MATEMATICKI VESNIK
MATEMATUYKNM BECHUK
75, 2 (2023), 87-96
June 2023

research paper
OPUTHHAJIHU HAYIHU DA

DOI: 10.57016/MV-0tmi2774

PROPERTIES OF ZERO-DIVISOR GRAPH OF THE RING

Fpl X qu X FT’”

Mohd Nazim and Nadeem ur Rehman

Abstract. In this paper, we study some basic properties of the zero-divisor graph of
ring F,i X Fym X Frn, where Fi, Fym and Fyn are fields of order p', ¢™ and r™, respectively,
p,q and r are primes (not necessarily distinct) and I,m,n > 1 are positive numbers. Also,
we discuss some topological indices of the graph I'(F,; x Fym X Fpn).

1. Introduction

In 1988, Beck [9] began to investigate the possibility of coloring a commutative ring
R by associating a zero-divisor graph on R, whose vertices are the elements of R, with
two distinct elements = and y being adjacent if and only if zy = 0. While 1. Beck
concentrated on the connection between the clique number and the chromatic number
of the graph, various works inspired by this construction have focused on the interplay
of commutative rings and their zero-divisor graph. However, in 1999, Anderson and
Livingston [6] modified and studied the zero-divisor graph whose vertices are the
nonzero zero-divisors of the commutative ring.

Sharma et al. [13] studied adjacency matrices for zero-divisor graph over finite
commutative rings of direct product Z, x Z,, where p is a prime. In [2] Akgunes et
al. examined graph parameters of zero-divisor graphs obtained from the ring Z, x Z,,
where p and ¢ are distinct primes. In [8] Aykac and Akgunes presented some basic
properties for zero-divisor graphs obtained from the ring Z,» x Z,2, where p and ¢ are
distinct primes. In [3] Akgunes and Nacaroglu studied graph theoretical properties
and topological index of zero-divisor graphs obtained from the ring Z, x Z; x Z,,
where p, ¢ and r are primes. We will include basic definitions from graph theory as
needed from [11].

Throughout the paper, we use the ring Fj X Fym X Fpn, where Fji, Fym and Fyn
are fields of order p', ¢™ and r™, respectively, p,q and r are primes (not necessarily
distinct) and I, m,n > 1 are positive numbers.
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88 Properties of zero-divisor graph

In this paper, we will first study the degree sequence, irregularity index, chromatic
number, diameter, girth, radius, maximum and minimum degrees, domination number
and clique number of the zero-divisor graph I'(Fj: x Fym x Fpn). After that, we will
discuss some topological indices of the graph I'(Fj,: X Fym X Fpn).

2. Properties of I'(F,; X Fgm x F;n)

P

In this section, we will discuss some basic properties of the graph I'(Fj X Fym X Fpn).
We begin our discussion with the definition of adjacent vertices of I'(F X Fym x Fyn).

DEFINITION 2.1. The adjacent vertices of the graph I'(F,: X Fym X Fy.n) are as follows:
® (a,0,0) ~ (0,b,c), where 0 # a € F; and 0 # b € Fym or 0 # ¢ € Fyn,
® (0,0,0) ~ (a,0,c), where 0 # a € Fy and 0 # b € Fym or 0 # ¢ € Fyn,
® (0,0,¢) ~ (a,b,0), where 0 # a € F; and 0 # b € Fym or 0 # ¢ € Fyn,

where p,q and r are primes (not necessarily distinct) and I,m,n > 1 are positive
numbers.

Let G(V, E) be a graph and v € V(G). The degree of a vertex v in G, denoted by
deg (v), is the number of vertices adjacent to it. The minimum and mazimum degrees
are denoted by 0(G) and A(G), respectively.

In the following theorem, we calculate the degree of every possible vertex of the
graph T'(F,i x Fym x Fypn).

THEOREM 2.2. The degrees of vertices of the graph I'(Fj x Fgm x Fyn) are given by
(i) deg(a,0,0) = ¢"r™ — 1, where 0 # a € F,,

(ii) deg (0,b,0) = plr™ — 1, where 0 # b € Fym,

(iii) deg(0,0,¢) = p'q™ — 1, where 0 # ¢ € Fyn,

(iv) deg(a,b,0) =" —1, where 0 # a € Fjy and 0 # b € Fym,

(v) deg(0,b,¢) =p' — 1, where 0 #£ b € Fym and 0 # ¢ € Fyn,

(vi) deg(a,0,c) =q™ — 1, where 0 #a € Fp and 0 # ¢ € Fyn,

where p,q and r are primes and [, m,n > 1 are positive numbers.

Proof. (i) One can see that (a,0,0) ~ (0,b,c) because (a,0,0) - (0,b,c) = (0,0,0) for
0#£acF,u, 0#b¢c Fym and 0 # ¢ € Fyn. Similarly, for 0 #a € Fy and 0 # b € Fyym
(a,0,0) ~ (0,b,0) because (a,0,0)-(0,b,0) = (0,0,0). We also have (a,0,0) ~ (0,0, c)
because (a,0,0) - (0,0,¢) = (0,0,0) for 0 # a € F; and 0 # ¢ € Fyn. As a result, the
degree of the vertex (a, 0,0) is given by deg (a,0,0) = (¢™—1)(r"—1)+¢™—14+r"—1 =
qm"r™t — 1.
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(i) For 0 # a € F,0 # b € Fym and 0 # ¢ € Fyn, since (0,0,0)-(a,0,c) = (0,0,0)
we have (0,b,0) ~ (a,0,c). Also, (0,b,0) ~ (a,0,0) because (0,b,0)-(a,0,0) = (0,0,0)
for 0 # a € F,y and 0 # b € Fym. In addition, as (0,b,0) - (0,0,c) = (0,0,0) we have
(0,6,0) ~ (0,0,c) for 0 # b € Fym and 0 # ¢ € Fyn. Therefore, the degree of vertex
(0,b,0) is given by deg (0,b,0) = (p' —1)(r" —1) +p' — 147" —1 = plr™ — 1.

(ili) One can see that for 0 # a € Fji, 0 # b € Fym and 0 # ¢ € Fyn, (0,0,¢) ~
(a,b,0) because (0,0,c¢) - (a,b,0) = (0,0,0). Also, since (0,0,¢) - (a,0,0) = (0,0,0)
we have (0,0,¢) ~ (a,0,0) for 0 # a € F and 0 # ¢ € Fyn. In addition, as
(0,0,¢)-(0,b,0) = (0,0,0) we have (0,0,¢) ~ (0,b,0) for 0 # b € Fym and 0 # ¢ € Fyn.
Therefore, the degree of vertex (0,0, ¢c) is given by deg (0,0,¢c) = (p' — 1)(¢g™ — 1) +
pl—14+¢™—1=plg™ —1.

(iv) Since (a,b,0) - (0,0,¢) = (0,0,0) for 0 # a € F,;1, 0 # b € Fym and 0 #
¢ € Fpn, (a,b,0) ~ (0,0,c). As a result, the degree of the vertex (a,0,0) is given by
deg (a,b,0) = r™ — 1.

(v) For 0 #a € Fu, 0 # b€ Fgm and 0 # ¢ € Fpn, as (0,b,¢) - (a,0,0) =
(0,0,0) we have (0,b,¢) ~ (a,0,0). Therefore, the degree of vertex (0,b,c¢) is given
by deg (0,b,¢c) = p' — 1.

(vi) For 0 # a € F,;1, 0 # b € Fym and 0 # ¢ € Fpn, since (a,0,c¢) - (0,0,0) =
(0,0,0) we have (a,0,c) ~ (0,b,0). Therefore, the degree of vertex (a,0,c) is given
by deg(a,0,c) = ¢™ — 1. O

THEOREM 2.3. The mazimum degree of the graph T'(F,i X Fym X Fon) is given by
A(T(Fy x Fgn % Frn)) = max{p'q™ — 1,¢"™r" — 1,p'r" —1}.

Proof. By Theorem 2.2, we have deg (a,0,0) = ¢™r" — 1, deg (0,b,0) = p'r™ — 1 and
deg (0,0,c) = plg™ — 1, where 0 # a € F,,0#b¢& Fym and 0 # c € F,n. Hence, the
maximum degree of I'(Fj x Fym x Fyn) is
A(T(Fp X Fym X Fn)) = max{p'¢™ — 1,¢™r" — 1,p'r" — 1}. O
THEOREM 2.4. The minimum degree of the graph T'(F,i x Fgm x Fun) is given by
(L (Fp x Fym X Frn)) = min{p! — 1,¢™ — 1,7 — 1}.
Proof. By Theorem 2.2, we have deg(a,b,0) = 7™ — 1, deg(0,b,c¢) = p' — 1, and
deg(a,0,¢) = ¢™ — 1, where 0 #a € F, 0 # b € Fym and 0 # ¢ € Fn. Hence, the
minimum degree of the graph I'(Fj x Fym x Fpn) is
§(D(Fp x Fym x Fyn)) = min{p' — 1,¢™ — 1,7" — 1}. O
The degree sequence of a graph G, denoted by DS(G), is a sequence of degrees

of vertices of G. Also, the irregularity index of a graph G, denoted by ¢(G), is the
number of distinct terms in the degree sequence of G.

THEOREM 2.5. The degree sequence and irreqularity index of the graph I'(F,i x Fym x
F,») are given by

DS(T(F, x Fym X Fyn)) = L1 , m_q : n_q 7
(I'( pt q ) { p q T
(gm—1)(rn—1)times (p!—1)(r*—1)times (p'—1)(¢g™—1)times
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plgm =1, plr—1 ,qmr”—l}

—_—— —— ——

(rm—1)times (g™ —1)times (p!—1)times
and t(L'(Fy x Fym X Fun)) = 6, where p,q and r are distinct primes and l,m,n > 1
are positive numbers.

Proof. 1t is clear from Theorem 2.2 that deg(a,0,0) = ¢™r™—1 and the number of
vertices of the form (a,0,0) is p'—1, where 0 # a € F,i. Also, deg(0,b,0) = plr—1
and the number of these types of vertices is ¢ —1, for 0 # b € F;m. Moreover, the
number of vertices of the form (0,0, ¢) is r™—1 and degree of these vertices is p'q™—1,
where 0 # ¢ € Fin.

Again by Theorem 2.2, for 0 # a € Fj; and 0 # b € Fym, deg(a,,0) = r"—1 and
the number of these form of vertices is (p'—1)(¢g™—1). Similarly, for 0 # b € F,m and
0 # ¢ € Fun, deg(0,b,c) = p'—1 and the number of vertices of the form (0,b,c¢) is
(¢™—1)(r"—1). Moreover, the number of vertices of the types (a, 0, ¢) is (p'—1)(r"—1)
and deg (a,0,c) = ¢™—1, where 0 # a € F}; and 0 # ¢ € F.n. Also, one can see that
irregularity index of the graph I'(Fj x Fym X Fyn) is 6. 0

Let G(V, E) be a graph and u,v € V(G). The distance between u and v, denoted
by d(u,v), is the length of the shortest path connecting u and v, if such a path exists,
otherwise, we set d(u,v) = co. The diameter of G, denoted by diam (G), is defined
as diam (G) = max{d(u,v) : u,v € V(G)}. The eccentricity of a vertex z is defined
by e(x) = max{d(z,y) : y € V(G)}. The radius of a graph G is rad (G) = min{e(z) :
xz € V(G)}. Note that diam (G) = max{e(z) : x € V(G)}.

By Definition 2.1, we can find the distance between any two vertices of the graph
['(Fy x Fym x Fyn) as shown in the following theorem.

THEOREM 2.6. The distance between any two vertices of the graph I'(F,i X Fym X Fyn)

s as follows:
[ ]

a1,0,0), (a2,0,0)) = 2, where 0 # a1, az € Fy,

(
e d((a1,0,0), (as,b,0))
), (

2, where 0 # ai,a3 € Fy and 0 #b € F,

d((
((
® d((a1,0,0),(az,0,c)) =2, where 0 # ay,az € Fy and 0 # ¢ € Fpn,
e d((0,b1,0),(0,b2,0)) =2, where 0 # by,bs € F,
e d((0,b1,0),(a,b2,0)) =2, where 0 # a € F,; and 0 # by, by € Fym,
e d((0,b1,0),(0,b2,c)) =2, where 0 # by, by € Fym and 0 # ¢ € Fyn,
e d((0,0,¢1),(0,0,¢2)) =2, where 0 # ¢1,¢o € Fyn,
® d((0,0,c1),(a,0,c2)) =2, where 0 # a € Fyy and 0 # c1,c2 € Frn,
e d((0,0,¢1),(0,b,¢2)) =2, where 0 # b € Fym and 0 # c1,c2 € Frn,
((
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The following theorem is a direct corollary of Theorem 2.6.

THEOREM 2.7. The diameter of the graph I'(Fy x Fym X Fpn) is given by
diam (I'(Fjp x Fym X Fyn)) = 3.

THEOREM 2.8. The radius of the graph I'(Fy x Fym x Fpn) is given by
I'ad (F(Fpl X qu X Frn)) = 2.

Proof. By using Theorem 2.6, we have

e(a,0,0) = ¢e(0,b,0) =¢(0,0,¢) =2 and e(a,b,0) =¢€(0,b,¢) =e(a,0,c) =3,
for 0 #a € F, 0# b€ Fym and 0 # ¢ € Fyn. Hence,

rad (I'(F x Fgm x Fyn)) = min{e(u) : u € V(I'(Fp x Fgm x Fyn))} = 2. O

The girth of a graph G, denoted by gr (G), is the length of the shortest cycle in
G (gr (G) = oo if G contains no cycle).

THEOREM 2.9. The girth of the graph T'(Fji x Fym X Fun) is given by
gr(I‘(Fpl X qu X Frn)) == 3.

Proof. Since (a,0,0) - (0,b,0) = (0,0,0), (0,b,0) - (0,0,¢) = (0,0,0) and (0,0,c¢) -
(a,0,0) = (0,0,0), for some 0 # a € Fu, 0 # b € Fym and 0 # ¢ € Fpn. Thus,
(a,0,0) ~ (0,0,0) ~ (0,0,c) ~ (a,0,0) is a cycle of length 3 in I'(Fj X Fym x Fyn).
Hence, gr (I'(Fj x Fym X Fyn)) = 3. O

A set S C V is a dominating set of a graph G = (V, E) if every vertex in V' \ S is
adjacent to at least one vertex in S. The domination number of G, denoted v(G), is
the minimum cardinality of a dominating set in G. A dominating set S of minimum
cardinality in G is called v-set of G.

THEOREM 2.10. The domination number of the graph I'(Fy x Fym X Fyn) is given by
’Y(F(Fpl X Fqnl X Frn)) = 3.

Proof. Clearly, S = {(a,0,0),(0,b,0),(0,0,c)} is a dominating set of I'(Fj; x Fym X
Fyn), where a, b and ¢ are fixed nonzero elements of F,, Fym and F,n respectively,
since a nonzero element (x,y, z) is a vertex of I'(F,; x Fym x F.n) if and only if at least
one of its component is zero. If we show that no subset T" of S with cardinality 2 is a
dominating set of I'(F},: X Fym x F;n), then the proof is complete. Suppose on contrary
that T' = {(a,0,0),(0,b,0)} is a dominating set of I'(F,; x Fym X Fpn), where a and
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b are fixed nonzero elements of F,; and F,m, respectively. Then, (1,1,0) is a vertex
of I'(F x Fym X Fyn), which is not adjacent to any element of 7', a contradiction.
Therefore, y(I'(Fp x Fgm X Fyn)) = 3. O

A coloring of a graph is an assignment of colors to its vertices so that no two
adjacent vertices have the same color. The set of all points with any of the colors
is independent and is called a color class. An n-coloring of a graph G(V, E) uses
n colors; it thereby partitions V' into n color classes. The chromatic number of G,
denoted by x(G), is the minimum n for which G has an n-coloring.

In the following theorem, we deternine the chromatic number of the graph I'(F},: x
Fym x Fpn).

THEOREM 2.11. The chromatic number of the graph I'(F, x Fym x F.n) is given by
X(T(Fp x Fgm x Fpn)) = 3.

Proof. Consider the vertex (1,0,0) of I'(F, x Fym x Fpn) and assign color ¢; to this
vertex. Observe that this vertex is not adjacent to (a,0,0), (a,b,0), and (a,0,¢), for
0#a€F,, 0#b¢& Fym and 0 # ¢ € F.n. So we can assign the same color ¢; to all
these types of vertices.

Similarly, consider the vertex (0,1,0) and assign a color t to this vertex. Also,
this vertex is not adjacent to (0,b,0) and (0,b,¢), for 0 # b € Fym and 0 # ¢ € Fyn.
Again, we can assign the same color t; to all these types of vertices.

Now, choose the vertex (0,0,1) and use the color t3 for this vertex. The vertex
(0,0, 1) is not adjacent to (0,0, c), for 0 # ¢ € F,n. Therefore, we can assign the same
color t3 to these types of vertices. Thus, all vertices of the graph I'(Fj; x Fym X Fpn)
are colored by at most 3 different colors. Hence, x(I'(F,: X Fym X Fpn)) = 3. U

A graph is said to be complete if all its vertices are adjacent with each other. A
complete graph with n vertices is denoted by K™. The clique number of a graph G,
denoted w(G), is the maximum number of vertices in a complete subgraph of G.

THEOREM 2.12. The clique number of the graph I'(Fu x Fgm x Fyn) is given by
W (Fp X Fygm x Fn)) = 3.

Proof. Observe that the vertex (1,0, 0) is adjacent to (0,1,0). Also, the vertex (0,1,0)
is adjacent to (0,0,1). In addition, the vertex (0,0, 1) is adjacent to (1,0,0). We can
see that the graph (1,0,0) ~ (0,1,0) ~ (0,0,1) ~ (1,0,0) is the maximal complete
subgraph of T'(F,i X Fym x Fyn). Hence, w(I'(F, X Fym x Fyn)) = 3. U

REMARK 2.13. From Theorems 2.11 and 2.12, we can say that
W (Fp x Fgm x Fyn)) = x(D(Fyt X Fgm X Frn)) =3,
which proves the perfectness property of the graph I'(Fji x Fym x Fpn).
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Figure 1: The zero-divisor graph of the ring Zs x Zs x Zs3

ExaMPLE 2.14. All the properties of I'(Z3 x Zs x Zs3), shown in Figure 1, are the
following:

i) diam ([(Zs x Zs x Z3)) = 3, (vi) DS(T(Zs x Zs x Z3) =
{2,2,2,2,2,2,2,2,2,2,2,2,8 8,8, 8,8,8},
(vii) t(D(Zs x Zs3 x Zs)) = 2,

(viil) Y(D(Zs x Zs x Zs)) = 3,

(ix) x(I(Zs x Z3 x Zs)) = 3,

(x) w(D(Zs x Z3 x Zs)) = 3.

11) rad (F(Zg X Zg X Z3)) = 2,

(
(
(iii) gr(I(Zs x Zs x Z3)) = 3,
(iv) A(T(Z3 x Z3 x Zs)) =8,
(

V) 6(F(Z3 X Zg X Z3)) = 27

3. Some topological indices of I'(F}; x Fym x Fpn)

In this section, we will discuss some topological indices of the graph I'(F X Fyym X Fyn).
A topological index of a graph G denoted by Top (G), is a number with the property
that for every graph H isomorphic to G, Top (G) = Top (H).

Some of the topological indices are define as follows:

DEFINITION 3.1. The Zagreb group indices of a graph G denoted by M;(G) (first Za-
greb index) and M»(G) (second Zagreb indez) are defined as M1 (G) = 3, cv(q) d?(u)
and Mz(G) = 3_,,ep(q) d(u)d(v), where d(u) denotes the degree of the vertex u.
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DEFINITION 3.2. The Weiner index W (G) of a graph G is defined as the sum of half of
the distances between every pair of vertices of G. W(G) = 2ouev(G) 2vev(c) 4w v),
where d(u,v) is the distance between u and v.

THEOREM 3.3. First Zagreb index of the graph T'(Fju X Fym X Fpn) is given as

Ml(F(Fpl X qu X Frn)) =

Z (ij — 12k = 1)+ (@ = D(g™ = )" = 1)(p' +¢™ + " +3),

igke{p' g™ r"}
i#j#k

where p,q and r are primes and [, m,n > 1 are positive numbers.
Proof. From Theorem 2.5, we have
My(T(Fp X Fym X Frn)) = > d*(u)
ueV(G)
= = D" =1 =)+ (¢ = D20 - D" = 1)+ (" =120 - D™~ 1)
+ '™ = 10" = 1)+ (" = 12" =)+ (" =12 - 1)
= Yoo G -DPE-D+0 - D@ =)0 =)@ " " +3). D

i,5,ke{p',qa™ v}
i2ith

THEOREM 3.4. Second Zagreb index of the graph I'(F,i x Fym x Fyn), where p,q and
r are primes and l,m,n > 1 are positive numbers, is given as

My(T(Fp % Egm X Frn)) = (6P +3)(P— Q)+ R(P+Q — R+2) + Q°,
where P = plq™r™, Q = plq™ + ¢™r" +r"p! and R = p! + ¢™ +r".
Proof. From Definition 2.1, we have
My(D(Fp x Fygn x Fen)) = > d(a,0,0)d(0,b,0)+ Y d(a,0,0)d(0,0,c)

(a,0,0)~(0,b,0) (,0,0)~(0,0,¢)

+ > d(0,b,0)d(0,0,¢)+ Y d(a,0,0)d(0,b,c)

(0,6,0)~(0,0,¢) (@,0,0)~(0,b,c)
b#c

+ d(a,0,0)d(0,b,c)+ > d(a,0,0)d(0,b,c).
(0,b,0)~(a,0,c) (0,0,¢)~(a,b,0)
aF#c a#b
By applying Theorem 2.2, we get
My(D(Fyp x Fym x Fyn)) = (¢™r™ — D)(p'r" — 1)(p' — 1)(¢™ — 1)
+ (™" =D - DE - D" =D+ @ =D - D - D™ - D" - 1)
+ ' = D' ~ 1™ = 1" = 1) + @ = D@ = D@ =D - D" - 1)
+ @' = D" =" =D - 1@ - ).
If we take P = plg™r™, Q = pl¢™ 4+ ¢™r" +r"p' and R = p! + ¢™ + r", then
Ms(D(Fy X Fym X Fyn)) = (6P +3)(P— Q)+ R(P+Q — R+2)+ Q> O
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THEOREM 3.5. The Weiner index of the graph I'(F; x Fym X Fyn), where p,q and r
are primes and l,m,n > 1 are positive numbers, is given as

W(T(Ey X Fym X Fyn)) = A+ 4B +9D + E(3C — 5) — 3 > i2(j — k) + 3,
i,5,ke{pt,qm,rm}

where A:plzqm2+pl27“n2+qm27“n2, B:pl2+qm2+,r.n27 C:plqm,r.n D:plqnz+plrn+qun7

and E=p'4+q™+r".

Proof. From Theorem 2.6, we have

W(T(Fy X Fyn % Frn)) = % S duw)

uweV(G)veV(G)

1
- [ S d@n0,0),@be)+ Y d((0,b1,0), (ab,0))
(a,b,c)e (a,b,c)€
V(T(F i X Fgm X Fpn)) V(T(F i X Fgm X Fpn))
+ > d((0,0,¢1), (a,b,c)) + > d((ay,b1,0), (a,b, c))
(a,b,c)e (a,b,c)e
V(F(FplXqu ><F7~n)) V(F(FplXqu ><F7~n))
+ Z d((ahovcl)’(avb? C)) + Z d((O,bl,Cl),(a,b,C))
(a,b,c)€ (a,b,c)e
V(F(FPZXqu XFTTL)) V(F(FplXqu XFrn))

[<pl—1>{2<pl—1> (@ 1)+ 167 1) + 2~ 1) (1) + 2 —1) (" 1)

DN =

100" 4+ D160 + 207D #1071 + 26 - -)
F16/-0 6D + 20" 00" ) b+ D161 4 161 + 267 )
LD 1) #2016 26701 | + 60D {201
£ 1) 4167 1) 4 201D+ 3D ) + 310
=D -D {16 -D + 2070 + 2671 + 361 6"
301060 + 2000+ -0 {200-1) + 167

2 1) 430/ (@) + 21" + 310" 1) ||
On solving, we get
W (D (B x Fyn x Fpe)) = (05 g™ 49" 4 ¢™ ™) 440" + g™ +7)
+9(pl g™ + P + ™) + (P 4+ g™ + ) (3plg™ ™ — 5) + 3
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_ 3p12 (qm + T") . Sqm2 (pl ) — 3rn2 (pl + qm).

Take A:€l2qm2+pl2rn2+qm2rn2, B:pl2<}>qm2<+>7,n27 C:plqmrn, D:plqm+plrn+qmrn
and E=p'+q™+r", then

W(I(Fy x Fyn X Frn)) = A+4B+9D+ E(3C —5)—3 Y  *(j—k)+3. O

i,5,k€{pt,qm,rm}
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