X. 0

EXAMPLE 4.2. Let X = C°(0,00), the space of all real valued continuous mappings
with domain (0, 00) and let us define £ : X3 x (0,00) — [0, 00) by

2 2
(S, fa, 3:0) = DY 1 O) = FO1 + O D 1£:00) = £;(0))?
i=1 i<j i=1 i<j
for all f1, fa, fs € X and for all € (0,00). Then il is a H-metric with «(f1, fa, f5;60) =
3(1+ Z?=1 ZKJ- |£:(0) — £;(0)]?) for all f1, f2, f3 € X and for all § € (0, 0).

Let us take a fixed element fy € X and define T: X — X by T'f = % + fo for all
f€X. Then WTf,Tf,Tg;0) < IU(f, f,g;0) for any f,g € X and for all § > 0. Also
for any 6 € (0,00), a(T* f, T*f, T™ f;0) = 3[1+2(f(0) — 2f0(0))* {55 — 5 }7] — 3 as
k,m — oo. Therefore all the conditions of Theorem 4.1 are satisfied and therefore T'
has a unique fixed point in X which is 2fj.

5. Application of fixed point theorem to the stability of fixed point
equation

In 1940, Ulam has raised an open problem concerning the stability of homomorphisms
in algebra. Hyers was the first who gave an answer to the stability of functional
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equations in the context of Banach spaces (see [6]). Very recently, Roy et al [11,12]
have studied Ulam-Hyers stability of fixed point problems under different generalized
metric structures. Here we discuss Ulam-Hyers stability of fixed point problems in an
$I-metric space.

Let (X,4) be a Y-metric space and T': X — X be a mapping. Let us consider
the fixed point equation

Te=x (5)
and the inequality
Wy, Yy eer s (Y)n—1,Ty;0) < € for all # > 0 and for any € > 0. (6)

DEFINITION 5.1. The fixed point problem (5) is said to be Ulam-Hyers stable if there
exists a mapping ¢ : X2 x (0,00) — [0, 00) such that for each € > 0 and an e-solution
(a solution of (6)) v € X there exists a solution u € X of the fixed point equation (5)
such that for all € (0,00), (v, v, ..., (V)p—1,u;8) < (v, u;0)e.

THEOREM 5.2. Let (X,4) be a complete symmetric ih-metric space and T : X — X
be a mapping satisfying all the conditions of Theorem 4.1 with the Lipschitz constant
r such that a(z,z, ..., ()n—1,9;0) < % for all x,y € X and 0 € (0,00). Then the
fized point equation of T is Ulam-Hyers stable.

Proof. From Theorem 4.1, we see that T" has a unique fixed point u in X, that is the
fixed point equation (6) of T has a unique solution. Let € > 0 be arbitrary and v be
an e-solution of T'. Then

0,0, ey (V) 1, u;0)

<a(v, 0y ey (V) -1, u; ) [(n—D)M(v, v, ...y (V) 1, Tv; )+, w, .oy (1) —1, Tv; )]
=a(v, U,y ooy (V) 1, u; ) [(n—1)U(v, v, .oy (V) 1, T0; G)JrM(Tv T’U oy (TV)p—1,w; 0)]
=a(v,v, ooy (V) -1, ) [(n=D)U(v, v, ..., (V) p—1, TV; O)+UMTv, Tv, ..., (TV)p—1, Tu; )]
<a(v,v, ..., (V)n—1,%; 0)[(n—1)U(v, v, ..., (V)n—1, Tv; 8)+r U(v, v, ( Yn—1,u;0)].
This implies $(v, v, ..., (V)n_1,u; 9) R 7(;531711};&“0;));(( s (V) 1, T0; 0)

< C(v,u;0)¢, where ((v,u;0) = Lol ug) for all # > 0. Therefore the

1—ra(v,v,...,(v)n-1,

fixed point equation of T" is Ulam-Hyers stable. U
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