MATEMATICKI VESNIK

MATEMATUYKN BECHUK research paper
74, 2 (2022), 110-118 OPWUTMHAJIHYA HAYYIHU PaJ]
June 2022

I*-ao CONVERGENCE AND Z*-EXHAUSTIVENESS OF SEQUENCES
OF METRIC FUNCTIONS

Argha Ghosh

Abstract. By a metric function, we mean a function from a metric space (X, d) into
a metric space (Y, p). We introduce and study the notions of Z*-a convergence and Z*-
exhaustiveness of sequences of metric functions, and we establish an inter-relationship be-
tween these two concepts. Moreover, we establish some relationship between our concepts
with some well-established concepts such as Z-a convergence and Z-exhaustiveness of se-
quences of metric functions.

1. Introduction

The idea of statistical convergence was introduced in [9] and [17] independently. This
notion of convergence is more than a generalization of the usual notion of convergence
of sequences and has many applications in modern mathematics [3,10,15].

Further, the notion of statistical convergence was extended to the concepts of
T-convergence and Z*-convergence of sequences on metric spaces by Kostyrko, Salét
and Wilczyniski [13]. Current development of these notions can be seen from the book
edited by Dutta and Rhoades [8] and from [6,7,14], etc.

On the other hand, from the last century, some articles [4,12,18] can be seen in
the notion of a-convergence (or continuous convergence) of sequences of real-valued
functions. Further, Gregoriades and Papanastassiou [11] introduced the notion of
exhaustiveness, and established a relationship between a-convergence and exhaus-
tiveness of sequences of functions on metric spaces.

In 2010, Papachristodoulos, Papanastassiou and Wilczynski [16] introduced and
studied the notions of Z-a convergence and Z-exhaustiveness. Later in 2012, Caserta
and Kocinac [5] extended the notions of a-convergence and exhaustiveness to statisti-
cal a-convergence and statistical exhaustiveness respectively and established some re-
lationship between these concepts. The notions of Z-« convergence and Z-exhaustive-
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ness are generalizations of the notions of statistical a-convergence and statistical
exhaustiveness, respectively.

The notion of Z*-convergence strongly resemble to that of Z-convergence; however,
it seems that there has been no studies to find out the Z* version of the notions of
a-convergence and exhaustiveness. Thus, in Section 3, we introduce the concept
of 7*-a convergence, and we do a comparative study of Z*-a convergence and Z-«
convergence of sequences of metric functions. Moreover, we obtain a necessary and
sufficient condition of Z*-a convergence of sequences of metric functions for P-ideals.

In Section 4, we introduce the notion of Z*-exhaustiveness and we do a com-
parative study between Z-exhaustiveness and Z*-exhaustiveness, and between Z*-a
convergence and Z*-exhaustiveness.

2. Preliminaries

In this section, we discuss some basic definitions and ideas which we need throughout
the paper. At first, we recall some definitions and concepts related to the ideals and
filters of a non-empty set.

DEFINITION 2.1 ([13]). If X is a non-empty set, then a family Z C 2% is said to be
an ideal of X if

(i) 0eZ, (i) A;BeZimplies AUBeZ, (iii)) A€Z;BC AimpliesBeZ.
The ideal Z is said to be a non-trivial ideal if Z # {0} and X ¢ Z.

DEFINITION 2.2 ([13]). If X is a non-empty set, then a family F C 2% is said to be
a filter of X if
(i) 0 ¢ F, (ii) A;B e Fimplies ANBe F, (iii)) Ae F;AC Bimplies B € F.

Clearly, if Z C 2% is a non-trivial ideal of X, then F(Z)={AC X : X\ A€ T}
is a filter of X, called the filter associated with Z or the dual filter with respect to Z.

A non-trivial ideal of X (# 0) is said to be admissible if {z} € Z for each z € X.

In the rest of the paper, we assume Z as a non-trivial admissible ideal of N unless
otherwise stated.

DEFINITION 2.3 ([13]). A sequence {z,},.y in a metric space (X,d) is said to be
Z-convergent to a € X if for every € > 0: {n € N:d(z,,a) > €} € Z. In this case, we
write Z — lim x,, = a.

DEFINITION 2.4 ([13]). A sequence {z,},.y in a metric space (X,d) is said to be
T*-convergent to a € X if there exists a set K € F(Z) (that is, N\ K € ), K =
{k1 < ky < ...<k, <...} such that lim,_, d(xg,,a) = 0. In this case, we write
7* —limzx, = a.

DEFINITION 2.5 ([16]). An admissible ideal Z is said to be good if for every sequence
{A, }nen of sets such that A,, ¢ 7 there exists a sequence { B, } ey of pairwise disjoint
sets such that B,, C A,,, B, € Z and |J,2, B, ¢ T.
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DEFINITION 2.6 ([3]). An ideal Z is said to be a P-ideal if for every sequence {4, }nen
of sets from Z there exists an A> € 7 such that A, \ A is finite for each n € N.

DEFINITION 2.7 ([13]). An ideal Z is said to satisfy the condition (AP) if for every
sequence {A,}nen of sets from Z there exists a sequence { By }nen of subsets of N
such that the symmetric difference A, AB,, is finite for each n € N and UneN B, €T.
THEOREM 2.8 ([3]). An admissible ideal T of N is a P-ideal if and only if T satisfies
(AP).

THEOREM 2.9 ([13]). Let (X,d) be a metric space and I be a P-ideal. Then for an
arbitrary sequence {Tp}tneny in X, T* —limz,, =7 — limz,,.

Now we recall some definitions and ideas related to a-convergence and exhaustive-
ness. In the rest of the paper, we assume X = (X,d) and Y = (Y, p) are arbitrary
metric spaces; given spaces X and Y, we write YX to denote the set of all functions
from X into Y, unless otherwise stated.

DEFINITION 2.10 ([11]). A sequence of functions {f,}n,en C Y is said to be a-
convergent to f € YX if for every € X and for every sequence {z, }nen in X
converging to x, the sequence {f,(2,)}nen converges to f(x).

THEOREM 2.11 ([2]). A sequence of functions {f,}nen C YX is a-convergent to
feYX at 2’ € X if and only if for every € > 0 there exists § = §(e,2') > 0 and
n' =n'(e,2") € N such that d(x,z") < 6 implies p(fn(z), f(z")) <&, for alln >n'.

DEFINITION 2.12 ([11]). A sequence of functions {f, }nen C Y is said to be exhaus-
tive at ' € X if for every € > 0 there exist 6 = §(¢,2’) > 0 and n’ = n/(g,2’) € N
such that d(x,z’) < 6 implies p(fn(z), fn(z')) < ¢, for all n > n’. The sequence of
functions {f, }nen is exhaustive on X if {f,, }nen is exhaustive at each z € X.

DEFINITION 2.13 ([16]). A sequence of functions {f,}nen C Y is said to be Z-a
convergent to f € YX if for every # € X and for every sequence {x,}neny in X
Z-converging to x, the sequence {f,,(zy)}nen Z-converges to f(x).

DEFINITION 2.14 ([16]). A sequence of functions {f,}nen C Y is said to be Z-
exhaustive at 2’ € X if for every € > 0 there exists § = d(e,2’) > 0 and A € T such
that d(z,z’) < § implies p(fr(z), fn(z')) < e, for all n € N\ A.

We say, the sequence of functions {f,}nen is Z-exhaustive on X if and only if
{fn}nen is Z-exhaustive at each x € X.

THEOREM 2.15 ([16]). Let T be a good ideal of N. Then a sequence of functions
{futnen C Y is T-a convergent to f € Y™ at g € X if and only if { fn(20) }nen is
T-convergent to f(xo) and {fn}tnen is Z-exhaustive at xg.
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3. I*-a convergence

In this section, we introduce and study the notion of Z*-a convergence. The result
of [2, Theorem 2.3] suggests the introduction of the following definition.

DEFINITION 3.1. A sequence of functions { f,, }neny C Y is said to be Z*-a convergent
to f € YX if for every 2’ € X there exists A = A(2') € Z such that for every ¢ > 0
there exist 6 = d(e,2') > 0 and n’ = n/(e,2’) € N such that d(z,2’) < ¢ implies
p(fn(z), f(z") <e,forallme N\ Aand n>n'.

REMARK 3.2. From Theorem 2.11, we can say that the notion of a-convergence im-
plies the notion of Z*-a convergence for every admissible ideal Z, and the notion
of T*-« convergence and a-convergence coincide for the ideal consisting of all finite
subsets of N.

THEOREM 3.3. Z*-a convergence implies Z-ac convergence of a sequence of functions

{fn}nGN C YX'

Proof. Let the sequence of functions {f,}nen is Z*-a convergent to f € Y. Let
xg € X and {z,} be a sequence in X such that Z — lim,, = x¢. Now it is sufficient
to show that Z — lim f,,(z,,) = f(xo). Let € > 0 be given. Since {f,}nen is T*-a
convergent to f, so there exists A = A(zg) € Z such that for the given ¢ > 0
there exist § = d(e,z9) > 0 and ng = no(e,z9) > 0 such that d(z,z¢) < ¢ implies
p(fn(x), f(x0)) <e, for alln € N\ A and n > ng.

Again 7 — limz,, = xo implies {n € N : d(z,,z9) > 6} € Z. Let B = {n €
N : d(zn,z9) > d}. Then N\ B € F(Z). Thus (N\ A)n (N\ B) € F(Z). Choose
n € (N\A) NN\ B) so that n > ng. Now n € (N\ B) implies d(z,,x0) < 0,
and n € (N\ A), n > ng together with d(z,, o) < § imply p(fn(zn), f(z0)) < €.
Therefore, {n € N: p(fn(zn), f(x0)) > e} CAUBU{L,2,...,n0}.

Since AUBU{1,2,...,n0} € Z, so {n € N: p(fn(zn), f(x0)) > e} € Z. Hence
I_hmfn(xn) Zf(ﬂﬁo)- -

REMARK 3.4. The converse of Theorem 3.3 is not always true. To justify our claim,
we cite the following example.

EXAMPLE 3.5. Let N = Ujoil Aj be a decomposition of N, where A;’s are pairwise
disjoint infinite subsets of N. Consider a class £ consisting of all subsets A of N
which intersect only finite numbers of A;’s. Then &£ is a non-trivial admissible ideal
of N. Let (X, d) be a metric space with an accumulation point o € X. Then there
exists a sequence {x, }nen such that limz,, = xg. Since £ is an admissible ideal, so
& —limz, = x¢. Put d(z,,x¢) = £,. Then {e, }nen converges to 0.

Now, consider a sequence of functions {f,}nen C X~ defined by f,.(z) = z;,
Va € X whenever n € A;. Also, we define a function f € XX by f(z) = x¢, Vo € X.
Let e > 0 be given. Since {&,}nen converges to 0, so there exists k € N such that
en <ceforallm > k. Again A(e) = {n € N: d(fn(zn), f(z0)) > e} C AjUA2U. . .UA.
Since A;UAsU...UA, € €, 50 A(e) € €. Thus {fn(zn) Inen is E-convergent to f(zo).
Hence {f,, }nen is E-a convergent to f at 25 € X.
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If possible, let {f,}nen be £*-a convergent to f at xg. Then there exists A =
A(xo) € € such that for all € > 0 there exists § = §(xp,e) > 0 and ng € N such that
d(fn(z), f(x0)) < & whenever d(z,z0) <0, n >ng and n € N\ A.

Now, since A € &, so there exists m € N such that A C Ay UAsU...UA,,. Then
Am+1 C N\ A. Choose ¢’ < €,41. Then there exists ¢’ > 0 and nj, € N such that
d(fn(z), f(x0)) < & whenever d(x,z¢) < §', n > nj and n € N\ A.

Now, for n € A,,+1, we have d(f,,(2), f(z0))=d(m+1,x0)=Em+1>€’ for all zeX.
Thus, there are infinitely many n € N\ A for which d(f,(z), f(z¢))>¢" whenever
d(x,x9) < &', which is a contradiction. Hence {f, }nen is not £*-a convergent to f
at zg.

Now, we state a necessary and sufficient condition of Z*-a convergence for the
P-ideals.

THEOREM 3.6. Let Z be a P-ideal. Then a sequence of functions {fn}nen C Y is
T*-a-convergent to f € YX at xg € X if and only if the following condition holds:

Ve > 036 =6d(xg,e) >03FA= A(xg,e) € Z such that
x € B(zo,0) ={x € X : d(x,z0) <0} = p(fu(z), f(x0)) < e for alln e N\ A.

Proof. Let the condition hold. Then for every € > 0 there exist § = §(xg,¢) > 0 and
A = A(zo,¢) € T such that p(f,(x), f(z0)) < &€ whenever d(x,x¢) < § and n € N\ A.

Now consider € = 4 > 0 for each i € N. Then there exist 67° = §7°(+,20) > 0 and
A;(zo) € T such that p(f,(2), f(z0)) < 1 whenever d(z, zy) < 67° and n € N\ A;(z).

Since 7 is a P-ideal and A;(z¢) € Z for all i € N, so there exists A> € T such that
A;(xg)\ A% is finite for all i € N. Clearly, A depends only on 2o € X. Let g > 0 be
given. Then there exists k € N such that ¢ < g9. Let Ag(zg) \ A* C {1,2,...,n0}.
Then for all n > ng + 1 and n € A®, we have n € Ag(zg). Thus p(fn(z), f(z0)) <
% < g9 whenever d(z,z¢) < 6,°, n > ng+ 1 and n € A>*. Hence {fy,}nen is Z*-a
convergent to f at xg € X.

Conversely, let {f,}nen be Z*-a convergent to f at zo € X. Let € > 0 be given.
Since {fy }nen 18 Z*-a convergent to f at xg, so there exists A = A(zg) € Z such that
for the given € > 0 there exist 6 = d(e,29) > 0 and ng = ng(e, z9) > 0 such that
d(z, o) < ¢ implies p(fn(z), f(zo)) <e¢, for all n € N\ A and n > ny.

Let us consider B = (N\ A)Nn{n € N :n > ng}. Since Z is an admissible
ideal, so B € F(Z). Clearly, N\ B € Z (it depends on both e and z(). Now, for all
n € N\ (N\ B) and d(z,z¢) < J, we have p(f,(x), f(x0)) < €. This completes the
proof. U

We state a necessary and sufficient condition of Z-a convergence for good ideals.
We note that the main frame of the proof (converse part) is similar to that of [16,
Theorem 2.7].

THEOREM 3.7. Let T be a good ideal. Then a sequence of functions {fn}nen C yX
is T-av convergent at o € X to f € Y~ if and only if the following condition holds:
Ve > 038 =d(xg,e) >03FA= A(xo,e) € Z such that
x € B(x0,0) = p(fu(x), f(x0)) < e for alln € N\ A.
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Proof. Let the condition be satisfied. Let € > 0 be given. Then there exist § =
d(zo,e) > 0 and A = A(xo,e) € T such that p(f.(x), f(zo)) < € whenever z €
B(z0,9) and n € N\ A.

Let {z,}nen be a sequence in X such that Z — limx,, = z¢. Then it is sufficient
to show that Z — lim f,,(z,) = f(zo). Since Z — limx,, = xg, so {n € N: d(z,,x) >
dy el

Let B ={n € N: d(z,,z) < §}. Then B € F(Z). Thus BN (N\ A) € F(2).
Let k€ BN (N\ A). Then k € B implies d(zg,x) < J, and k € N\ A together with
d(wr,w) < 6 imply p(fi(1), (o)) < 2. Therefore, {n € N: p(fu(wn), f(r0)) = €} C
N\ (BN (N\ A)). Since N\ (BN(N\ A)) € Z,s0 {n € N: p(fn(zn), f(x0)) > e} € L.
Hence Z — lim f,,(z,,) = f(z0).

Conversely, let { f,, }nen be Z-a convergent at g to f. If possible, let the condition
do not hold. Then there exists ¢ > 0 such that Vo >0V A € T 3 = € B(xo,9)
3 n € N\ A4 such that p(fn(z), f(z0)) > &’. Now consider § = 1 for k € N, and let
Ay, be the collection of all natural numbers n* so that p(f,x(z*), f(xg)) > &’ for some
a* € B(wo, ). Now, if Ay € T then In¥ € N\ 4;, and Jz% € B(zo, ) such that
p(far (xF), f(z0)) > €', which contradicts the definition of Ag. Thus Ay ¢ Z for each
k € N. Since 7 is a good ideal then there exists a countable sequence {By}ren of
pairwise disjoint sets such that By C Ay, By € T for each k € N and (J,—, Bx ¢ L.

Now, let By, = {n¥ < nk < ...}. Consider a sequence {4, }nen as follows: y,, = zg
if n ¢ Upe, By and y,, = 2¥ if n € By, and n = nf (we consider only one such z¥
corresponding to each such n¥).

Let 6 > 0 be given. Then there exists the least kg € N such that kio < 4. Now,
{n € N:d(yn,z9) > d} C U:":_ll By,. Since U:":_ll Br €Z,s0 {n € N:d(yn,zo) >
0} € Z. Thus Z — limy,, = xo.

Again, since {n € N: p(f1(yn), f(z0)) > €'} = Upey Br ¢ Z, s0 {fn(yn)} does not
Z-converge to f(xg), which is a contradiction. Hence the condition holds. O

COROLLARY 3.8. IfT is a good and P-ideal of N, then the notions of Z-a-convergence
and IT*-a convergence coincide.

REMARK 3.9. The ideal we have considered in Example 3.5 is a good ideal but not
a P-ideal, and the notions of Z-a convergence and Z*-a convergence do not coincide
over there.

Now we give an example of good P-ideal.

EXAMPLE 3.10. The ideal Z; consisting of all finite subsets of N is a good as well as
a P-ideal.

4. T*-exhaustiveness

In this section, we introduce and study the notion of Z*-exhaustiveness.
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DEFINITION 4.1. A sequence of functions {f,}n,en C Y is said to be Z*-exhaustive
at ' € X if there exists A = A(z’) € Z such that for every ¢ > 0 there exist § =
0(e,2') > 0 and n’ = n/(e,2’) € N such that d(z,z") < § implies p(f(2), fr(2')) < e,
foralln €e N\ A and n > n'.

THEOREM 4.2. If a sequence of functions {fn}nen C Y™ is T*-a convergent to f €
YX . then {f,}nen is T*-ezhaustive at each v € X.

Proof. Let g € X. Let ¢ > 0 be given. Since {f,}nen is Z*-a convergent to f, so
there exists A = A(zg) € Z such that for the given € > 0 there exist 6 = d(e,29) > 0
and ng = no(e,zo) € N such that d(x,z0) < 0 implies p(fn(), f(w0)) < 5, for all
n € N\ A and n > ng.

Also, p(fn(z0), f(x0)) < § for all n € N\ A and n > ng. Then d(z, ) < § implies
DUn(@)s Fal0)) < PUa(@), F20)) + p(f(@0), falwo) < § + 5 = &, for all n.€ N\ A
and n > ng. Hence {f, }nen is Z*-exhaustive at each z € X. g

THEOREM 4.3. Z*-ezhaustiveness implies I-exhaustiveness.
Proof. Since T is an admissible ideal, the proof is obvious. O
THEOREM 4.4. LetT is an P-ideal. Then I-exhaustiveness implies T*-exhaustiveness.

Proof. Let {fn}nen is Z-exhaustive at o € X. Then it is sufficient to show that
{fn}nen is T*-exhaustive at zy. Since {f,}nen is Z-exhaustive at g, so for every
€ > 0 there exist 6 = d(xp,e) > 0 and A = A(zg,€) € T such that p(fn(z), fu(zo)) < e
whenever d(x,z9) < d and n € N\ A.

Now consider € = 1 > 0 for each i € N. Then there exist 6;7° = §7°(+,z0) > 0 and
A;i(z0) € T such that p(f,(x), fn(z0)) < + whenever d(z,z9) < 6;° and n € N\ 4;.

Since Z is a P-ideal and A;(xg) € Z for all ¢ € N, so there exists A* € T such
that A;(zg) \ A is finite for all ¢+ € N. Clearly A* depends only on xzy € X. Let
g9 > 0 be given. Then there exists k € N such that + < eo. Let A(zo) \ A® C
{1,2,...,n0}. Then for all n > ng + 1 and n € A, we have n € Ag(xo). Thus
p(fn(x), fn(z0)) < % < g9 whenever d(x,z9) < §;°, n > ng+ 1 and n € A>. Hence
{fn}nen is T*-exhaustive at zo € X. g

THEOREM 4.5. If a sequence of functions {fn}neny C YX is pointwise T*-convergent
to f € YX and {fn}nen is T*-ezhaustive at each x € X, then {fn}nen is I*-a
convergent to f.

Proof. Let g € X. Let £ > 0 be given. Since {fy}nen is Z*-exhaustive at xg, so
there exists A = A(xp) € Z such that for given £ > 0 there exist § = d(g,x9) > 0
and ng = ng(e, o) € N such that d(x,zg) < 0 implies p(fn(z), fu(20)) < §, for all
n € N\ A and n > ny.

Again, {fn(20) }nen is Z*-convergent to f(zo). Thus there exists a set K € F(7),
such that for the given € > 0 there exists n; € N such that p(f,(z0), f(20)) < §, for
allnm € K and n > ny. Let B= AU (N\ K). Clearly, B depends only on zy and
B € Z. Let ng = max{ng,n1} Now, for n € N\ B and n > ny, we have

pFu(@). F(20)) < plFu(@). Ful@o)) + p(Fa(w0), flw)) < 5 + 5 =
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whenever d(x,z9) < §. Therefore, {f, }nen is Z*-a convergent to f. O

THEOREM 4.6. Let a sequence of functions { fn}nen s T*-a convergent to f € YX at
2o € X and {fn(2)}nen is I*-convergent to f(x) for each x € X \ {xo}. Then f is
continuous at rg € X.

Proof. Let ¢ > 0 be given. Since {f,}nen is Z*-a convergent to f at xg, so there
exists A = A(xo) € T such that for the given € > 0 there exist 6 = d(zg,c) > 0 and
no = no(zo,€) € N such that p(fn(x), f(20)) < § whenever d(z,2¢) <, n € N\ A
and n > ng.

Again, since {f,(z)}nen is Z*-convergent to f(x) for each x € X \ {zo}, so for
every © € X \ {xo} there exists A, € T such that for the given ¢ > 0 there exists
nz = ng(x,€) € N such that p(f,(z), f(x)) < § whenever n € N\ A, and n > n,.

Let © € B(xo,9) \ {zo}. Let ky = max{ng,ny}. Now AN A, € Z. Since T is
admissible, so N\ (AN A,) is an infinite set. Choose n’ € N\ (AN A,) and n’ > k.
Then

P (@), F(@0)) < p(f (@), fur (€)) + p(Fal@o), fur(@)) < 5+ 5 = <.
Also, p(f(xo), f(z0)) =0 < e. Thus f is continuous at zg. 0
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