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ON A SUBFAMILY OF p-VALENT FUNCTIONS
WITH NEGATIVE COEFFICIENTS

S. R. Kulkarni, M. K. Aouf, S. B. Joshi

Abstract. Sharp results concerning coefficients, distortion theorem and the radius of con-
vexity for the class P> (a, B,€) are determined. Furthermore it is shown that the class P]f(a, B,€)
is closed under convex linear combinations. The extreme points of P} (a, 3,¢) are also determined

1. Introduction

Let S, (p a fixed integer greater than 0) denote the class of functions of the
form f(z) = 2P + 3.7 | aptn2Pt™ that are holomorphic and p-valent in the unit
disc |z] < 1. Also let T}, denote the subclass of S, consisting of functions that can
be expressed in the form f(z) = 27 — 37 | |aptn|2P™™. A function f € T, is in
Py (a, 3,€) if and only if

f'(z)zt 7 —p
28(f'(2)2' P —a) = (f'(2)2" 7 = p)
2] <1, for 0 < a<p/26,0< 5 <1,1/2<EL 1
Such type of study was carried out by Aouf [1] for P;(«a,3). We note that
P (a) = P (0,a,1) is precisely the class of functions in E studied by Caplinger
[2]. The class P (a, 1, 8) = P(«, 3) is the class of holomorphic functions discussed

by Juneja-Mogra [4]. Gupta-Jain [3] studied the family of holomorphic univalent
functions that have the form f(z) =z — >~ |a,|z™ and satisfy the condition

f'(z) -1
f(z)+ (1 = 2a)

<8,

<pB, 0<a<l, 0<p<l.

Kulkarni [5] has studied above mentioned properties for the functions having
Taylor series expansion of the type f(z) =2+ >~ ,anz™

In this paper sharp results concerning coefficients, distortion theorem and the
radius of convexity for the class P;(a, 3,) are determined. Finally we prove that
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the class P (a, 3,€) is closed under the arithmetic mean and convex linear combi-
nations.

2. Coefficient Theorem

THEOREM 1. A function f(z) = 27 = 37" | |apyn|2PT" is in Pi(a, 3,€) if and
only if

o0

> 4+ n)[1+ B2 = Dlagsn] < 26£(p — ).

n=1

The result is sharp, the extremal function being

2ﬁ£(p_ a) p-I—n.

&= e —na+1 "
Proof. Let |z| = 1. Then
[f'(2)2 77 = p| = BI2E(f'(2)2' 77 — @) = (f'(2)2" 77 = p)]
=S (0 + mlapial® 6‘25 —a) = (26— 1) S (p+ mlapsal”
n=1 n=1
<Y 0+ )1+ (26 = 1)B]lapin] — 284(p — @) <O
n=1
by hypothesis. Hence, by the maximum modulus theorem f € P;(a, 3,§).
For the converse we assume that
‘ fl(z)z' 7 —p ‘
26(f'(2)2" P —a) = (f'(2)z'77 = p)
_ ‘ =21 (P H 1) |apinl2” < 8.
26(p — @) = 2251 (P4 1)|ap+n|(26 = 1)2m

Since |R(z)| < |z| for all z we have

S (p 4+ n)apsale”
" {%(p—a) YT 1>zf1<p+n>|ap+n|zn} <0

We select the values of z on the real axis so that f’(z)z!7? is real. Simplifying
the denominator in the above expression and letting z — 1 through real values, we
obtain

(o) (o)
> (4 n)lapin] <286 — o) = (26— 1)B D (p+n)lapinl,
n=1 n=1

and it results in the required condition.

The result is sharp for the function (1). m
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3. Distortion Theorem

THEOREM 2. If f € Py(a, B), then for |z| =1,

_ 23¢(p — ) +1 23¢(p — ) +1
STy ey A RS e
e 29¢(p — a) 28¢(p— a)
1 p—a ’ -1 p—«
P — mTp SIS + mr”, (3)
Proof. In view of theorem 1 we have
- 26¢(p — @)
2ol S G e T
Hence
- n 26¢(p — @)
N4 D lepenle ™ <07 G e
and
S n 266(1) - a)
lf(2)| =P — ; |apsn|r?t™ = 0P — T DL+ B 1)]1"1’“
In the same way we have
FEI< o + 3+l <! + o T
and
71N o7 = 3 o mlapeal™ 7 > 0! 712%{’2;_6“)1)7«?.

This completes the proof of the theorem. m
The above bounds are sharp. Equalities are attended for the following function

2ﬁ£(p - a) Zp+1
(p+1(2-1)B+1"

THEOREM 3. Let f € P — p*(«, 3,§). Then the disc |z| < 1 is mapped onto a
domain that contains the disc

(p+1)+B[(2{ = 1) — p + 26a]
(p+ 11+ p(26 -1)]

The result is sharp with extremal function (4).

f(z)=2F - z = 4. (4)

|w] <

Proof. The result follows upon letting r — 1 in (2). m
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THEOREM 4. f € Pj(a,f,§), then f is conver in the disc |z| < r =
T(p7 a7 ﬁ7 6)7 where

T(p7a7ﬂ7€) = inf

neN

{ PP[L+ (26— 1)] }”“

(p+n)28(p—a))

The result is sharp, the extremal function being of the form (1).
Proof. Tt is enough to show that

‘(1 + ijéiZ))) —p‘ <p forz| <1

First we note that

(1 N ZJ{(<Z))) _ p‘ 2"+ (- p)f ()

EZO:1 n(p+ n)|ap+n| |Z|n

f'(2) h p—EZo:l(pﬁLn)lapmllZl"'
Thus, the result follows if
Sty wlepsalls” < pfp = 300+ wlapeallz1" ),
n=1 n=1
or, equivalently, Zle(”T”)2|ap+n||z|n <L
But, in view of Theorem 1, we have
>0+ n)L+ B2E = Dllapsn| < 266(p — a).
n=1

Thus f is convex if

<p+n>2|z|n < )1+ 5026 1)]
P - 266(p—a) 7

n=1,23,...,

i.e.

Pr+se-"r
'Z'g{(mn)mg(p—a)} pomEhas

which completes the proof. m

4. Closure Theorem
Next two results respectively show that the family P;(a, 3,€) is closed under
taking ”arithmetic mean” and ”convex linear combinations”.
THEOREM 5. If f(2) = 2P=3207 |ap4a|zPF" and g(z) = 2P =3 207 |bpyn|zPF"
are in Py(a, 3,§), then h(z) = zp—% S0 ptn +bpn| 2P s also in Py (a, B,§).

Proof. f and g both being members of P;(a, 3,£), we have in accordance with
Theorem 1

Y- +n)[L+ 826 = Dllapsn| < 26¢(p - a) (5)
and Y (p+n)[1+ B(26 = D)]|bpsn| < 26(p - a). (6)

n=1
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To show that h is a member of P, (a, 3,&) it is enough to show that

1 (o)
5 2P+ + B2 = llapn + byl < 206(p — ).
n=1
This is exactly an immediate consequence of (5) and (6). m
THEOREM 6. Let f,(z) = zP and
Qﬁf(p - a) Zp+n
(p+n)2-1)8+1"
Then f € Py(a,B3,€) if and only if it can be expressed in the form f(z) =
om0 Aptnfprn(2), where Apyn >0 and 3577 0 Apyn = 1.

Proof. The proof of this theorem follows along the same lines as the proof of
Theorem 3.3 in Kulkarni [5]. The details are omiited. m

fpin(2) = 2" —

n=1,2,3,....

COROLLARY. The extreme points of Py (a, 3,§) are the functions f,(z) = 2P
26¢(p — a)

pimee—nirls =L

and fpin(z) = 2P —
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