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Abstract. In this paper we prove Fefferman’s inequalities associated to potentials be-
longing to a generalized Morrey space or a Stummel class. We also show that the logarithm
of a non-negative weak solution to a second order elliptic partial differential equation with
potential in a generalized Morrey space or a Stummel class, under some assumptions, be-
longs to the bounded mean oscillation class. As a consequence, this elliptic partial differential
equation has the strong unique continuation property. An example of an elliptic partial dif-
ferential equation with potential in a Morrey space or a Stummel class which does not satisfy
the strong unique continuation is presented.

1. Introduction and statement of main results

Let 1 < p < oo and ¢ : (0,00) = (0,00). The generalized Morrey space LP¥ :=
LP#(R™), which was introduced by Nakai in [14], is the collection of all functions
[ € Lt (R™) satisfying

P

1
1flere = sup | —— / Fordy | < oo

x€ER™ r>0 90(7“)
le—y|<r

Note that LP¥ is a Banach space with norm || - |ge.e. If ©(r) = 1, then LP¥ = LP. If
@(r) = r", then LP¥ = L. If ¢(r) = r* where 0 < A < n, then LP*¥ = [P is the
classical Morrey space introduced in [12].

We will assume the following conditions for ¢ which will be stated whenever
necessary.
(i) There exists C' > 0 such that

s <t = p(s) < Cop(t). (1)
We say that ¢ is almost increasing if ¢ satisfies this condition.
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72 Function spaces and their applications to elliptic PDEs

(ii) There exists C' > 0 such that
#(5) 5 o) @)

sn tn
We say that ¢(t)t~" is almost decreasing if ¢(t)t~" satisfies this condition.

s<t=

(iii) For 1 <a <n,1<p< 2, there exists a constant C' > 0 such that for everyd > 0,

oo

o(t) B(1-a)
| ety de < 08507 ®)
4

One can check that the function ¢(t) = t" P, ¢ > 0, satisfies all conditions (1), (2),
and (3). Moreover, for a non-trivial example, we have the function ¢ (t) = log(¢(t) +
1) =log(t"~*? 4+ 1), t > 0, which satisfies all conditions above.

Let M be the Hardy-Littlewood maximal operator, defined by

1
M(f)(z) :=sup ——— / d
(@) i=swp o [ 17y
B(z,r)
for every f € LL (R™). The function M(f) is called the Hardy-Littlewood max-

loc

imal function. Notice that, for every f € L} (R™) where 1 < p < oo, M(f)(x)
is finite for almost all z € R™. Using Lebesgue Differentiation Theorem, we have
|f(x)] < M(f)(x), for every f € LL _(R™) and for almost all z € R™. Furthermore,

loc
for every f € L7 (R™) where 1 < p < co and 0 < v < 1, the nonnegative func-
tion w(x) := [M(f)(x)]” is an A; weight, that is, M(w)(x) < C(n,y)w(z). These
fundamental properties can be found in [6].

We will need the boundedness result for the Hardy-Littlewood maximal operator
on generalized Morrey spaces LP#, that is, | M(f)||zre < C(n,p)| fllLre, for every
f € LP% where 1 < p < oo and ¢ satisfies conditions (1) and (2). This bounded-
ness result was stated in [14,15,18]. Our assumptions here on ¢ are similar to [18].
Note that in [14], the proof of this boundedness result relies on a condition about
the integrability of ¢()t~("*1) over the interval (8, 00) for every positive number 4.
Meanwhile, other assumptions on ¢ can be found in [15].

Let 1 <p<ooand 0 < a<n. For Ve Lj (R"), we write

p

V(y)lP

L gy |, r>o.
@ — y[r—e "

Na,pV (1) := sup /

z—y|<r
We call 14,V the Stummel p-modulus of V. If .,V (r) is finite for every r > 0,
then 7,V (r) is nondecreasing on the set of positive real numbers and satisfies
NapV (2r) < C(n,a) N,V (r), for every » > 0. The last inequality is known as
the doubling condition for the Stummel p-modulus of V' [21, p.550].
For each 0 < a < mand 1 < p < oo, let S, := {V € LP_(R™) : 5,V (r) <

loc

oo for all » > 0} and S, := {V € LI (R™) : 14,V (r) < oo for all » > 0 and

loc ~
lir% Na,pV (r) = 0}. The set S, , is called a Stummel class, while S, ), is called a
r—

bounded Stummel modulus class. For p =1, 5,1 := S, are the Stummel classes
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which were introduced in [17]. We also write 5',171 := S, and Na,1 = No. It was shown

in [21] that S,, contains S, , properly. These classes play an important role in

studying the regularity theory of partial differential equations (see [23] for example),

and have an inclusion relation with Morrey spaces under certain conditions [20,21].
Now we state our results for Fefferman’s inequalities.

THEOREM 1.1. Let 1 < a <n, 1 <p< 2, and ¢ satisfy conditions (1), (2), (3). If
V e LP%, then

/ u(@)|° V(@) dx < CI|V | os / Vu(z)| dx (4)
R™ R™
for every u € C§°(R™).

THEOREM 1.2. Let 1 <p<oo,1<a<2 anda<n. IfV € §a7p(R”), then there
exists a constant C := C(n,a) > 0 such that

V@Plu@) do < Clra,V o) [ [Va(@)]*
B({Doﬂ‘o) B(wo,’r‘o)
for every ball By := B(xo,79) C R™ and u € C§°(R™) with supp(u) C By.

REMARK 1.3. The assumption that the function u belongs to C§°(R™) in Theorem 1.1
and Theorem 1.2 can be weakened by the assumption that u has a weak gradient in
a ball B C R™ and a compact support in B (see [22, p.480]).

In 1983, C. Fefferman [5] proved Theorem 1.1 for the case V € LP"~2P  where
1 < p < %. The inequality (4) is now known as Fefferman’s inequality. Chiarenza
and Frasca [2] extended the result [5] by proving Theorem 1.1 under the assumption
that V. € LP"~*P, where 1 < a < nand 1 < p < Z. By setting ¢(t) = t"~? in
Theorem 1.1, we can recover the results in [2] and [5]. There is also an inequality
stated in [19, Proposition 1.8] which may be related to Theorem 1.1. However we
cannot compare this inequality with Theorem 1.1.

For the particular case where V € 52, Theorem 1.2 was proved by Zamboni [23],
and can be also concluded by applying the result Fabes et al. in [4, p.197] with
an additional assumption that V is a radial function. Although S, C Sy whenever
1 < a <221, p.553], the authors still do not know how to deduce Theorem 1.2 from
this result.

It must be noted that Theorems 1.1 and 1.2 are independent to each other, which
means that LP"~P where 1 < a < n and 1 < p < =, is not contained in Sy .
Conversely, S p is not contained in LP"~“P. Indeed, if we define V; : R® — R by
the formula Vi(y) := |y|=, then Vi € L»"~*P but V; ¢ S, ,. For the function

Vo : R™ — R which is defined by the formula Va(y) := |y|_%, we have Va € S, p, but
‘/2 ¢ Lp,n—ap'

In order to apply Theorems 1.1 and 1.2, let us recall the following definitions. Let
Q be an open and bounded subset of R". Recall that the Sobolev space H'({2)

is the set of all functions u € L?*(Q) for which the weak derivative € L*(Q)

u
(9331‘
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for all i = 1,...,n, and is equipped by the Sobolev norm ||ul| g1 (o) = [|ul/z2(0) +

Sy ‘ Ba;‘i . The closure of C§°(€) in H'(Q2) under the Sobolev norm is denoted

by H ().
Define the operator L on H}(Q2) by
) ou " Ou
Lu:=— —_— i bzi
u Z oz, <a y axj) + ; oz, +Vu (5)

i,j=

where a;; € L*(Q), b; (i,j =1,...,n) and V is a real valued measurable function on
R™. Throughout this paper, we assume that the matrix a(z) := (a;;(x)) is symmetric
on () and that the ellipticity and boundedness conditions

Agf? < Z aii(2)6:& < AHEP (6)
ij=1
hold for some A > 0, for all £ € R™, and for almost all = € €.
In (5), we assume either:

o satisfies (1), (2), (3) 1< a <2),

elPv i=1,...,n, (7)
VeLrenLy (RY),
1<a<?2,
or, b2 €Sy i=1,...,n, (8)
Ve S,.
We say that u € H}(Q) is a weak solution to the equation
Lu=0 9)
: w0y, Ou
if Q/ ;1 i s s ;bia—xiw +Vuy | do =0, (10)
for all v € HY(Q) (see the definition in [23]). Note that, in the case a = 2, the
equation (9) was considered in [23]. If we choose b; =0 for all ¢ = 1,...,n, then (9)

becomes the Schrodinger equation.
A locally integrable function f on R™ is said to be of bounded mean oscillation
on a ball B C R", we write f € BMO,(B) where 1 < a < oo, if there is a constant

1

C > 0 such that for every ball B’ C B, <|Bf, [ 1f(y) = fB/|ady> i < C. By using
B/

Holder’s inequality and the John-Nirenberg theorem (see [16]), we can prove that
BMOy(B) = BMOy(B) := BMO(B).

As an application of Theorems 1.1 and 1.2 to equation Lu = 0 (9), we have the
following result.

THEOREM 1.4. Suppose that o satisfies (7) or (8). Let uw > 0 be the weak solu-
tion to the equation Lu = 0 and B(x,2r) C Q where r < 1. Then log(u + §) €
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BMOy(B(z,1)) for every 6 > 0.

In the case @ = 2, Theorem 1.4 was obtained in [23]. To the best of our knowledge,
the assumptions in (7) have never been used for proving Theorem 1.4 as well as the
assumption « € [1,2) in (8).

Let w € Li () and w > 0 in Q. The function w is said to vanish with infinite

loc
order at zo € Qif lim, o 15 L_— [ w(z)dx =0,k > 0. The equation Lu = 0,
B(=zo,T)

zo,7)]
which is given in (9), is said to have the strong unique continuation property
in Q if for every nonnegative solution v which vanishes with infinite order at some
o € £, then v = 0 in B(x,r) for some r > 0. See this definition, for example
in [7,10].
Theorem 1.4 gives the following result.

COROLLARY 1.5. The equation Lu = 0 has the strong unique continuation property
in .

This strong unique continuation property was studied by several authors. For
example, Chiarenza and Garofalo in [2] discussed the Schrédinger inequality of the
form Lu + Vu > 0, where the potential V' belongs to Lorentz spaces L% (). For
the differential inequality of the form |Awu| < |[V||ul, where its potential also belong
to L3 (Q), see Jerison and Kenig [10]. Garofalo and Lin [7] studied the equation (9)
where the potentials are bounded by certain functions.

Fabes et al. studied the strong unique continuation property for Schrédinger equa-
tion —Awu + Vu = 0, where the assumption for V' is radial function in Sy [4]. Mean-
while, Zamboni [23] also studied the equation (9) under the assumption that the po-
tentials belong to Sy. At the end of this paper, we will give an example of Schrédinger
equation —Au+Vwu = 0 that does not satisfy the strong unique continuation property,
where V € LP"=% or V € 5'5 for all g > 4.

2. Proofs

In this section, we prove Fefferman’s inequalities, which have been state as Theo-
rems 1.1 and 1.2 above. First, we start with the case where the potential belongs to
a generalized Morrey space. Second, we consider the potential from a Stummel class.
Furthermore, we present an inequality which is deduced from this inequality.

2.1 Fefferman’s Inequality in Generalized Morrey Spaces

We start with the following lemma for potentials in generalized Morrey spaces.

LEMMA 2.1. Let 1 < p < oo and ¢ satisfy the conditions (1) and (2). If 1 <y <p
and V € LP¥, then [M(|V|))]7 € A, N LP#.

The proof of Lemma 2.1 uses a fundamental fact from [6] and the boundedness of
the Hardy-Littlewood maximal operator on generalized Morrey spaces.
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LEMMA 2.2. Let ¢ satisfy the conditions (1), (2), and (3). If V € LP¥, then

/R VN4 < Cn o, p) [V Ey e MOV ()]

n |z =yt
Proof. Let 6 > 0. Then
|4 \% \%
R™ ‘LE - y| lz—y|<d |SC - y| |z—y|>6 |SL‘ - y|

Using [9, Lemma (a)], we have

/ YOI 4y < cmymv)@)s. (12)
\

r—y|<é |‘T )
For the second term on the right-hand side (11), let ¢ = n— §(a+1), we use Holder’s
inequality to obtain
p—1

Vy z—y[p Tt
J LRy gy U TEE
le—y|25 T — Yl o—y|>6 z —y|7

o oNd -
< / |V(y)| dy « / |£L’ o y|(%+1—n)(—pfl) dy ) (13)
— q
ja—yl>a |2 =Y je—y20

By applying the condition (3), we have

/ Z/ [V (y)[? dy
lp—y|>5 |9U - y|q 2k o< |o—y|<2kt1s |T — Y7

k+2s 0o
— p(28F16) p(t)
<CHV||prk OW , 1dt<C||VHLp¢ S Wdt

<C|V|7p.0m 7. (14)
Since n + (L +1—n)(;27) <0, we obtain
[ eyl gy = O ) G )
lz—y|>6
Introducing (14) and (15) in (13), we have

p—1
/ Md <CHV||L o (5n pa— q)% <6n+(%+17n)(ppfl))%
lz—y|>s 1T —y|" !

E+1g

= C|[VLred . (16)
From (16), (12) and (11), we get
/ VWl dy < CM(V)(2)8 + C||V || p.e 6™ (17)
R

n |z —y[nt

For § = ||V||%p,q,[M(V)(m)]*%, the inequality (17) becomes
/R WO < ot v) @4V R = CMW) @ V]E,. O

2o =y

Now, we are ready to prove Fefferman’s inequality in generalized Morrey spaces.
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Proof (of Theorem 1.1). Let 1 < v < p and w := [M (|V|“f)] Then w € Ay N LP¥
according to Lemma 2.1. First, we will show that (4) holds for w in place of V.
For any u € C§°(R"), let B be a ball such that v € C§°(B). From the well-known
inequality

Vu(y)
By |z =yt
Tonelli’s theorem, and Lemma 2.2, we have

/n [u(@)[*w(z) dx:/BW(JU)Iaw(x) dx

SCllw\lép,w/BIU(x)\“_IIW(x)I[M(w)(%‘)] «dr. (19

Holder’s inequality and Lemma (2.1) imply that
a—1

[ e vut ) ) de < /|w ) ( [
(/ﬁvu |“w) (/ﬁu ) | o)

Substituting (20) into (19), we obtain

[ el < ol ([ v w) (/ e )

Therefore, [p, [u(z)|*w(z)dz < Cllw||Lre [5|[Vu(z)|* dz and |V (z)] = [|V(x)|7]% <
[M(|V(x)|7)]% = w(x). Hence, from the boundedness of the Hardy-Littlewood maxi-
mal operator on generalized Morrey spaces and Lemma 2.1, we conclude that

| @@l < [ ju@)ire de < Clulu [ [Vu@)* ds

gmwmw/’wu@wm. O
R n

u(z)] < C (18)

Q=

We have already shown in Theorem 1.1 that Fefferman’s inequality holds in gen-
eralized Morrey spaces under certain conditions.

2.2 Fefferman’s Inequality in Stummel Classes

We need the following lemma to prove Fefferman’s inequality where its potentials
belong to Stummel classes. This lemma can be proved by Hedberg’s trick [9]. For
the case a = 2, this lemma can also be deduced from the property of the Riesz kernel
which is stated in [11, p. 45].

LEMMA 2.3. Letl < a <2 and a < n. For any ball By C R", the following inequality
holds:

1 C
/ | — dy < e x,z € By, x# z.
2z — yla=T

gt T e
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The following theorem is Fefferman’s inequality where the potential belongs to a
Stummel class.

Proof (of Theorem 1.2). The proof is separated into two cases, namely o = 1 and
1 < o < 2. We first consider the case o = 1. Using the inequality (18) together with
Fubini’s theorem, we get

[V (@)[”

[ w@iviepds<c [ [vuw) s dedy
Bo Bo Bo |z =yl
P
sof [ ey
Bo B(y,2rp) ‘(E - y|n

It follows from the last inequality and the doubling property of Stummel p-modulus
of V that [ [u(z)||V(2)[P dz < C1a,pV(ro) [, [Vu(z)| dz, as desired.

We now consider the case 1 < o < 2. Using the inequality (18) and Holder’s
inequality, we have

/ lu(z)|* |V (z)|Pde < C | |Vu(y)] IU(x)|(i— |7K<1x)|p
B Bo By ‘x y|

<[ o vu)l)

where F(y) ;:/B |U(Ti|iy||v‘z/—(f)|p

so that

. p a1 o p
[ rae [ ([ AN )T [ OO,
Bo Bo \JB, T — Y™ B, 12—yl

- / ()| 2V (2) PG (2) d, (22)

Bo

P =T
where G(z) := / (/ Vi)l dac) dy, z € By. By virtue
B

5o \Jp, [o = g1z =y D@D
of Minkowski’s integral inequality (or Fubini’s theorem for a = 2), we see that

a—1
1
Gt s [ Wi ( i 1dy> dr.  (23)
Bo Bo |z —y|o=t|z —y["

Combining (23), doubling property of Stummel p-modulus of V| and the inequality
in Lemma 2.1, we obtain

G(z)<C ( /B V@P da:) o < CliapV (ro)] 7T (24)

, |z — 2|

dx dy

o

(f OF<y)s1dy) BRCSY

dzx, y € By. Applying Holder’s inequality again,

Q=

we have

Q=




N. K. Tumalun, D. I. Hakim, H. Gunawan 79

Now, (22) and (24) give

| 1P dy < Clnay Vool # [ @ V@pde @9
Bo

By
Therefore, from (21) and (25), we get

[ @i ds
By

(/BO |Vu(x)|adx)°l” </BO lu(x)|®|V (z)|P dx) T (26)

Dividing both sides by the third term of the right-hand side of (26), we get the desired
inequality. g

Qs

< CnapV(ro)l

3. Applications to elliptic partial differential equations

The two lemmas below tell us that if a function vanishes with infinite order at some
o € Q and fulfills the doubling integrability over some neighborhood of zy, then the
function must be identically zero in the neighborhood.

LEMMA 3.1 ([8]). Let w € Li () and B(zg,r) C Q. Assume that there exists a

loc
constant C > 0 satisfying «[B(IU ") w(z)dr < C’fB(xo 5) w(x)dz. If w vanishes with
) ’2
infinite order at zo, then w =0 in B(xo,r).
LEMMA 3.2. Let w € L}, () and B(xg,r) C Q, and 0 < 8 < 1. Assume that there

exists a constant C > 0 satisfying fB(wo " wh(z)dr < CfB(xo 5) wh(z)dx. If w

vanishes with infinite order at xo, then w = 0 in B(xg,r).

The proof of Lemma 3.2 can be adapted after that of Lemma 3.1 (see [3,8]).

The following lemma has been used by many authors in working with elliptic
partial differential equations (for example, see [3,23]). This lemma and the idea of its
proof can be found in [13].

LEMMA 3.3. Let w : Q@ — R and B(x,2r) be an open ball in Q. If log(w) €
BMO(B) with B = B(z,r), then there exists M > 0 such that fB(z o) wh(y) dy <

M3 fB(mr)wﬁ(y)dy for some 0 < B < 1.

Theorems 1.1 and 1.2 are crucial in proving Theorem 1.4.

Proof (of Theorem 1.4). Letd > 0 be given. Since u € Hg(2) and u > 0, then there is
a sequence {ug 52, in C§°(2) such that uy +6 > 0, for every k € N, up +0 > u+46
a.e in Q, and limy oo [|ur — ul g1(q) = 0 (see [1, p.94]).

Let ¢ € C§°(B(x,2r)), 0 < ¢ < 1, [Vy| < Cir~ 1, and ¥ := 1 on B(z,r). For
every k € N, we have ¥ /(uy + 0) € H}(Q2). Using this as a test function in the
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weak solution definition (10), we obtain

pott N aVu A
Q/((LVU,V(uk-i-é»W—( +1)Q/< Vi V) G 0)
ou at1 atl
+Z/ 3%12/;4—5 /V w 0

i=1 Q
Since supp(v)) C B(x, 2r), the inequality (27) reduces to

,(/)aJrl 7 / ,l/)a
(aVu, V(ug +9)) (w07 (a+1) (aVu, Vip) ot )
B(x,2r) B(x,2r)
n ou woﬂrl woﬂrl
+ Zl / bi YOx; (u +0) + / Vu (ug +90)° (28)
= B(x,2r) B(x,2r)

We will estimate all three terms on the right-hand side of (28). For the first term,
according to (6), we have

[ {aVu, Vi) | < A7Vl [V, (29)

Combining Young’s inequality sv < es? + in for every ¢ > 0 (s,v > 0) and the
inequality (29), we have for every € > 0

wa
1 L
(a+1) / (aVu, Vi)) )
B(x,2r)
_ Vul? o Al a+1
SE)\ 1(Oé+1) / ('Ll,|k+|5)2¢2 +# / ‘V’(/J|2
B(z,2r) B(z,2r)
_ Viu+9)? . AMHa+1
<ed Na+1) / Nt (Jwé))"" v +1+7(4e ) / VY2 (30)
B(z,2r) B(xz,2r)

To estimate the second term in (28), we use Holder’s inequality, Young’s inequality
and Theorem 1.1 or Theorem 1.2, to obtain

Nl
©

/ p ou v / Vul® st / byt
" Ox; (u;c +9) (ug + 9)2
B(z,2r) B (z,2r) B(z,2r)
€ |Vul? 1
<_ oc+1 b2 o
n / (ug + §)2 (OTE EAe 4n6 / v
B(x,2r) B(w,2r)
€ |Vul|? 41 1 /
<- — —C] V|~ 31
n / (uk—&-é)zw +4ne ! Vol (31)
B(x,2r) B(z,2r)

for every i = 1,...,n, where the constants C%’s depend on n, , ||b?|| Le.¢ or nabZ(r0).
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From (31) we have
ou ,l/)a-‘rl |V(U+(5>|2 1
< AR e et o a 9
Z / Tom; (up +0) = ° / (up +0)2 VI 20 / VY|, (32)
(z,2r) B(z,2r) B(z,2r)

where C’g depends on max{C%}. The estimate for the last term in (28) is
K3

port (wtd) .
/ Vil 59 = / ot (33)
B(x,2r) B(z,2r)

Introducing (30), (32), and (33) in (28), we get
a+1
/ [V, V(g + 5)) —2

(up +0)
B(z,2r)
_ V(u+9)|? A Ha+1)
<ex? 1 Nt OFF joss A0+ D)
<ed (a+1) / (ur + 012 YT+ "
B(z,2r) B(z,2r)

|V(U+5)‘2 a+1 i / @ / (U+6) «
+e / ™+ 1.0 L e TANCY)
B(x,2r) B(z,2r) B(x,2r)

Vy|?

for every k € N.

Since (u +96) — (u+6) a.e. in Q@ and u + 6 > 0, then
1 1
(r+0)  (@t9o)
For j,i =1,...,n, we infer from (35)
I(u+4) du 1 _>8(u+5)@ 1
Ox; Oz, (ug +9)? dzx; Oz (u+6)%
For every k € N, we have
O(u+9) Ou 1
‘ Ox; Oz, (uk + 5)2

O(u+9)|| ou
and / ‘ é)xj 8951

a.e. in€. (35)

a.e. in B(x, 2r). (36)

Ou |1
8@- (52

< (37)

‘8(u+

9)
axj

ou
O J

ou
0x;

< o0, (38)
L2()

52 L2(Q)

z,2r

since u € H(Q). The properties (36), (37), and (38) allow us to use the Lebesgue
Dominated Convergence Theorem to obtain

O(u+6) Ou 1 ~O(u+d)du 1
Ox;  Ox; (up +0)? Or; Ox; (u+9)2

lim
k—o0

B(z,2r)

—0. (39)

By Holder’s inequality, we also have

/ '(a(uk—l—é)_a(u—i—é)) ou 1

Oz Oz Ox; (u + 9)?

B(z,2r)
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1 ||0(ur) Ou 1
<5 - o [ull 2 0y < 55 1wk = ll g oy lull g (40)
02 8xj &nj L2(B(x,2r)) HY(Q) 62 H(2) H(Q)
for all k € N. Since limy o0 [|ux — ul|g1(q) = 0, from (40) we get
. Ouk +9) I(u+4d)\ Ou 1
1 — — 1| =0 41
e ‘( oz, or; ) 0w (ur +0)? (41)
B(z,2r)
Note that
B(z,2r) * ox; axj (uk + 6)2 * ox; a$j (U + 5)2
< llaijllz= @) / du+d)du 1 du+d)du 1
- 52 Ox;  Ox; (ug +9)? Ox; Ox; (u+9)2
B(x,2r)
aijll oo 0 0) 0 0)\ 0 1
y il ]”Lz ) / ’( e +0) Ot )) el I (42)
§ oz oz Ox; (up +0)
B(z,2r)
for all £ € N. Combining (39), (41), and (42), we have
d)oﬁ»l
li _r
kgrolo B(x,2r) oV, Vlun +0)) (uk +6)?
Ou O(uy, +6) Pott / Ppotl
lim = aVu,V(u+9 )
Q= 1 k—o0 B(z, 2r) ai]']z 8117] (uk + 5)2 B(m,2r<) ( )> (u + 5)2
(43)
From (35),
V)P oy [V@+0)? o4 :
o —” .e. in B(x, 2r). 44
(Uk+5)21/) — (ot o) P> a.e. in Bz, 2r) (44)
For every k € N, we have
V(40P a1 o
— ) 45
oy yoH < 52\v<u+ ” (45)
and / 62 u—+9 ‘2 < 2 ||u||H1(Q) < 00, (46)
(z,2r)

since u € HE(Q). Therefore, by (44), (45), (46), and Lebesgue Dominated Conver-
gence Theorem,

. |V(U+6) a+1 / |V(U+5)|2 a+1
o (w102 ¥ wrop WD
B(x,2r) B(z,2r)
We also have V((:;—:_(?) »* — VEZ ::__ g; Y* =Vy“ a.e. in B(zx,2r) (48)
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because of (35). For every k € N, we have
(u+9)
V «
’ (uk + (S) ¥
If the assumption (7) holds, then

1 1
— < Z
[ sviusa<s [ Wi+

1
< —|V||lu+ 4. (49)

B(z,2r) B(z,2r)
; ;
1
<3 /|V|2 /|u+5|2 <o, (50)
B(z,2r) B (x,2r)

since V € L2 (R) and v € H}(Q). On the other hand, if the assumption (8) holds,

loc

then V € S, C Sy by virtue to [21, p.554]. Therefore, using Theorem 1.2 we have

1 1 1
_ < = 2
[ vira<s [ owivg [ oviuss

B(x,2r) B(z,2r) B(z,2r)
1 1
<5 [ Wi+ emve) [ v <s 61
B(x,2r) B(z,2r)

since u € H}(Q). Combining (48), (49), (50) or (51), we can apply the Lebesgue
Dominated Convergence Theorem to have

. (u+9) /
1 \%4 ¥ = V. 52
e (w0 v (52)
B(x,2r) B(x,2r)
Theorem 1.1 or Theorem 1.2 allow us to get the estimate
[ veese [ v (53)
B(z,2r) B(z,2r)

where the constant C3 depends on n,«a, and |[|[V||Le.e or 1,V (rg). Letting k — oo
in (34) and applying all informations in (43), (47), (52), and (53), we obtain

wa—i—l
/ (aVu,V(u+9)) OFHE
B(z,2r)
-1 [V(u+08) a1, A Ha+1) 2
<ed (a+1) / Ww JFT / [Vl
B(x,2r) B(x,2r)
\Y o? 1
ve [ BErSlpenslo [vursa [ v oo

B(z,2r) B(z,2r) B(z,2r)
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Notice that, by the ellipticity condition (6),

V()P o / pett

_— < —_—
A / TFE P < (aVu, V(u+9)) OFE
B(z,2r) B(x,2r)

Moreover, by choosing € := % @ A the inequality (54) is simplified by

2
[CES)ES
[V(u+9) +1 2
YT <Oy IVi[* + Cs V%, (55)
/B(m,Zr) (u+0)2 B(z,27) B(z,2r)
where the constant Cy depends on a and A, while the constant C5 depends on Cy and
C3. Therefore, (55) implies

Vu+9)? a1
Vlog(u + 6 2§/ A 017 ot
/B(Iﬂ‘) | ( )| B(z,2r) (U' + 5)2

< 05/ IVy[? + 06/ IVy|* <O (r 2™ +r7%™) = Cr—2r",
B(x,2r) B(x,2r)

The last constant C' depends on Cj and Cs5. From Hoélder’s inequality,

2

1 “ 1
—/ |V log(u + §)|* < —/ |V log(u + 0)|> < Cr—2,
rn B(z,r) " B(z,r)

1
whence — |Vi1og(u+ 6)|* < Cr~°. (56)
rr B(z,r)
By using Poincaré’s inequality together with the inequality (56), the theorem is
proved. U

By virtue of Theorem 1.4, we have the following corollary.

COROLLARY 3.4. Suppose « satisfies (7) or (8). Let u > 0 be a weak solution to the
equation Lu = 0 and B(x,2r) C Q where r < 1. Then, for every § > 0, log(u + §) €
BMO,(B(z,r)).

Gathering Lemma 3.1, Lemma 3.2, Lemma 3.3, and Corollary 3.4, we obtain the
unique continuation property of the equation Lu = 0 stated in Corollary 1.5.

Proof (of Corollary 1.5). Given z € Q, let B := B(x,r) be a ball where B(z,2r) C 2
and r < 1. Let {J;} be a sequence of real numbers in (0, 1) which converges to 0. From
Corollary 3.4, we get log(u + d;) € BMO,(B). Therefore log(u + ;) € BMO(B).
According to Lemma 3.3, there exists a constant M > 0 such that

[ wwas [ s a<nt [ ) +5)
B(z,2r) B(x,2r) B(z,r)

for some 0 < B < 1. Letting j — oo and using Lemma 3.1 or Lemma 3.2, we obtain
u =0 in B(x,2r) if u vanishes with infinite order at x. U

The example below shows that there exists an elliptic partial differential equation
which does not satisfy the strong unique continuation property where its potential
belongs to Morrey spaces LP" 4 and Sg for all 8 > 4.
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EXAMPLE 3.5. Let 2 = B(0,1) CR", w:Q — R and V : R" — R be defined by the
formulae

m@{WMﬂﬂlmﬂW“%xeﬂww
1, z =0,

n z|72 - (n 2173 L lzl-4 z eR™
and V(I>={g( + D] ~2 = (n 4 5)|e| 73 + [a] 4, xiﬂs.\{()}

Note that w vanishes with infinite order at = 0 and is a solution to the Schrodinger
equation —Au + Vu = 0. We also have V € S3 C Sﬂ, forall 8 >4, and V ¢ S, for
1<a<2.

Define V* = Vxq. Then V* : R® — R and w is a solution to the equation
—Au+ V*u = 0. For y € R" and y # 0, we get |[V*(y)| < (4n + 9)|y|~*. Given
z € R™ and r > 0, by the previous inequality, we have

1 / 1 »
S WWW@S_,/ WP dy = Clnp).  (57)
T flyi<r (A /P

According to (57), we conclude that V* € LP=4P, O

REMARK 3.6. The equation Lu = 0 has the strong unique continuation property
if V,b? € S, fori = 1,...,n and 1 < a < 2 (see assumption (8)). In view of
Example 3.5, there exist V € S,, a > 4, and b; = 0 for ¢ = 1,...,n such that the
equation Lu = 0 does not have the strong unique continuation property. However,
the authors still do not know whether Lu = 0 has the strong unique continuation
property or not if Vb7 € Sy fori=1,...,nand 2 < o < 4.

REMARK 3.7. The equation Lu = 0 has the strong unique continuation property if
V,b? € LP¥ where (7) holds. If we choose V € LP"~4 (i.e. a = 4) as in Example 3.5
and b; =0 for i =1,...,n, then the equation Lu = 0 does not have the strong unique
continuation property.
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