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ON SINGULAR FIFTH-ORDER BOUNDARY VALUE PROBLEMS
WITH DEFICIENCY INDICES (5,5)

Ekin Ugurlu and Kenan Tag

Abstract. This paper is devoted to introduce a way of construction of the well-defined
boundary conditions for the solutions of a singular fifth-order equation with deficiency indices
(5,5). Imposing suitable separated and coupled boundary conditions some properties of the
eigenvalues of the problems have been investigated.

1. Introduction

Formally symmetric third and fifth-order boundary value problems generated by well-
defined boundary conditions have been studied in [3-6]. In the papers [3-5] the prob-
lems have been studied as regular problems. Then separated and coupled boundary
conditions have been introduced for third and fifth-order equations in these papers. A
singular third-order boundary value problem has been handled in [6] and well-defined
boundary conditions have been imposed for the solutions of this third-order equa-
tions using auxiliary functions. In this paper our aim is to generalize these important
results for the singular fifth-order equations.

Singular differential equations need to be studied in detail as the behaviour of
solutions of the equation near the singular point may change depending on the nature
of the coefficients of the equation. One of the challenges appears when one wants to
describe the number of square-integrable linearly independent solutions with respect
to some weight functions. In the literature, there are some tools to give an answer
to this question. One of them is the deficiency indices theory (see, for example, [2]).
This theory is about finding the dimensions of the following deficiency subspaces

Nx=Ho (L-X)D(L), Ny=Ho&(L-X)D(L),
where H is a Hilbert space, L is a symmetric operator in H, D(L) is the domain of
L and X is a complex number. The dimensions of Ny and Ny can be found with the
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80 Singular fifth-order boundary value problems

aid of the solutions of L*y = Ay and L*y = Ay, respectively. The deficiency indices
(m,n) of L are defined by m = dim N; and n = dim N_;.

In this paper we deal with singular fifth-order boundary value problems related
with some separated and coupled boundary conditions and we introduce some results
of these problems. This work will be the first work on singular fifth-order boundary
value problems.

2. Basic results

The fifth-order equation will be considered on the interval [a, b) as follows

z’(% (QOfH)I>”+(pOf”)H+i (g2 f) +aof' —(a f) = (") ] = (o1 f')+p2f = dwf. (1)

All the coefficients ¢, ps, w, r = 0,1,2, s = 0,1, are assumed to be real-valued
functions such that ¢, L o1, pe, o @ /qo, po/q3 are integrable and the quasi-derivative
fL[1] of f is absolutely continuous on each compact interval [c,d] C [a,b), where
—o<a<lce<d<b<oo, k=0,...,4and

f[O] = f7
=7, ¥ =iao(qof") + pof" i f',

14 . : - ;
P =——=aqf", f=—(golgs") +pof” —iat') +iqf" +pif —igf.

V2
Moreover, we assume that gy # 0, w > 0 on [a,b) and the only singularity for the
equation (1) occurs at b.

We consider the Hilbert space L? as the standard Lebesgue space equipped with
the inner product

b
(f.9) = / Jgwde.

To impose the well-defined boundary conditions for the solutions of (1) we shall
consider the subspace D of L? covering the functions f € L? with 7(f) € L?, where

(1) = 3 {i (0 aof"Y) "+ o0f") i (aad Vrns = £~ V)~ ) .
We define the maximal operator T on D as follows T'f = 7(f), where f € D.

The Lagrange’s formula can now be introduced as the following

where [f; 9] = [f,9](b) — [f,9](a), [,"](x) : D x D — C and
[£,3)(2) = [f.9) = fg" — fg + Mgl — fPlg 4 g, (3)

The minimal operator Tj is defined as the restriction of T' to the subspace Dy C D
that consists of all f € D satisfying f"l(a) = [f,7](b) = 0, where r = 0,...,4 and
g € D. Operator Tj is a symmetric, densely defined, closed in L? and T = T [1].
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Constructing the vector F' by the rule

F=[f fU f&@ g8 pa)" (4)

we can introduce another representation of (3) as follows

[f,9] = G"JF, (5)
where G is constructed by g and the rule (4),

000 0 -1

000 -1 0

J=10 0 ¢« 0 0],
010 0 O
100 0 O

where ¢ denotes the 2 x 2 identity matrix.
Other representations of (3) can also be introduced as follows

[f.9) = G*EF +ifPgh, (6)
J[cl] ?1] 00 0 -1
=~ f =~ g 00 -1 0
Where F = f[3] s G = 9[3] 3 FE = 0 1 0 0 s
f g4l 1 0 0 O
d A e g | S 1 28] g e 7
an [f.9)=1[g 9] Eo f + [ g% Eo sl | Hiftge, (7)
0 -1
where Ey = [1 0 } .

Using these representations (5)-(7) we will share coupled boundary conditions for
the solutions of (1).

LEMMA 2.1. The equation (1) has one and only one solution f(x,\) satisfying the
initial conditions f¥)(€,\) = Cx, where k = 0,...,4, £ € [a,b), ¢ € C. Moreover,
f(, ) is an entire function of \.

Proof. The equation (1) has the following representation

F' =AM+ N]F, =z € la,b), (8)
where F is the vector generated by f and (4), M and N are 5 x 5 matrices such that
0 00 0 0 0 1 0 0 0
0 0000 0 0 -5 0 0
M=|0 0000, N=|0 =& il -5 0
0 0000 —iq2 p1 *%Zf; 0 -1
—w 0 0 0 0 Do iQQ 0 0 0

Since the elements of N and M are locally integrable on [a,b), (8) completes the
proof. 0

Now the direct calculation gives the following.
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LEMMA 2.2. N*J+ JN = 0.

We denote by W {f1,..., f5} the Wronskian of fi,..., f5 defined as
i e s fa S5

U RO

) o S R

W{fl,w-afs} = det f1[3] 2[3] f?s] f%g] f5[3]
) Ty f? ]

1[4 f2[4 E4] Z£4] f54
This definition implies that the set of solutions { f1, ..., f5} of (1) is linearly dependent
provided that W {f1,..., f5} (x0) = 0, 2o € [a,b) and W {f1,...,f5} = 0 on [a,b)
provided that {f1,..., fs} is linearly dependent (see [2, pp. 57-58]).

3. Boundary values at the singular point

In this section we will construct well-defined boundary values at the singular point.
However, for this purpose, we need to know the deficiency indices of Tj.

It is known [7] that for Im A > 0 the deficiency index m of Ty may get the values
m = 2,3,4,5 and for ImA\ < 0 the deficiency index n of Ty may get the values
n = 3,4,5. We consider the case (m,n) = (5,5) in this work.

We consider the solutions z1 (), ..., z5(x) of

7(f)=0, =z€]la,b) (9)

satisfying the initial conditions z,[ffl](a) = Ops, where 1 < k,s < 5 and . is the

Kronecker delta symbol.

Let us denote by Z1,...,Zs (5 x 1 vectors) generated by z1, ..., 25, respectively,
by the rule (4). Since W {z,...,25}(a) = det{Zi(a),...,Z5(a)} = 1, the set of
solutions {z1,...,25} is a linearly independent set. Using (9) and (2) we have the
following equations

[21,Z2] =0, [z1,Z3] =0, [21,Z4] =0, [z1,Z5] =1,
[22,Z3] =0,  [22,Z4] =1, [22,%5] =0, (10)
[23,Z4] =0,  [23,%5] =0,
[24,%5] =0,
and  [z1,Z1] =0, [22,Z2] =0, [23,Z3] =i, [24,Z4] =0,  [z5,%5] =0, (11)

Now we shall define the following 5 x 5 matrix Z = [Zl Zo Js Zy Z5} ,x € la,b).
Using (10) and (11) we obtain that for = € [a, )

[21,2:1} [22,51] [23,21] [2’4,21} [25721] 0 0 0 O -1
[21, 2’2} [22,52] [2’3, ?2] [2’4, 52} [25722] 0 0 0 -1 0
Z*JZ = [21753} [22733] [23,23] [24753} [25733] =10 0 ¢ 0 0 =.J.
[21 s 54} [ZQ R ?4] [23, 24] [24, 24} [2'5 R 24] 01 0 0 0
[2’1,55} [22,25] [23, 25] [24, 25} [25,55] 1 0 O 0 0
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This shows that (W {z1,...,25})° = 1 for all z € [a,b). Since W {z1,...,25} (a) = 1
we have W {z,...,25} =1 for all = € [a,b).

We set WF = Z~'F, x € [a,b), where the 5 x 1 vector F is given by (4). Since
ZUF =F, x € [a,b), we obtain that

W{f, 22,2’3,24,25}
W{Zlaf> 23324725}
UF = |W{z,29, f,21,25} |, « € [a,b). (12)
W {z1, 22,23, f,25}
W{21722,23,Z47f}
On the other hand we obtain that

[f,Z1] [22,71] [23,%1) [2a,21] [25,7%1] [fiz1] 0 0 0 -1
[fsZ2] [22,%2] [23,%2] [21,%2] [25,%2] [f,z2] 0 0 -1 0
[f.Z3] [22,%3] [23,%3] [24,%3] [25,Z3]| = |[f,zs] O ¢ 0O 0 (13)
[f,Za] [22,%4] [23,Z4] [24,Z4] [25,%4] [f,za) 1.0 0 0
[f,Z5] [22,%5] [23,%5] [24,%5] [25,7%s5] [f,zs] 0.0 0 0
Left-hand side of (13) can also be considered as follows
Z1 2[11} 2[12] 5[13] 5[14] f 29 23 24 25
T | I I
Z3 Egu EE] ZE’] zgl] J | A zgz] zgz] zz[lz] zéz] ) (14)
Z EL” Ef] EE'] Z£14} 703l Zé] Zg] 34[1] ZE[_)]
- B G-I B O B o S
Therefore (13) and (14) imply that the equation
Z[fazfl] :iW{f,ZQ,Zg,Z4,Z5}, S [a’7b) (15)

holds for all = € [a,b). With a similar discussion one obtains for all € [a,b) that
.[f7z4] =W {Zlv f7 23y %4, 25} 5
[f7 23] =W {Zla 22, f’ 24, Z5} 3
_Z[fv 2] iW{ZhZQaZSvaZS}v (]‘6)
—i[f,Z1] =iW {21, 22, 23, 24, [ } -
Using the equations (15) and (16) in (12) we get on [a, ) that
[fa 25]
[fa z4]
VF = —Z'[f,23] , TE [(I,b). (17)
_[f7 z2]
_[fa E1]
Since the following equation holds G*JF = (VG)*J (¥ F), we obtain from (17) that (5)
has the following representation
[£:9] = [f,Z1]lg,Z5] = [, Z5]l9, 21) + [, Zallg: Za] = [f: Zallgs Z2] + il ], Z5][9, 5] (18)

Now we can construct other representations of (18) as follows

[f.9] = (¥g)" E (¥ f) +i[f, Z5][g., 73], (19)
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These representations (18)-(20) will allow us to impose general well-defined boundary
conditions for the solutions of the (1).
LEMMA 3.1. The function [f(-,A),Zx(-)](z), k = 1,...,5, is an entire function of
of growth at most 1 at each point x € [a,b].
Proof. With the help of the solutions f(z, A) and zx(x) of (1) and (9), respectively, we
shall construct the vectors F' and Zj by the rule (4). Now consider the representation
[f(-, ), Zk(-)](z) = Z;JF. Taking the derivatives of both sides with respect to = we
obtain that - [f(-,\),zx(")] (x) = Z}/JF + Z};JF'. Since F' and Z, satisfy (8) for
A € C and X = 0, respectively, we have L [f(-, ), Zx(")] (z) = Z; (N*J + JN) F +
AZEJMEF. Using Lemma 2.2 we obtain that

d

2 LA ZR()] (2) = Awzi f. (21)
The definition of WF implies that
[ =1fZs5] 21 + [f, Za] 22 — i [f, Z3] 23 — [f, Z2] 24 — [f, Z1] 25- (22)
The equations (21) and (22) show that
[f, Zl] —Z125W —Z124W —1Z123W Z1Z22W 212 W [f, 51]
d [ ] —ZoZ5W —ZoZ4W —1Z2Z3W ZoZoW 292 W [f,ZQ]
df [ 3] =\ |—Z3z5w —Z3z4w —1Z323W Z329W Z3Z1W | X [f,z:;]
x [ 4] 7242’510 7?42411) 71342310 242’2’[0 242’110 [f, 24]
[f» Zs] —Zp25W  —Z524W —1Z523W Z522W Z521W [f, Zs]
d
ie. ﬁ}'(x, A) =AA(x)F(z,A), € a,b). (23)
We should note that ||A(z)|| is integrable on [a,b). Integrating both sides of (23) on

[a,z) C [a,b) we get that
F(a,A) = Fla, \) + A / " AWF( )t (24)
Gronwall’s imequality and (24) imply that
1701 < 17l e (W [ A ar) (25)

The equation (25) shows that

b b
10, 2) — FO NI < M 1F (@ V)] ( /b A dt) exp (AI / |A<t>|dt> |
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Therefore with the aid of Lemma 2.1 we get that F(b',\) — F(b, \) (uniformly) as
b — bin any compact subset of the complex plane. This proves that [f(-, \), zx(-)] (b),
k=1,...,5,is entire in \.

From (25) we have

b
IF (BN < 17 (e ) fexp (w [ 1l dt) . (26

On the other side, equation (8) implies that F (&, A) = O(exp(const. |A])), for each
€ € [a,b), which together with (26) completes the proof. O

4. Construction of the boundary conditions

In this section we shall share a way to impose separated and coupled boundary con-
ditions for the solutions of (1). Firstly we shall consider the following boundary
conditions

sin 81 f(a) + cos By f 4 (a) =0
sin Bo f1(a) + cos Bo f1¥(a) =0
(i + tan 83) f*)(a) + (1 + i tan 83) [f, %3] (b) =0, (27)
sin B4[f, 1] (b) + cos Ba[f, Z5](b) =0
0

where 8 € R, and k =1,...,5. For the solutions of (1), the conditions (27) are the
separated boundary conditions.
Now we shall consider the following boundary conditions
[, Zl](b)] [ f(a) } [[f, Zz](b)] [f . (a)} - 5 pa)
- =K , _ =K , 1S, b)=— , (28
)= ] (2] =[] o=, e
where K7, Ko are 2 x 2 real matrices satisfying
KTEOKl :K;EOKQZEO, detK1 :detK2 =1 (29)
and s is a real number. We can call the boundary conditions (29) as the real-coupled

boundary conditions. However, we can introduce another real-coupled boundary con-
ditions as follows

Wf) () = KF(a), [f,73)(b) = —— fP(a). (30)

Here K is a 4 x 4 real matrix satisfying
K*EK = E. (31)
Other boundary conditions can be introduced as follows

725 = [l (5250 = i)

. 75)(B) =eits 5 421 ) (32)

1+is




86 Singular fifth-order boundary value problems

Here K; and K5 are the matrices satisfying (29) and ¢q, to, t3 are some real num-
bers. We call the boundary conditions (32) as complex-coupled boundary conditions.
Moreover we can also introduce the following complex-coupled boundary conditions
; ~ _ i, 1+s
() () = KR (@), [7,3)0) = o2 fa), (33)
Here K is the matrix satisfying (31) and Iy, s are some real numbers.
We should note that all these boundary conditions (27), (28), (30), (32), (33) can
be embedded into the following abstract boundary conditions:

(UF)(b) = As, F(a)= Bs. (34)
Here A and B are complex 5 X 5 matrices such that the rank of the matrix constructed
by A and B is 5 and ¢ is a 5 x 1 vector.

THEOREM 4.1. All the eigenvalues of the problems generated by the (1) and (27), (28),
(30), (32), (33) are discrete with infinity as a possible accumulation point. Denoting

. —1—¢
them by ug, 1, M2, - - ., we can construct a convergent series as follows Zuﬁﬁo | ten ]
where € is any positive number. Moreover, the order of each eigenvalue is at most 5.

J

Proof. We will prove the first assertion using a 5 x 5 matrix solution Q(x, A) of (8)
that satisfies the initial condition Q(a, A) = I, where I is the 5 x 5 identity matrix.
Now we can introduce the following equation on [a, b) for an arbitrary solution F'(z, \)
of (8) F(x,\) = Q(z,\)F(a, ). Using the conditions (34) we obtain the following
equation
[A—(2Q) (b,\)B]s =0 (35)

and hence v(A) :==det[A — (¥Q) (b, \) B] =0. (36)
From (36) we can infer that the eigenvalues of each boundary value problem generated
by (1) and (27), (28), (30), (32), (33) coincide with the eigenvalues of v(A). Using
Lemma 2.1 and Lemma 3.1 we obtain that all eigenvalues are discrete with the possible
point of accumulation at infinity.

From Lemma 3.1 we can infer that the order of (36) is at most 1 and hence the
series is convergent for each ¢ > 0.

Finally the order of each eigenvalue is at most 5 because the number of linearly
independent solutions ¢ of (35) is at most 5. This completes the proof. O

THEOREM 4.2. The problems generated by the (1) and (27), (28), (30), (32), (33)
have all real eigenvalues.

Proof. To prove this fact we will use the following equation

[£5.9] = [f, 21](0)]g, Z5)(b) [ f, Z5] (b) 9, Z1] (b) + [, Z2) (0) [, Za] (b)

—[f,Z4](b)]g, Z2] (b)+ilf, Z5] (D) [g, Z5] (D)

= (f(a)g[‘“ (@)= (@)g(a) f M (a)gB)(a) - P (a) gl (a) +i 1) (a) g (a)) - @37
If f, g satisfy the conditions (27) we get that
[f; 9] == cot Ba[f,Z5](b)[g, Z5] (b)+ cot Ba[f, Z5](b)[g, Z5] (b) — tan B5 [f, Z4) (b) g, Z4] (b)
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+ tan B5[f, Za)(0)[g, 2] () + (”tanﬂs —Z+tan63) -

1+ tan B3 1—itan f3
~ (—eot 81 £ (@g @)+ cot 81 £ ()9 ()

— cot B2f¥(a) g (a)+ cot 82 ¥ (a) g (a) +i 2 (a)gPI(a) ) = o0. (38)
From (38) we obtain that (7(f),g) = (f,7(g)) and this shows that the eigenvalues
(27) are all real. If f, g satisfy the conditions (28) we obtain from (37) that

of (1)a
[f:9] = [l9,71](6) 9, Z5](0)] B2 H? ijg ﬂ

ozl BEIe) 8 |2 i zebze)
([0 7] [fm”{i)h M) )] 0 [fl0)] 4707w )
ZMMQWM&%m[ﬁ”h a¢aﬂ@%&ﬁﬁﬂ

1+s —i+s
1+2s 1—is

)f”( 921 (a)

N _ [1] _
- ([g<a> @) 5 | 10|+ [0 7] 0[50 +ir @afita)) =o.
Therefore, (7(f),g) = (f,7(g)) and hence all eigenvalues of (1), (28) are real.
If f, g satisfy the conditions (29) we obtain from (37) that

[F39] = (g)* OV EWN)(B)+ilf, %] 0)]g, Z5](0) ~ (G () EF (0) +if P (a)g (@)
e ﬁj) £ @5 (@)~ (G (@) EF(@)+if P (@) (a)) =0.
Therefore, we have (7(f), g) = (f, 7(g)) and hence all eigenvalues of (1), (29) are real.

The other assertions can be proved in a similar way. Therefore the proof is com-
pleted. O

—G*(a)K*EKF(a)i (

5. Conclusion and remarks

In this paper we have considered a singular fifth-order differential equation in lim-5
case at the singular point together with some suitable well-defined boundary condi-
tions. Then we have investigated some properties of the solutions and eigenvalues of
the corresponding problems. This paper can be regarded as the generalization of the
results of [6] to the fifth-order case. However, this generalization, as can be seen, is
not a straightforward generalization. For instance, the representations of the bilinear
concomitant have different and complicated forms that give rise to different bound-
ary conditions. Now the future step is to generalize the obtained results to arbitrary
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odd-order singular boundary value problems.
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