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Abstract. Using Schauder’s fixed point theorem we consider the solvability of a quadratic
Hammerstein integral equation in the space of functions satisfying a Holder condition. An
example is included to illustrate our results.

1. Introduction

In this paper, we investigate the existence of solutions of the following quadratic
integral equation of Hammerstein type

(1) :p(t)—l—w(t)/o k(t,7) f(r, (A)(7)) dr, £ € 0,1], (1)

where A is a general operator.

If f(t,y) = y we get an equation in [13], if f(¢,y) = y and Az = max{|z(7)] :
0 <7 < r(t)}, where r : [0,1] — [0,1] is a continuous and nondecreasing function
we obtain an equation studied in [6] and if f(¢,y) = y and (Ax)(t) = x(r(t)), where
r:[0,1] — [0, 1] is a measurable function, we obtain an equation studied in [5]. When
Ay =y and f(t,y) = —y, (1) becomes

x(t) + x(t)/o k(t,7) z(7) dr = p(t), t € [0,1].

This equation is a generalization of a famous equation in transport theory, the so-
called Chandrasekhar H-equation in which p(t) = 1,  must be identified with the
H-function and for a nonnegative characteristic function ¢, k(¢,7) = ttﬁ(i); see for
example [7,10,12] and the references therein. Quadratic integral equations arise in
the theory of radiative transfer, in the theory of neutron transport and in the theory

of traffic; see [1,4,8,9,11,14] and the references therein.
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In the space of functions satisfying a Holder condition, Schauder’s fixed point
theorem and the relative compactness in these spaces are the main tools used to
prove our main result.

2. Preliminaries

We denote by C|a, b] the space of all continuous functions z : [a, ] — R equipped with
the norm ||z||c = sup{|z(¢)|: t € [a,b]} for = € C|a,b]. Let H,la,b], a € (0,1] be the
collection of all real functions x defined on [a, b] which satisfies a Holder condition

|2 (t) — ()] < HP|t = 7], V(t,7) € [a,b]%, (2)
where HY is the least possible constant for which inequality (2) is satisfied, i.e.,

t) —
Hy = sup{lx(ﬁ)gig-)| 24,7 € [a,b], t;éT}.
-7

The spaces Hyla,b], 0 < a < 1, equipped with the norm |z||, = |z(a)] + HS are
Banach spaces.

LEMMA 2.1. The norm || - || is dominated by the norm || - ||«, i.e., for an arbitrarily
fized x € Hyla,b] and for an arbitrary t € [a,b], the following inequality holds ||z||c <
max {1, (b — a)*} ||z||«-

LEMMA 2.2. For0 < o < 8 <1, we have Hgla,b] C Hyla,b] C Cla,b]. Moreover, for
x € Hgla,b] the following inequality is satisfied ||z||o < max {1, (b—a)’~} |z||s.

The authors in [2] established a sufficient condition for relative compactness in the
spaces Hyla,b], a € (0,1].

THEOREM 2.3. Let 0 < aw < 8 < 1 and let B be a bounded subset in Hgla,b] (this
means that ||z||g < M for certain constant M > 0, for any x € B). Then B is a
relatively compact subset of Hyla,b].

3. Main results

In this section we discuss the solvability of (1) in Holder spaces.
We assume the following are satisfied.
(al) p € Hpl0,1], 0 < 8 < 1.

(a2) The function & : [0,1]? — R is a continuous function and there exists a constant
kg > 0 such that |k(t,7) — k(s,7)| < kg |t — s|? for any ¢, 7,5 € [0,1].
(a3) The function f : [0,1] x R — R is continuous and there exists a nondecreasing
function ¥ : Ry — Ry such that |f(¢,2)] < ¥(|z|), Y(¢,x) € ([0,1],R).

(a4) The operator A : Hg[0,1] — C10, 1] is continuous and there exists a nondecreas-
ing function 9 : Ry — R4 such that for any « € Hg[0,1], |Az|leo < ¥(]|z|l5)-
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(ab) Let r be a positive solution of the following equation ||p||g + (K + k) ¥ (¢ (r))r <7,
where K = sup {f |k(t, )| dr: t €0, 1]}
0
THEOREM 3.1. Under assumptions (al)-(a5), (1) has at least one solution x € H,[0, 1]
(here a is an arbitrarily fized number satisfying 0 < a < ().
Proof. Consider the operator ¥ defined on Hg[0, 1] by
(Zx)(t) = p(t) + x(t) /01 k(t,7) f(7, (Az)(7)) dr, t €]0,1].

We claim that ¥ maps the space Hg|0, 1] into itself. Take z € Hg[0,1] and ¢,s € [0,1]
with ¢ # s. Then, by assumptions (al) and (a2), we have

|(T2) (1) = (Tx) (s)|

|t—s]”

[p()+(t) fy k(t7) f(r, Aa(r) dr—p(s)~a(s) [y k(s,7)] (7, Aa(r)) dr |
- |t—sl”
_Ip)-p(s) [2(t) fy k(t,7) F(7.Ax(7)) dr—a(s) [, k(t.7) f(r, Aa(r)) dr|

[t—s|8 [t—s|8

[a(5) fy k(t,7) S(r, Aa(r)) dr—a(s) fy k(s,7) F(r, Aa(r)) dr|

- [i—sP?
<|P<|tt)‘31|9gs>' o / Ikt P 1F (7, Aae(r)] dr

L T k(5,15 M)

) =p(s)| | Je®)—2(s)]
RN By ) / Ikt 7)] dr

il (A o) oo dr

TS |t—s|” / ) I f1|t—5|5 dr
<W+Kw<wumnB))Wwwwnxnﬁ»nxumw

Thus HY < HE + (KHE + rgllzl5) ¥(y(|z]|5)), so
I1Tz]|5 = |(T2)(0) |+ HZ,
<[p(0)|+z(0)] / k0, 7)| | (7, Ax(7))| dr+HE+ (KHE +rg|z]5) U (()|z]6))

<|lpllp+KzO) (@ (2]ls)+ (KH] +rgllzll5) W (e(]|2]|5))
<llpllg+ (K+rg) |zl ¥ (% ([|zl/8))- 3)
This proves that the operator ¥ maps Hg[0, 1] into itself.
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Using assumption (ab) and inequality (3), we deduce that ¥ maps the closed
ball BY = {& € Hg[0,1] : [jz[lzg < ro} into itself, for any ry satisfying [|p|s +
(K + k) ro¥(¥(rg)) < r9. Theorem 2.3 guarantees that the set BS is relatively
compact in H,[0,1] for any 0 < a < 8 < 1. Moreover, it is easy to see that B,@O is a
compact subset in H,[0,1] for any 0 < o < 8 < 1; see the Appendix in [5].

We now prove that the operator T is continuous on B with respect to the norm
| fla, where 0 < @ < 8 < 1. Fix £ > 0 and take z,y € BY with ||z — y|lo <e. Then,
for ¢t € [0, 1], we have

[[(F2) (1) = (Ty) (D] = [(F) (5) = (Fy) (s)]|

|t—s]*

/ktr F(r, Aa(r)) dr—yl(t /ktr f(TAy(T))d)

1
sl

- (ats
1
Tl

e
"
e
o
/
/

.7) f(r, Aa(7)) dr—y(s /ksrf(rAy())d>

/ktr F(r, Aw(r)) dr—yl(t /ktr f(TAx(T))d)

(s,7) f

- (m(s) 0

(v [ ) | k(s 7) £, Ay(r) )

1
zl‘xt— (1) /ktT f(r, Ax(r)) dr

/ kt, ) (f(r,Ax(T))—f (1, Ay(7))) dT

k( (7))
(
k(t,7) f(r Aa(r)) dr—y(?) /O k(t,7) f(T,Ay(T))dT)
K 7 Aa(r)) dr—y(s) /O (s ) £, Aa(r)) dT)
(7))

(
k(s,7) f(r,Azx(T

—((5)—y(s)) / K(s,7) (f(r, Aa(r)) dr

/ksr Jf(r, Ax(7))—f(7,Ay(T))) dT

((z(t)—y( / k(t,7) f(r,Ax(T)) dr
(a(s)—y(s)) / (k(t.7)—k(s,7)) (f(r, Az(r)) dr
H(y(t)-y(s)) / B(t,7)(f(r, Aa (7))~ £ (r, Ay(r)) dr

+y(8)/0 (k(t,7)=k(s, 7)) (f (1, Az(7)) = f (7, Ay(7))) dr



246 Quadratic Hammerstein integral equations in Holder spaces

@(O-y(O)~(als) -yl [*
< R | o) 1 At ar

lz(s)=y(s)| [ —k(s, T 7, Az (7))| dr
P /O|k(t,7) k(s, 7| |f(r, Ax(r))| d

Ml T 7, Nz (7)) f(T, T T
\t s|a /Ikt )| 1f(r, Ax(r))~ f(r, Ay(r))| d

L [ )b, 157, M), ()|
KI(0)-y()~(als)-y())

- [t—s|
Kly(t)—y(s 1 -
Ww@ﬂffﬁllylmw(e)/o |t—s|P~dr

< <Kl(x(t)—y(t))—(x(S)—y(S))l

|t—=s|*

where, v¢(e)=sup{|f(t, y1)—f(t, y2)[t€[0, 1], y1, y2€[0, 9 (ro)], [y1—y2[|<e}. Hence,
HE, <, < (KHY , + Kglz —ylla) ¥((25) + (KHy + Kgllylla) vr(e).  (4)
Also, we have

() (0)—(Ty) (0))
1 1
£(0) / K(0.7) f(r, Ax(r)) dr—y(0) / k(0,7) f(r, Ay(r)) dr

\I/(w(”xnﬁ))“‘KﬁHx_y||oo‘1’(1//(||$||ﬁ))/O [t—s|°"dr

+

+Kﬁ||a:—y|a) (4 (lls)

<

1 1
£(0) / K(0,7) f(r, Ax(r)) dr—y(0) / k(0,7) F(r, Aa(r) dr

1

1
+‘y<0> / k(0,7) £(r, Ax(r)) dr—y(0) / k(0.7) f(r, Ay(r)) dr

<[2(0)~y(0)| / (0, 7)1 (. Ace(r))dr+(0)] / 1k(0, 7)1/ (7, Ax(7))— F (7, Ay(r))ldr

<Kz(0)=y(0)[ ¥ ([l 5)+EKy(0)vs(e)- (5)
Add (4) and (5), and we obtain

T2 —Fyllo < (KH_,+Ksllz—ylla) (@ (zls)+ (KHy+Esllylla) v5(e)
+K|2(0)—y(0)[¥ (¢ ([lzll5)+ K[y (0)]vs(e)
= (K+Kg) (([lzllp)llz—yllat+ (K+Kp) [[yllavs(e)
<(K+Kg) ¥(¥(ro))e+ (K+Kg)rovs(e) = 0ase =0,

where, we used the fact that v;(e) — 0 since the function f is uniformly continuous
on the set [0,1] x [0,%(ro)]. Therefore, T is continuous on Bf .
Apply the Schauder fixed point theorem (recall BY is compact in Hqa[0,1]) to
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obtain the desired result. O

4. Example

Here we illustrate our theory with an example.

ExXAMPLE 4.1. Consider the quadratic integral equation

1 2 3
x(t) = V/mcos2t +n + x(t)/ Visin?t 4 7 arctan (; i(T)) dr, t €10,1], (6)
0

T2

where, [, m and n are nonnegative constants.
Note that (6) is a special case of (1), where p(t) = Vmcos2t+mn, k(t,7) =
Visint? + 7, f(r,y) = arctan(ry)? and Az = &

14+72°
One can easily check that:
Ip(t) — p(s)| = i/(\/ﬁcost)2 +n— f/(\/ﬁcoss)z +n| < f/\\/ﬁcost — v/mcos 5|2

=3/m[cost — coss|Z = /mi/[cost — coss| = ¥/m | cost — cos s|
<Vmft— s[5 [t—s|5 < /m [t —s|3,
for t,s € [0,1], where we use [3, Theorem 2.1]. Thus p € Hy [0,1] and Hp% = Ym.
Therefore, the assumption (al) of Theorem 3.1 is satisfied with 0 < o < 8 = é and
Iplls = [p(0)] + Hi = /m ¥ 7+ /m. Morcover, we have

\k(t, 7)—k(s,7)| = | V/Isin t24+7— /1 sinsQ—i—T‘ < lsint2—Isins2| < V1 3/]12—s2|
=V t+s 3|t—s| < VI V2 |t—s|t = V2L |t—s|5 |t—s|77 < V2L |t—s|5,

where the inequality |V/Isint? + 7 — VIsins? + 7| < §/|Isint? — Isin 52| follows from
[3, Theorem 2.1]. Therefore, the assumption (a2) of Theorem 3.1 is satisfied with

H[;:H%:\ﬁ/ﬂ.

Now, since |f(7,z)| =

< |T:L'|% < |x|%, then f(r,z) = arctan(rz)3,

arctan(rz) 3

satisfies the assumption (a3) of Theorem 3.1 with a nondecreasing function W (r) = r3.

Also, we have [[Az|le < sup, e Tlli(gl < Yzl < 3llzlg, so the assump-
tion (ad) is satisfied with ¢(t) = i¢.

Next, we will show that the operator A : Hg[0,1] — C]0,1] is continuous with
respect to the norm || - ||o. Take z,y € Hgl0,1] and 7 € [0, 1], and we have

Ta(t) TY(T) 1 1 1
)T =) -y < 5l -y < 5l < 5oyl
Then [[Az — Aylloo < 5ll2 = ylla-

Note that the constant K satisfies

Ksup{/olk(t,T)dT:tE[O,l]}sup{/olde:tE[O,l]}

T
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:Sup{j (Vsme w17 - Vi) st e o, 1]} < (yariy - V),

so for the inequality appearing in the assumption (a5), we could consider the inequality

mwm(j(mw)wa) \/;g )

Choosing suitable values for the constants m, n and [, one can find a positive solution
of inequality (7) and then all the assumptions of Theorem 3.1 will be satisfied and (6)
will have at least one solution & € H,[0,1], where 0 < a < 3.

REFERENCES

(1]

(2]
(3]
(4]
(5]
(6]

(7]
(8]

(9]
(10]
(11]

(12]
(13]

(14]

J. Banas, D. O’Regan, R. P. Agarwal, Measures of noncompactness and asymptotic stability of
solutions of a quadratic Hammerstein integral equation, Rocky Mountain J. Math., 41 (2011),
1769-1792.

J. Banas, R. Nalepa, On the space of functions with growths tempered by a modulus of conti-
nuity and its applications, J. Func. Spaces Appl., (2013), Article ID 820437, 13 pages.

J. Bana$, A. Chlebowicz, On an elementary inequality and its application in the theory of
integral equations, J. Math. Inequal., 11 (2017), 595-605.

A. Bellour, D. O’Regan, M. A. Taoudi, On the existence of integrable solutions for a nonlinear
quadratic integral equation, J. Appl. Math. Comput., 46 (2014), 67-77.

J. Caballero, M. A. Darwish, K. Sadarangani, Solvability of a quadratic integral equation of
Fredholm type in Holder spaces, Electron. J. Differ. Equ., 31 (2014), 10 pp.

J. Caballero, R. Nalepa, K. Sadarangani, Solvability of a quadratic integral equation of Fred-
holm type with supremum in Hélder spaces, J. Funct. Spaces, (2014), Art. ID 856183, 7 pp.
S. Chandrasekher, Radiative Transfer, Dover Publications, New York, 1960.

M. Cichon, M. Metwali, FEzistence of monotonic Ly-solutions for quadratic Volterra
functional-integral equations, Electron. J. Qual. Theory Differ. Equ., 13 (2015), 16 pp.

M .A. Darwish, Ezistence and asymptotic behaviour of solutions of a fractional integral equa-
tion, Appl. Anal., 88 (2009), 169-181.

M. A. Darwish, On a perturbed quadratic fractional integral equation of Abel type, Comput.
Math. Appl., 61 (2011), 182-190.

M. A. Darwish, Nondecreasing solutions of a fractional quadratic integral equation of Urysohn-
Volterra type, Dynam. Syst. Appl., 20 (2011), 423-438.

K. Deimling, Nonlinear Fuctional Analysis, Springer-Verlag, Berlin, 1985.

M. T. Ersoy, H. Furkan, On the existence of the solutions of a Fredholm integral equation with
a modified argument in Holder Spaces, Symmetry, 10 (2018), 1-13.

M. Metwali, On a class of quadratic Urysohn-Hammerstein integral equations of mixed type
and initial value problem of fractional order, Mediterr. J. Math., 13 (2016), 2691-2707.

(received 15.01.2021; in revised form 06.11.2021; available online 04.07.2022)

Department of Mathematics, Faculty of Sciences, Damanhour University, Egypt

E-mail: dr.madarwish@gmail.com

Department of Mathematics, Faculty of Sciences, Damanhour University, Egypt

E-mail: m.metwali@yahoo.com

School of Mathematics, Statistics and Applied Mathematics, National University of Ireland,
Galway, Ireland

E-mail: donal.oregan@nuigalway.ie



	Introduction
	Preliminaries
	Main results
	Example

