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SOME GENERALIZATIONS OF A THEOREM OF PAUL TURAN
CONCERNING POLYNOMIALS
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Abstract. Let P(z) = >._,a,z” be a polynomial of degree n having all its zeros in

|z| <k, k> 1. It was shown by Govil that ‘mlax\P'(z)\ > #‘mlax\P(z)L
z|=1 z|=1
In this paper, we shall obtain some sharp estimates by involving the coefficients which
not only refine the above result but also generalise some well-known results of this type.

1. Introduction

The classical Markov [12] and Bernstein [5] inequalities and corresponding extremal
problems were generalised for various domains, various norms and for various sub-
classes for polynomials, both algebraic and trigonometric. These inequalities play a
significant role in approximation theory. Inequalities of Markov and Bernstein are
fundamental for the proofs of many inverse theorems in the approximation theory
(see [11,13,18]). For instance, Telyakovskii [18] writes: Among those that are fun-
damental in approximation theory are extremal problems connected with inequalities
for the derivatives of polynomials. The use of inequalities of this kind is a fundamen-
tal method in proofs of inverse problems of approximation theory (as can be seen in
[6] ). Further progress in inverse theorems depended on first obtained corresponding
analogue or generalization of Markov’s and Bernstein’s inequalities and therefore it is
of interest to obtain refinements and generalizations of polynomial inequalities.
If P(z) is a polynomial of degree n and P’(z) be its derivative, then it was shown
by Turan [19] that if P(z) has all its zeros in |z| < 1, then
max|P’(z)| > ﬁmaX\P(z)L (1)
|z|=1 2|z|=1
Equality in (1) holds for P(z) = z™ + 1.
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206 Some generalizations of a theorem of Paul Turan concerning polynomials

As an extension of inequality (1), Govil [9] showed that if P(z) is a polynomial of
degree n having all its zeros in |z| < k, k > 1, then

max|P'(z)| > —2
|z|=1 1+

The result is sharp and equality in (2) holds for P(z) = 2™ + k™.

| P (2)

In the literature there exists several extensions and generalizations of inequali-
ties (1) and (2) (for reference see [1-3,14,15,17]). Dubinin [7] obtained the fascinating
refinement of inequality (1) by introducing some of the coefficients of P(z). In fact,
he proved that if P(z) = Y ._,a,2" is a polynomial of degree n having all its zeros
in |z| <1, then

/ 1 |an‘ - |a0| /

maxlP(2)] 2 3 (n+ Lo w) x| (). 3)

Recently Rather et al. [16] have established the refinements and generalizations of the
above inequalities by proving the following intriguing results.

THEOREM 1.1. If P(z) = Y.I'_,a,z" is a polynomial of degree n > 2 having all its
zeros in |z| < k, k > 1, then

1 k™ an| — |aol
P’ > P k
P 2 s (0 e ey ) Bl P + vl
|an—1| < k”lan|—|a0|>
+ + k), 4
KA+ &)\ K an| + [aol #(k) @
where ¢(k) = (k"n_l - kt:;l) or (k_;)z and Y(k) = (1— %) or (1— 1), forn > 2

and n = 2 respectively.
The result is sharp and equality in (4) holds for P(z) = 2™ + k™.

THEOREM 1.2. If P(z) = Y._,a,z” is a polynomial of degree n > 2, having all its
zeros in |z| <k, k>1andm= ‘H‘lil}JP(Z”, then for 0 <1l <1,
zl=

max P2 22 (i) + ) + oo
1 k™ an| — Im — |ag|
n P _
+k"(1+k"){<k”|an|lm+|ao| Kimax| P(2)] = m
_ E™an| — Im — |ag|
n—1
4 lenloth) (4 et o) )

where ¢(k) and (k) are defined in Theorem 1.1.

The result is sharp and equality in (5) holds for the polynomial P(z) = 2™ + k™.
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2. Main results

In this paper, we first present the following result which provides a refinement as well
as a generalization of Theorem 1.1 by taking s-fold zeros at origin.

THEOREM 2.1. If P(z) = z°(ag + a1z + ... + an—s2"" %) is a polynomial of degree
n > 2 having all its zeros in |z| < k, k > 1 with s-fold zeros at origin, then

1 n—s sl —
maxlP2) 2 s (s o=l ) o 4 v

|21= kn=slan—s| + lao| /) 121=1
an—s—1] k" *an_s| — |ao|
—_ k 6
+ k(l—i—k”—S) n-+ s+ k”—5|an75| T |a0| ¢( )7 ( )
n—s__ n—s—2_ k—1)2
where ¢(k) = (kn_s L_ kn_s_gl) or 21) and P(k) = (1 — %) or (1 — %), for

n > 2 and n = 2 respectively.
The result is sharp and equality in (6) holds for P(z) = 2™ 4+ k™.
REMARK 2.2. By taking s = 0 in Theorem 2.1, it reduces to Theorem 1.1.

REMARK 2.3. Since all the zeros of P(z) lie in |z| < k, k > 1, therefore, |ag| <
k™ *|a,—s|. Hence it follows that inequality (6) gives a refinement of inequality (2).

By setting £ = 1 in Theorem 2.1, we get the following result which provides a
refinement as well as a generalization of inequality (3).

COROLLARY 2.4. If P(z) = z°(ag + a12 + ... + an—s2"" %) is a polynomial of degree
n > 2 having all its zeros in |z| < 1, with s-fold zeros at origin, then
1 |an—s| —|aol
max|P’(z Z(n—&—s—i—ns max|P(z)]. 7
|z|=1| (=) = 5 sl T Jaol |z|=1| (2)] (7)
The result is sharp and equality in (7) holds for P(z) = 2™ + 1.
Next we prove the following result which produces a refinement as well as a gen-
eralization of Theorem 1.2.

THEOREM 2.5. If P(2) = z°(ap+a1z+. .. +an_s2""%) is a polynomial of degree n > 2,
having all its zeros in |z| < k, k > 1 with s-fold zeros at origin and m = lrrllir}c|P(z)|,
2=

then for 0 <1l <1,

1
P ()] 2,2 (sl P + ) + 0o

Tk
L[ ()~ = o
k" max|P(z)| —1
Ty { (knslan—s| — Im + |ao| ‘rﬁi)i' =t
} 7l o]~ I~ g
K" an—s—1]o(k ’ i
+ la 1|o(k) <”+S+knsan_s|lm+|ao| ¥

where ¢(k) and (k) are defined in Theorem 2.1.
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The result is sharp and equality in (8) holds for polynomial P(z) = z™ + k™.
REMARK 2.6. By taking s = 0 in Theorem 2.5, it reduces to Theorem 1.2.

REMARK 2.7. Since under the hypothesis of Theorem 2.5, |ag| < k"~ %|a,—s|, therefore
it follows that Theorem 2.5 gives a refinement of Theorem 2.1.

For k = 1, we get the following result which constitutes a refinement of inequal-
ity (3) as a special case.

COROLLARY 2.8. If P(z) = 2°(ap + a1z + ... + an—s2""%) is a polynomial of degree
n > 2 having all its zeros in |z| < 1 with s-fold zeros at origin and m; = min|P(z)|,

|z|=1
then for 0 <1 <1, then
max| P’ (2)| zw <maXP(z)| +lm1)
[z|=1 2 |z|=1
1 (an—s| —Ilmy — |a0|)
3 max|P(z)| —Im 9
2 <|an—s - lml + |Cl0| (|z|:}§| ( )| 1) ( )

The result is sharp and equality in (9) holds for P(z) = 2" + 1.

3. Lemmas

For the proofs of these theorems, we need the following lemmas.

LEMMA 3.1 ([10]). If F(z) = z°(ap+a1z+...+an—s2"" %), 0 < s < mn, is a polynomial
of degree n > 1 having all its zeros in |z| < 1, then for all z on |z| = 1 for which

F(z)#0,
zF’(z)) 1 ( |an—s| — a0|>
Re >—(n+s+—— 1.
( F(2) 2 |an—s| + |aol
LEMMA 3.2. If P(2) is a polynomial of degree n having all its zeros in |z| < 1 and
Q(2) = 2"P(3), then for |2] = 1: |Q'(2)| < |P'(2)].

The above lemma is a special case of a result due to Aziz and Rather [4].

LeEmMA 3.3 ([8]). If P(z) is a polynomial of degree n > 1, then for R > 1

max|P(2)] < R'max|P(z)| - (B" - R")|P(O)], ifn>1 (10)
and |H|lz}1(3‘P(Z)| <R ‘m‘zi)ﬂP(z)\ —(R—1)|P(0)], ifn=1 (11)

LEMMA 3.4 ([17]). If P(z) is a polynomial of degree n having all its zeros in |z| < k,
k>1, then for0 <l <1
k™ —1
) min |P(z)]

2k
P(z)| -1
14+ kn \T\Eg' (2)] (k” +1) |z21=k

n

‘m‘f%lP(Z)I >
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ok Map_t| (K" —1 K21\
— 2 12
km +1 ( n n—2 )’ ifn> (12)
2k2 K2 -1
> — P —_ in|P
od PG| > PG+ (g ) min PG
k(k—1)2|a1| B
Sl iy (13)

4. Proofs of the theorems

Proof of Theorem 2.1
Since, by hypothesis, P(z) has all its zeros in |z| < k, k > 1, with s-fold zeros at

origin, then f(z) = P(kz) has all its zeros in |z| < 1 with s-fold zeros at origin. Hence
by applying Lemma 3.1 to the polynomial f(z), we obtain for all points z on |z] =1

with f(2) #0
zf’(z)) 1 ( k"2 lan—s| — a0|>
Re < ) + s+ k”*3|an75| + ‘a[)| 9

which for |z] =1 and f(z) # 0 implies
zf'(2) ( k" lan—s| — |a0|)
>—-|{n+s+ ,
flz) |~ 2 k= |an—s| + |aol

72 5 (04 s+ = ) )L

2 kn=s3|an—s| + |ao|
Replacing f(z) by P(kz), we obtain for |z| =1

1 k"% |an—s| — |ao|
kPl k > — 7l+ + Pk

. 1 k" *lan—s| — |ao|
that is kmax|P’ Z(n—!—s—!— n- maxP 14
mayl P (2) > ) P

Since P’(z) is a polynomial of degree n — 1, we get by applylng (10) of Lemma 3.3
with R=%k>1

B max P/ (2) = (61 = k| > max| P/ ifn > 2.

Combining this with inequality (14), we obtain for n > 2

— k" s|a —(‘ |a0|
2k"max|P' ()] — 2(k™ — k") |a ><”—|—s+ n-s max|P . (15
2| 1| ( )| ( )| 1| = ]ﬂn78| N s‘ | O| 2= k| ( )| ( )

Let P(z) = z°h(z), where h(z) is a polynomial of degree n — s having all its zeros in
|z| <k, k> 1, then by applying (12) of Lemma 3.4 with { =0 and R = k > 1 to the
polynomial h(z) which is of degree n — s, we obtain for n > 2

Qfn—s n—s—1 o n—s_1 n—s—2_1
max|h(z) 2k axx| (=) |+ 2k [t s 1] (k _k ) (16)

|z|=k e 1+ kn— 5| |= kn—s+41 n—s n—s—2
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Also max|,—y |h(2)| = & max, | |P(z)| and max|,—; [h(2)| = max), =1 |P(2)|.
Using these in inequality (16), we have for n > 2
2k™ 2an_s 1|k"7t (kTS —1 kP21
Piz)| > —— P - .o
miﬁ' ()| = kn—s + 1?21?' (2)1+ kn—s4+1 n—s n—s—2 (17)

Combining (17) and (15), we obtain for n > 2

" k" |an—s|—aol

n+s+-—mmm max|P(z
( kn_s|an—s|+|a0|> |z|=1‘ ( )|
2|an—s—1‘kn71

N +kn75‘an_s|_|a0| kn—s_1 kn7572_1
n—-s — .
kn—s+1 k3| an—s|+]|ao| n—s n—s—2

2k"max|P’(z)|-2(k"—k"?)

|z[=1

>
‘al‘ - 1+kn—s

This gives
max|P’(z)| > b n+s+w max|P(2)|+(1-1/k%)|ay]
|z|=1 = 14kn—s En=S|an—s|+|aol / |z1=1
|an7871| k:"_s|an,s|—\a0| kn—s_1 kn—s—2_1 )
—_ — , ifn > 2.
+k(1+k”*5) n+8+k"*5|an_s|+\ao| n—s n—s—2 n

This proves inequality (6) in case n > 2. The result follows similarly for the case
n = 2, but instead of using the first part of Lemma 3.3 and Lemma 3.4, we use the
second part of Lemma 3.3 and Lemma 3.4. This completes the proof of Theorem 2.1.

Proof of Theorem 2.5

By hypothesis, P(z) has all its zeros in |z| < k, k > 1 with s-fold zeros at origin. If
P(z) has a zero on |z| = k, then m = 0 and the result follows from Theorem 2.1.
Therefore we assume that all the zeros of P(z) lie in |z| < k, with s-fold zeros at
origin, so that m > 0. Hence the polynomial g(z) = P(kz) has all its zeros in |z| < 1
with s-fold zeros at origin and m = min,— |P(2)| = min|;|—; [g(z)|. Therefore we
have m < |g(z)| for |z| = 1. This gives, for every v € C with |y| < 1, m|y2"| < |g(2)|
for |z| = 1. Hence it follows by applying Rouche’s theorem that all the zeros of the
polynomial G(z) = g(z) + ymz" lie in |z| < 1 with s-fold zeros at origin. Therefore
as before in Theorem 2.1 by applying Lemma 3.1 to the polynomial G(z), we obtain
for |z] =1 and G(z) # 0 that

1
|G ()] > 3 <n+s+

Since the function t(z) = i;l:l

k" *|an—s| — |ym|, we obtain for every v € C with |y| < 1 and |z| =1
kn_s|a’ﬂ—8| — h/ml — |a0|) |G(Z)|
kn=slan—s| — [ym| + |ao|

‘k;"_sanfs + fym| — ‘ao‘ ‘ (z>|
|k"=San_s +ym| + |ag| .

ia non-decreasing function of z and |k" *a,_s+ym| >

1
|G ()] > 3 (n+5—|—

This gives for |z] =1 and |y| < 1

k' lan—s| = [ym| = |aol

() ) 2 5 (s 4 ) (a1 = mia. ()

Since all zeros of G(z) = g(z)+ymz" lie in |z| < 1 with s-fold zeros at origin, therefore
it follows from Gauss-Lucas theorem that all zeros of G’(2) = ¢'(2) +ynmz""1! lie in

kn=8|an—s| — [ym]| + |aol
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|z| < 1 with s-fold zeros at origin for every v € C with |y| < 1. This gives
lg'(2)| > nm|z|™  for |z| > 1. (19)
Choosing argument of v in the left hand side of (18) such that
1§/(2) + 2" = |g' ()] — mamla,for [#] = 1,
which is possible by (19), we get
k" %lan—s| — [ym| — |ao|

k"5 an—s| — |ym| + |ao|

)]~ iy 25 (et 5+ ) Gl = b

which gives

l9'(2)] =

K" % an—s| — |[ym| — |a

k™= |ag—s| = [ym| + |aol
knis|an*5| - "Y’ITL| - |a0|> |7|
kn=slan—s| — [ym| + laol

+1(n+
pas—
2

Replacing g(z) by P(kz), we get

1 k’nfS _ _ _
kmaX|P’( ) >= — |lan—s| — |ym| |a0|> x|P(2)|
|2|=k 2 k[ an_s| — [ym| + |ao| ) 1%k
1 knis|an—s| - |’)/’ITL| — |a0|)
+5(n+s— m
3 (1o e )

Since P’(z) is a polynomial of degree n — 1, from above inequality we obtain by
applying (10) of Lemma 3.3 with R = k > 1 that, if n > 2,

(n+s+

Jn—s = _
|an S| |fym| |a0|> max P(Z)|
kn=slan—s| — [ym| + laol ) [21=k

kn75|an—s‘ — |’Ym| — |a0|) | |
k"5 an—s| — |ym| + |ao|

2k”|n1l:i>§|P'(z)| —2(k™ — k") |aq| > (n +s+

=+ (n +s—
(20)
Again as before, let P(z) = 2°h(z), where h(z) is a polynomial of degree n — s having

all its zeros in |z| < k, k > 1. Therefore by using (12) of Lemma 3.4 with R =%k > 1,
we have for 0 <[ <1 and n > 2

9fn—s ks 1
(2] > prmrmasth(()] - ¢ (o ) (o)

En=s +1 ) |2
Qfn—5— 1|an7571‘ kn—s _ 1 kn7572 —1
- . 21
- kn—s 41 < n—s n—s—2> 1)
Also max, | |h(2)] = & max, = |P(2)|, minj, = [k(2)] = & minj, = |P(z)| and

max|;— |h(z)| = max|,— |P(z)|. Using these in inequality (21), we have for n > 2
and 0 <[l <1,

n

9 ks 1
P > P | — in |P
P9 > sl 4 (g ) i PG)

2k" Yap_s—1| (k"5 -1 k721
- . 22
* kn=s 41 ( n—s n—s—2> (22)
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Using inequality (22) in inequality (20) and taking v = [, we obtain for n > 2 and
0<i<1

1 k"% |an—s| — Ilm — |ag| 2k™
P >— nos P
gl‘i}ﬂ (Z)| =9kn (TL + s+ k"75|an75| —Im + |a0| 1+ kn—s ‘I?‘i}ﬂ (Z)|

kn—s _ 1 2kn—1‘an7571| kn—s _ 1 kn—s—2 -1
| — in|P -
* (k"—s—|—1>g|u—r}c| @)+ kn—=s 41 n—s n—s—2
k" an_s| — Ilm — a0>
Im
kn=S|an_s| — Im + |ag|

By simplifying this, for 0 <1 <1 and n > 2, we get

+ 3) 1
P >L P -
P2 2 (Pl + 5

|z|=1
(n+s)lan—s—a| (k"7° =1 |
k(1 + kn=9)

+ (1 = 1/E%|ay| + (n+s -

) 1R

n—s n—s—2

k"% |an—s| — Ilm — |ag| 1
k" P(z)| =1
+ (kn—s'ans| —Im + |ag| kn (14 kn=s) \r,?li)ﬂ (2)] —Im

|an—s—1] krs -1 knsT2 -1
+k(1+k"—5) ( n—s  n—s—2 )}
This proves inequality (8) in the case n > 2. For the case n = 2, the result follows
similarly but instead of using inequality (10) of Lemma 3.3 and inequality (12) of

Lemma 3.4, we use inequality (11) of Lemma 3.3 and inequality (13) of Lemma 3.4.
This completely proves Theorem 2.5.
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