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Abstract. By a metric function, we mean a function from a metric space (X, d) into
a metric space (Y, ρ). We introduce and study the notions of I∗-α convergence and I∗-
exhaustiveness of sequences of metric functions, and we establish an inter-relationship be-
tween these two concepts. Moreover, we establish some relationship between our concepts
with some well-established concepts such as I-α convergence and I-exhaustiveness of se-
quences of metric functions.

1. Introduction

The idea of statistical convergence was introduced in [9] and [17] independently. This
notion of convergence is more than a generalization of the usual notion of convergence
of sequences and has many applications in modern mathematics [3, 10,15].

Further, the notion of statistical convergence was extended to the concepts of
I-convergence and I∗-convergence of sequences on metric spaces by Kostyrko, Šalát
and Wilczyński [13]. Current development of these notions can be seen from the book
edited by Dutta and Rhoades [8] and from [6,7, 14], etc.

On the other hand, from the last century, some articles [4, 12, 18] can be seen in
the notion of α-convergence (or continuous convergence) of sequences of real-valued
functions. Further, Gregoriades and Papanastassiou [11] introduced the notion of
exhaustiveness, and established a relationship between α-convergence and exhaus-
tiveness of sequences of functions on metric spaces.

In 2010, Papachristodoulos, Papanastassiou and Wilczyński [16] introduced and
studied the notions of I-α convergence and I-exhaustiveness. Later in 2012, Caserta
and Kočinac [5] extended the notions of α-convergence and exhaustiveness to statisti-
cal α-convergence and statistical exhaustiveness respectively and established some re-
lationship between these concepts. The notions of I-α convergence and I-exhaustive-
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ness are generalizations of the notions of statistical α-convergence and statistical
exhaustiveness, respectively.

The notion of I∗-convergence strongly resemble to that of I-convergence; however,
it seems that there has been no studies to find out the I∗ version of the notions of
α-convergence and exhaustiveness. Thus, in Section 3, we introduce the concept
of I∗-α convergence, and we do a comparative study of I∗-α convergence and I-α
convergence of sequences of metric functions. Moreover, we obtain a necessary and
sufficient condition of I∗-α convergence of sequences of metric functions for P -ideals.

In Section 4, we introduce the notion of I∗-exhaustiveness and we do a com-
parative study between I-exhaustiveness and I∗-exhaustiveness, and between I∗-α
convergence and I∗-exhaustiveness.

2. Preliminaries

In this section, we discuss some basic definitions and ideas which we need throughout
the paper. At first, we recall some definitions and concepts related to the ideals and
filters of a non-empty set.

Definition 2.1 ([13]). If X is a non-empty set, then a family I ⊂ 2X is said to be
an ideal of X if
(i) ∅ ∈ I, (ii) A;B ∈ I implies A ∪B ∈ I, (iii) A ∈ I ; B ⊂ A implies B ∈ I.
The ideal I is said to be a non-trivial ideal if I ≠ {∅} and X /∈ I.

Definition 2.2 ([13]). If X is a non-empty set, then a family F ⊂ 2X is said to be
a filter of X if
(i) ∅ /∈ F , (ii) A;B ∈ F implies A∩B ∈ F , (iii) A ∈ F ; A ⊂ B implies B ∈ F .

Clearly, if I ⊂ 2X is a non-trivial ideal of X, then F(I) = {A ⊂ X : X \A ∈ I}
is a filter of X, called the filter associated with I or the dual filter with respect to I.

A non-trivial ideal of X( ̸= ∅) is said to be admissible if {x} ∈ I for each x ∈ X.
In the rest of the paper, we assume I as a non-trivial admissible ideal of N unless

otherwise stated.

Definition 2.3 ([13]). A sequence {xn}n∈N in a metric space (X, d) is said to be
I-convergent to a ∈ X if for every ε > 0: {n ∈ N : d(xn, a) ≥ ϵ} ∈ I. In this case, we
write I − limxn = a.

Definition 2.4 ([13]). A sequence {xn}n∈N in a metric space (X, d) is said to be
I∗-convergent to a ∈ X if there exists a set K ∈ F(I) (that is, N \ K ∈ I), K =
{k1 < k2 < . . . < kn < . . .} such that limn→∞ d(xkn

, a) = 0. In this case, we write
I∗ − limxn = a.

Definition 2.5 ([16]). An admissible ideal I is said to be good if for every sequence
{An}n∈N of sets such that An /∈ I there exists a sequence {Bn}n∈N of pairwise disjoint
sets such that Bn ⊂ An, Bn ∈ I and

⋃∞
n=1 Bn /∈ I.
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Definition 2.6 ([3]). An ideal I is said to be a P -ideal if for every sequence {An}n∈N
of sets from I there exists an A∞ ∈ I such that An \A∞ is finite for each n ∈ N.

Definition 2.7 ([13]). An ideal I is said to satisfy the condition (AP ) if for every
sequence {An}n∈N of sets from I there exists a sequence {Bn}n∈N of subsets of N
such that the symmetric difference An∆Bn is finite for each n ∈ N and

⋃
n∈N Bn ∈ I.

Theorem 2.8 ([3]). An admissible ideal I of N is a P -ideal if and only if I satisfies
(AP ).

Theorem 2.9 ([13]). Let (X, d) be a metric space and I be a P -ideal. Then for an
arbitrary sequence {xn}n∈N in X, I∗ − limxn = I − limxn.

Now we recall some definitions and ideas related to α-convergence and exhaustive-
ness. In the rest of the paper, we assume X = (X, d) and Y = (Y, ρ) are arbitrary
metric spaces; given spaces X and Y , we write Y X to denote the set of all functions
from X into Y , unless otherwise stated.

Definition 2.10 ( [11]). A sequence of functions {fn}n∈N ⊂ Y X is said to be α-
convergent to f ∈ Y X if for every x ∈ X and for every sequence {xn}n∈N in X
converging to x, the sequence {fn(xn)}n∈N converges to f(x).

Theorem 2.11 ( [2]). A sequence of functions {fn}n∈N ⊂ Y X is α-convergent to
f ∈ Y X at x′ ∈ X if and only if for every ε > 0 there exists δ = δ(ε, x′) > 0 and
n′ = n′(ε, x′) ∈ N such that d(x, x′) < δ implies ρ(fn(x), f(x

′)) < ε, for all n ≥ n′.

Definition 2.12 ([11]). A sequence of functions {fn}n∈N ⊂ Y X is said to be exhaus-
tive at x′ ∈ X if for every ε > 0 there exist δ = δ(ε, x′) > 0 and n′ = n′(ε, x′) ∈ N
such that d(x, x′) < δ implies ρ(fn(x), fn(x

′)) < ε, for all n ≥ n′. The sequence of
functions {fn}n∈N is exhaustive on X if {fn}n∈N is exhaustive at each x ∈ X.

Definition 2.13 ([16]). A sequence of functions {fn}n∈N ⊂ Y X is said to be I-α
convergent to f ∈ Y X if for every x ∈ X and for every sequence {xn}n∈N in X
I-converging to x, the sequence {fn(xn)}n∈N I-converges to f(x).

Definition 2.14 ( [16]). A sequence of functions {fn}n∈N ⊂ Y X is said to be I-
exhaustive at x′ ∈ X if for every ε > 0 there exists δ = δ(ε, x′) > 0 and A ∈ I such
that d(x, x′) < δ implies ρ(fn(x), fn(x

′)) < ε, for all n ∈ N \A.

We say, the sequence of functions {fn}n∈N is I-exhaustive on X if and only if
{fn}n∈N is I-exhaustive at each x ∈ X.

Theorem 2.15 ( [16]). Let I be a good ideal of N. Then a sequence of functions
{fn}n∈N ⊂ Y X is I-α convergent to f ∈ Y X at x0 ∈ X if and only if {fn(x0)}n∈N is
I-convergent to f(x0) and {fn}n∈N is I-exhaustive at x0.
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3. I∗-α convergence

In this section, we introduce and study the notion of I∗-α convergence. The result
of [2, Theorem 2.3] suggests the introduction of the following definition.

Definition 3.1. A sequence of functions {fn}n∈N ⊂ Y X is said to be I∗-α convergent
to f ∈ Y X if for every x′ ∈ X there exists A = A(x′) ∈ I such that for every ε > 0
there exist δ = δ(ε, x′) > 0 and n′ = n′(ε, x′) ∈ N such that d(x, x′) < δ implies
ρ(fn(x), f(x

′)) < ε, for all n ∈ N \A and n ≥ n′.

Remark 3.2. From Theorem 2.11, we can say that the notion of α-convergence im-
plies the notion of I∗-α convergence for every admissible ideal I, and the notion
of I∗-α convergence and α-convergence coincide for the ideal consisting of all finite
subsets of N.

Theorem 3.3. I∗-α convergence implies I-α convergence of a sequence of functions
{fn}n∈N ⊂ Y X .

Proof. Let the sequence of functions {fn}n∈N is I∗-α convergent to f ∈ Y X . Let
x0 ∈ X and {xn} be a sequence in X such that I − limxn = x0. Now it is sufficient
to show that I − lim fn(xn) = f(x0). Let ε > 0 be given. Since {fn}n∈N is I∗-α
convergent to f , so there exists A = A(x0) ∈ I such that for the given ε > 0
there exist δ = δ(ε, x0) > 0 and n0 = n0(ε, x0) > 0 such that d(x, x0) < δ implies
ρ(fn(x), f(x0)) < ε, for all n ∈ N \A and n ≥ n0.

Again I − limxn = x0 implies {n ∈ N : d(xn, x0) ≥ δ} ∈ I. Let B = {n ∈
N : d(xn, x0) ≥ δ}. Then N \ B ∈ F(I). Thus (N \ A) ∩ (N \ B) ∈ F(I). Choose
n ∈ (N \ A) ∩ (N \ B) so that n ≥ n0. Now n ∈ (N \ B) implies d(xn, x0) < δ,
and n ∈ (N \ A), n ≥ n0 together with d(xn, x0) < δ imply ρ(fn(xn), f(x0)) < ε.
Therefore, {n ∈ N : ρ(fn(xn), f(x0)) ≥ ε} ⊂ A ∪B ∪ {1, 2, . . . , n0}.

Since A ∪ B ∪ {1, 2, . . . , n0} ∈ I, so {n ∈ N : ρ(fn(xn), f(x0)) ≥ ε} ∈ I. Hence
I − lim fn(xn) = f(x0). □

Remark 3.4. The converse of Theorem 3.3 is not always true. To justify our claim,
we cite the following example.

Example 3.5. Let N =
⋃∞

j=1 Aj be a decomposition of N, where Aj ’s are pairwise
disjoint infinite subsets of N. Consider a class E consisting of all subsets A of N
which intersect only finite numbers of Aj ’s. Then E is a non-trivial admissible ideal
of N. Let (X, d) be a metric space with an accumulation point x0 ∈ X. Then there
exists a sequence {xn}n∈N such that limxn = x0. Since E is an admissible ideal, so
E − limxn = x0. Put d(xn, x0) = εn. Then {εn}n∈N converges to 0.

Now, consider a sequence of functions {fn}n∈N ⊂ XX defined by fn(x) = xj ,
∀x ∈ X whenever n ∈ Aj . Also, we define a function f ∈ XX by f(x) = x0, ∀x ∈ X.
Let ε > 0 be given. Since {εn}n∈N converges to 0, so there exists k ∈ N such that
εn < ε for all n ≥ k. Again A(ε) = {n ∈ N : d(fn(xn), f(x0)) ≥ ε} ⊂ A1∪A2∪. . .∪Ak.
Since A1∪A2∪ . . .∪Ak ∈ E , so A(ε) ∈ E . Thus {fn(xn)}n∈N is E-convergent to f(x0).
Hence {fn}n∈N is E-α convergent to f at x0 ∈ X.
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If possible, let {fn}n∈N be E∗-α convergent to f at x0. Then there exists A =
A(x0) ∈ E such that for all ε > 0 there exists δ = δ(x0, ε) > 0 and n0 ∈ N such that
d(fn(x), f(x0)) < ε whenever d(x, x0) < δ, n ≥ n0 and n ∈ N \A.

Now, since A ∈ E , so there exists m ∈ N such that A ⊂ A1 ∪A2 ∪ . . .∪Am. Then
Am+1 ⊂ N \ A. Choose ε′ < εm+1. Then there exists δ′ > 0 and n′

0 ∈ N such that
d(fn(x), f(x0)) < ε′ whenever d(x, x0) < δ′, n ≥ n′

0 and n ∈ N \A.
Now, for n ∈ Am+1, we have d(fn(x), f(x0))=d(xm+1, x0)=εm+1>ε′ for all x∈X.

Thus, there are infinitely many n ∈ N \ A for which d(fn(x), f(x0))>ε′ whenever
d(x, x0) < δ′, which is a contradiction. Hence {fn}n∈N is not E∗-α convergent to f
at x0.

Now, we state a necessary and sufficient condition of I∗-α convergence for the
P -ideals.

Theorem 3.6. Let I be a P -ideal. Then a sequence of functions {fn}n∈N ⊂ Y X is
I∗-α-convergent to f ∈ Y X at x0 ∈ X if and only if the following condition holds:

∀ε > 0 ∃ δ = δ(x0, ε) > 0 ∃A = A(x0, ε) ∈ I such that

x ∈ B(x0, δ) = {x ∈ X : d(x, x0) < δ} ⇒ ρ(fn(x), f(x0)) < ε for all n ∈ N \A.

Proof. Let the condition hold. Then for every ε > 0 there exist δ = δ(x0, ε) > 0 and
A = A(x0, ε) ∈ I such that ρ(fn(x), f(x0)) < ε whenever d(x, x0) < δ and n ∈ N \A.

Now consider ε = 1
i > 0 for each i ∈ N. Then there exist δx0

i = δx0
i ( 1i , x0) > 0 and

Ai(x0) ∈ I such that ρ(fn(x), f(x0)) <
1
i whenever d(x, x0) < δx0

i and n ∈ N\Ai(x0).
Since I is a P -ideal and Ai(x0) ∈ I for all i ∈ N, so there exists A∞ ∈ I such that

Ai(x0)\A∞ is finite for all i ∈ N. Clearly, A∞ depends only on x0 ∈ X. Let ε0 > 0 be
given. Then there exists k ∈ N such that 1

k < ε0. Let Ak(x0) \ A∞ ⊂ {1, 2, . . . , n0}.
Then for all n ≥ n0 + 1 and n ∈ A∞, we have n ∈ Ak(x0). Thus ρ(fn(x), f(x0)) <
1
k < ε0 whenever d(x, x0) < δx0

k , n ≥ n0 + 1 and n ∈ A∞. Hence {fn}n∈N is I∗-α
convergent to f at x0 ∈ X.

Conversely, let {fn}n∈N be I∗-α convergent to f at x0 ∈ X. Let ε > 0 be given.
Since {fn}n∈N is I∗-α convergent to f at x0, so there exists A = A(x0) ∈ I such that
for the given ε > 0 there exist δ = δ(ε, x0) > 0 and n0 = n0(ε, x0) > 0 such that
d(x, x0) < δ implies ρ(fn(x), f(x0)) < ε, for all n ∈ N \A and n ≥ n0.

Let us consider B = (N \ A) ∩ {n ∈ N : n ≥ n0}. Since I is an admissible
ideal, so B ∈ F(I). Clearly, N \ B ∈ I (it depends on both ε and x0). Now, for all
n ∈ N \ (N \ B) and d(x, x0) < δ, we have ρ(fn(x), f(x0)) < ε. This completes the
proof. □

We state a necessary and sufficient condition of I-α convergence for good ideals.
We note that the main frame of the proof (converse part) is similar to that of [16,
Theorem 2.7].

Theorem 3.7. Let I be a good ideal. Then a sequence of functions {fn}n∈N ⊂ Y X

is I-α convergent at x0 ∈ X to f ∈ Y X if and only if the following condition holds:

∀ε > 0 ∃ δ = δ(x0, ε) > 0 ∃A = A(x0, ε) ∈ I such that

x ∈ B(x0, δ) ⇒ ρ(fn(x), f(x0)) < ε for all n ∈ N \A.
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Proof. Let the condition be satisfied. Let ε > 0 be given. Then there exist δ =
δ(x0, ε) > 0 and A = A(x0, ε) ∈ I such that ρ(fn(x), f(x0)) < ε whenever x ∈
B(x0, δ) and n ∈ N \A.

Let {xn}n∈N be a sequence in X such that I − limxn = x0. Then it is sufficient
to show that I − lim fn(xn) = f(x0). Since I − limxn = x0, so {n ∈ N : d(xn, x) ≥
δ} ∈ I.

Let B = {n ∈ N : d(xn, x) < δ}. Then B ∈ F(I). Thus B ∩ (N \ A) ∈ F(I).
Let k ∈ B ∩ (N \ A). Then k ∈ B implies d(xk, x) < δ, and k ∈ N \ A together with
d(xk, x) < δ imply ρ(fk(xk), f(x0)) < ε. Therefore, {n ∈ N : ρ(fn(xn), f(x0)) ≥ ε} ⊂
N \ (B ∩ (N \A)). Since N \ (B ∩ (N \A)) ∈ I, so {n ∈ N : ρ(fn(xn), f(x0)) ≥ ε} ∈ I.
Hence I − lim fn(xn) = f(x0).

Conversely, let {fn}n∈N be I-α convergent at x0 to f . If possible, let the condition
do not hold. Then there exists ε′ > 0 such that ∀ δ > 0 ∀ A ∈ I ∃ x ∈ B(x0, δ)
∃ n ∈ N \ A such that ρ(fn(x), f(x0)) ≥ ε′. Now consider δ = 1

k for k ∈ N, and let
Ak be the collection of all natural numbers nk so that ρ(fnk(xk), f(x0)) ≥ ε′ for some
xk ∈ B(x0,

1
k ). Now, if Ak ∈ I then ∃nk

∗ ∈ N \ Ak and ∃xk
∗ ∈ B(x0,

1
k ) such that

ρ(fnk
∗
(xk

∗), f(x0)) ≥ ε′, which contradicts the definition of Ak. Thus Ak /∈ I for each
k ∈ N. Since I is a good ideal then there exists a countable sequence {Bk}k∈N of
pairwise disjoint sets such that Bk ⊂ Ak, Bk ∈ I for each k ∈ N and

⋃∞
k=1 Bk /∈ I.

Now, let Bk = {nk
1 < nk

2 < . . .}. Consider a sequence {yn}n∈N as follows: yn = x0

if n /∈
⋃∞

k=1 Bk and yn = xk
i if n ∈ Bk and n = nk

i (we consider only one such xk
i

corresponding to each such nk
i ).

Let δ > 0 be given. Then there exists the least k0 ∈ N such that 1
k0

< δ. Now,

{n ∈ N : d(yn, x0) ≥ δ} ⊂
⋃k0−1

k=1 Bk. Since
⋃k0−1

k=1 Bk ∈ I, so {n ∈ N : d(yn, x0) ≥
δ} ∈ I. Thus I − lim yn = x0.

Again, since {n ∈ N : ρ(fn(yn), f(x0)) ≥ ε′} =
⋃∞

k=1 Bk /∈ I, so {fn(yn)} does not
I-converge to f(x0), which is a contradiction. Hence the condition holds. □

Corollary 3.8. If I is a good and P -ideal of N, then the notions of I-α-convergence
and I∗-α convergence coincide.

Remark 3.9. The ideal we have considered in Example 3.5 is a good ideal but not
a P -ideal, and the notions of I-α convergence and I∗-α convergence do not coincide
over there.

Now we give an example of good P -ideal.

Example 3.10. The ideal If consisting of all finite subsets of N is a good as well as
a P -ideal.

4. I∗-exhaustiveness

In this section, we introduce and study the notion of I∗-exhaustiveness.
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Definition 4.1. A sequence of functions {fn}n∈N ⊂ Y X is said to be I∗-exhaustive
at x′ ∈ X if there exists A = A(x′) ∈ I such that for every ε > 0 there exist δ =
δ(ε, x′) > 0 and n′ = n′(ε, x′) ∈ N such that d(x, x′) < δ implies ρ(fn(x), fn(x

′)) < ε,
for all n ∈ N \A and n ≥ n′.

Theorem 4.2. If a sequence of functions {fn}n∈N ⊂ Y X is I∗-α convergent to f ∈
Y X , then {fn}n∈N is I∗-exhaustive at each x ∈ X.

Proof. Let x0 ∈ X. Let ε > 0 be given. Since {fn}n∈N is I∗-α convergent to f , so
there exists A = A(x0) ∈ I such that for the given ε > 0 there exist δ = δ(ε, x0) > 0
and n0 = n0(ε, x0) ∈ N such that d(x, x0) < δ implies ρ(fn(x), f(x0)) < ε

2 , for all
n ∈ N \A and n ≥ n0.

Also, ρ(fn(x0), f(x0)) <
ε
2 for all n ∈ N\A and n ≥ n0. Then d(x, x0) < δ implies

ρ(fn(x), fn(x0)) ≤ ρ(fn(x), f(x0)) + ρ(f(x0), fn(x0)) <
ε
2 + ε

2 = ε, for all n ∈ N \ A
and n ≥ n0. Hence {fn}n∈N is I∗-exhaustive at each x ∈ X. □

Theorem 4.3. I∗-exhaustiveness implies I-exhaustiveness.

Proof. Since I is an admissible ideal, the proof is obvious. □

Theorem 4.4. Let I is an P -ideal. Then I-exhaustiveness implies I∗-exhaustiveness.

Proof. Let {fn}n∈N is I-exhaustive at x0 ∈ X. Then it is sufficient to show that
{fn}n∈N is I∗-exhaustive at x0. Since {fn}n∈N is I-exhaustive at x0, so for every
ε > 0 there exist δ = δ(x0, ε) > 0 and A = A(x0, ε) ∈ I such that ρ(fn(x), fn(x0)) < ε
whenever d(x, x0) < δ and n ∈ N \A.

Now consider ε = 1
i > 0 for each i ∈ N. Then there exist δx0

i = δx0
i ( 1i , x0) > 0 and

Ai(x0) ∈ I such that ρ(fn(x), fn(x0)) <
1
i whenever d(x, x0) < δx0

i and n ∈ N \Ai.
Since I is a P -ideal and Ai(x0) ∈ I for all i ∈ N, so there exists A∞ ∈ I such

that Ai(x0) \ A∞ is finite for all i ∈ N. Clearly A∞ depends only on x0 ∈ X. Let
ε0 > 0 be given. Then there exists k ∈ N such that 1

k < ε0. Let Ak(x0) \ A∞ ⊂
{1, 2, . . . , n0}. Then for all n ≥ n0 + 1 and n ∈ A∞, we have n ∈ Ak(x0). Thus
ρ(fn(x), fn(x0)) <

1
k < ε0 whenever d(x, x0) < δx0

k , n ≥ n0 + 1 and n ∈ A∞. Hence
{fn}n∈N is I∗-exhaustive at x0 ∈ X. □

Theorem 4.5. If a sequence of functions {fn}n∈N ⊂ Y X is pointwise I∗-convergent
to f ∈ Y X and {fn}n∈N is I∗-exhaustive at each x ∈ X, then {fn}n∈N is I∗-α
convergent to f .

Proof. Let x0 ∈ X. Let ε > 0 be given. Since {fn}n∈N is I∗-exhaustive at x0, so
there exists A = A(x0) ∈ I such that for given ε > 0 there exist δ = δ(ε, x0) > 0
and n0 = n0(ε, x0) ∈ N such that d(x, x0) < δ implies ρ(fn(x), fn(x0)) < ε

2 , for all
n ∈ N \A and n ≥ n0.

Again, {fn(x0)}n∈N is I∗-convergent to f(x0). Thus there exists a set K ∈ F(I),
such that for the given ε > 0 there exists n1 ∈ N such that ρ(fn(x0), f(x0)) <

ε
2 , for

all n ∈ K and n ≥ n1. Let B = A ∪ (N \ K). Clearly, B depends only on x0 and
B ∈ I. Let n2 = max{n0, n1} Now, for n ∈ N \B and n ≥ n2, we have

ρ(fn(x), f(x0)) ≤ ρ(fn(x), fn(x0)) + ρ(fn(x0), f(x0)) <
ε

2
+

ε

2
= ε
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whenever d(x, x0) < δ. Therefore, {fn}n∈N is I∗-α convergent to f . □

Theorem 4.6. Let a sequence of functions {fn}n∈N is I∗-α convergent to f ∈ Y X at
x0 ∈ X and {fn(x)}n∈N is I∗-convergent to f(x) for each x ∈ X \ {x0}. Then f is
continuous at x0 ∈ X.

Proof. Let ε > 0 be given. Since {fn}n∈N is I∗-α convergent to f at x0, so there
exists A = A(x0) ∈ I such that for the given ε > 0 there exist δ = δ(x0, ε) > 0 and
n0 = n0(x0, ε) ∈ N such that ρ(fn(x), f(x0)) <

ε
2 whenever d(x, x0) < δ, n ∈ N \ A

and n ≥ n0.
Again, since {fn(x)}n∈N is I∗-convergent to f(x) for each x ∈ X \ {x0}, so for

every x ∈ X \ {x0} there exists Ax ∈ I such that for the given ε > 0 there exists
nx = nx(x, ε) ∈ N such that ρ(fn(x), f(x)) <

ε
2 whenever n ∈ N \Ax and n ≥ nx.

Let x ∈ B(x0, δ) \ {x0}. Let kx = max{n0, nx}. Now A ∩ Ax ∈ I. Since I is
admissible, so N \ (A ∩Ax) is an infinite set. Choose n′ ∈ N \ (A ∩Ax) and n′ > kx.
Then

ρ(f(x), f(x0)) ≤ ρ(f(x), fn′(x)) + ρ(fn(x0), fn′(x)) <
ε

2
+

ε

2
= ε.

Also, ρ(f(x0), f(x0)) = 0 < ε. Thus f is continuous at x0. □
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