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CONVERGENCE OF FINITE-DIFFERENCE
SCHEMES FOR POISSON’S EQUATION WITH
BOUNDARY CONDITION OF THE THIRD KIND

Branislav Popovié

Abstract. In this paper we study the convergence of finite-difference schemes to generalized
solutions of the third boundary-value problem for Poisson’s equation on the unit square. Using
the generalized Bramble-Hilbert lemma, we obtain error estimates in discrete H'! Sobolev norm
compatible, in some cases, with the smoothness of the data.

The outline of the paper is as follows. In section 1 notational conventions are presented.
The stability theorem is proved in section 2. In section 3 we prove estimates of the energy of the
operator Aj. Finally, in section 4, we derive our main results.

1. Preliminaries and notation

Consider the third boundary-value problem for Poisson’s equation on the unit
square Q = (0,1)%:

ou

Au=f 1in Q, a——l—au:O on 9N (1)
n
where g—:‘b = % cos(xz,n) + g—; cos(y,n), n the unit outward normal to 99, and

o(x,y) is continuous function on 9N such that o(x,y) > g9 > 0, oy = const.

We suppose that, for f € H°(Q), our problem (1) has a unique solution in
H?(Q) and, provided f € H*72(Q), u € H*(Q) for 2 < s <4 (see [1,4]).

Problem (1) is discretised on the uniform mesh with step-size  h : Q) =
{(ih,jh) 14,7 =0,1,2,..., N;Nh=1}. We define @, = QN Q, and 9Q; =
0 N Q. In 09, we distinguish between two kinds of meshpoints: BQ% =
o0, \ 097 and 99 = {(0,0),(1,0),(0,1),(1,1)}.

For a function U defined on Q, the following notation will be used:

Uij = U(xi7yj)7 T, = ’Lh7 Yj :jh, ’L7] = 172,...,N and

Uij = Ui _
AU = h =L, AfU; = AU,
_ Uy — Ui j _
Ay U1 = TJ7 A;U” = Ay Ui7j_|_1.
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In the linear space of functions defined on Q, let

N-1 N—1
h2
[U, V] =h? Z UijVij + > Z (UioVio + UoiVoi + UniVi + Uin Vin )+
1,7=1 =1
h2
+ Z(UOOVOO + UnoVno + UonVon + UnnVn)

be the scalar product and |[U]| = /[U, U] the corresponding norm. The discrete
HY norm | [ +]|us is defined by |[U] |1 = /[[U][2 + U, where | - |14 is the

discrete H! seminorm:

Ua = /[]a U + ]2, 0]

N N N N
UVl = hZZZUiJ‘ViJ‘ and (U, V], = h2ZZUij‘/ij.

i=1 j=0 =0 j=1

o oL =y, o, =@,

Let T;, T; and T; (i = 1,2) denote the mollifiers defined by

1
2

Tif(x,y)= | flx+thy)dt , Tf(z,y)= [ [flz,y+th)dt,

~1 —
2

M

(S

ol

T0f(0,y) =2 / fthy)dt . Taf(2,0) =2 /jf(ac,th)dt,

_ 0 _ 0
Tif(1,y) = 2/ f(A+th,y)dt, Tof(z,1)=2 flz, 1+ th)dt.

1
2

M

We approximate problem (1) by the finite-difference scheme

AhU:F inﬁh, (2)
where AU = Ah7zU + A}hyU7
2(AfU-0oU), i=0 |, j=0,1,2,..,.N
Ap U= ATAZU | i=1,2,.,N—1, j=0,1,2,...,N,
-2(A;U+oU), i=N j=0,1,2,...,.N

Fij = TiTafij, Foj = T1Tafos,(i,j = 1,2,...,N — 1), Foo = T1T foo,
and Ap U, Fnj, Fio, Fin, Fno, Fon, Fny defined analogously.
2. Stability of the scheme

To begin, let us prove two lemmas.

LeMMA 1. Let U,V denote mesh-functions on Qn. Then [AU,V] =
U, ApLV].
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Proof. Using summation by parts it is easy to prove that

N-1 N
[An U V]==h* > ATUGATV,—
J=1 i=1
h2 N N—1
-y (AU AL Vi + AZUNAVin) — R Z (oniUNniVNi + 00:U0: Voi)
im1 im1

h
—3 (000U00 Voo + conUonVon + onoUnoVao + onnUnnVan) = [U, Ay . V].

The operator Ay , has the same property. Therefore,
(AU, V] = [An LU, V] + [AnyU, V] = [U, Ap o V] + [U, An, V] = [U,AV]. =
LEMMA 2. Let U denote mesh-function on Q. Then [AU,U] < —C|[U]J%,
where C' = min {1,209 }.
Proof. For fixed j =0,1,2,..., N , using an inequality from [8] we get

N

max {U2 :0<i < N} <20 (A7Uy)" + U + U3,
i=1
This yields the following inequality:
hz U0J+UNJ <2hz (AT U5)° +UE + U,

=1

Now let us prove that [Aj, U, U] < —%|[U]|2. Summing by parts and using last
inequality, we obtain:

N-1 N 2 p2 N ,
[An U, U] = —h? 2 ;(A;UIJ —7;{ (A7 U0)" + (A7 Uw)*] -
N-1 h
—h Z O'NJ'UIQVJ- +0'0jUgj) — 5 (UOOUgo +0'0NU§N —l—UNoU]%]O +UNNU12VN) <
j=
N

—1
—h Z lhz (AT U)° + 00U%; + 00US,
7j=1 =1

[ Z A Uzg +O’0U§0 +UOU]%]0

N
C
Y (A Uin)* + 00Uy +ouUin | < —5 U1

=1

The inequality [A, U, U] < —%|[U]|2 can be proved analogously and we easily
obtain Lemma 2. m
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THEOREM 1. For any f € H*(Q), s > 0, finite-difference scheme (2) has
unique solution U. Moreover,

Ol < (/24 SIEIL 3)

where C' = min {1,209 }.

Proof. The existence and uniqueness of solutions follow from the fact that A,
is a self-adjoint and negative definite operator (Lemmas 1. and 2.). Further, (using
Lemma 2.) we can prove stability in the norm |[-]]: |[U]]° < F[-AU U] =

& 1=FU] < &|[FI[U]] and thus |[U]] < & |[F]|. Summing by parts we can also
prove that [Ah7zU7 Ul < —3IAZ U1, [An,U,U] < =3[[A7 U], and |UF ), <
2[-ARU,U]. Thence and using Lemma 2. we get (3). m

3. The estimates of energy norm [—A,U, U]

In this section we present three lemmas. Each of them will be used to obtain
an appropriate error estimate for scheme (2).

LEMMA 3. Let U denote a mesh-function on Q) which is a solution of finite-
difference scheme (2). Then

N-1 3 [N N-1
AU U< G5 kY FE +— Z (Fa+Fn)+ D (Fa+F)| o (4
i,j=1 1= =1

where C3 1s a positive constant.

Proof. Using the c-inequality: |ab| < ea® + ﬁbQ; a,b € R, ¢ >0; in the
identity [-AxU, U] = [-F, U] as follows:

N-1 N— p2 Vol
—h2 Z FijUij S €h2 Z U2 +— Z E
i,5=1 1,5=1 1,7=1
h2 N—-1 N-1 3 h ch h
-5 FyoUjp <ch Z Uz + 6 Z F3 and — —FooUoo U020 162 —Fgo
i=1 i=1
we obtain the following inequality:
1 N—-1 h3 N h3 N-—-1
[~AWUUI S U+ hQZFfj+ZZ(FfO+ )+ 2 (Fo+ Fi)
2,7=1 =0 i=1

where U = U(U, h), more precisely

N-— N—-1
h
U=n* Y UZ+h) (Uoi.wfoJrU‘;’”+U3N)+Z (USy + Ugny + Uig + Ui y) -

1,7=1 =1
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It is easy to prove that U(U,h) < (% + [%0) [~ALU, U], where C = min {1,200}

and o > g9 > 0. Thus we get (4) where Cj = [4e —4e? (C~ + 00_1)]_1 and the
value of ¢ can be chosen so that 1 > ¢ (C~! + ¢o™"), the optimal choice being

_ l1+o0™", 0023,
62000(200+20)1:{3 L 2 L
50'0_ ) 0< og < 5"
Using the same technique, we can prove the following two lemmas. Their
proofs are omitted.

LEMMA 4. Let U denote a mesh-function on Qy which is the solution of finite-
difference scheme (2). If we substitute Fi; by Fij = Af& i + Af &, (6,5 =
1,2,.,N = 1),Fio = Af&io + 20, Foi = moi + Af&0i, Fni = mini +
Af& i, Fin = A& v + 2., (0=1,2,...,N = 1), Foo = 11,00 + M2,00, Fon =
M08 +m2,0N8, Fnvo =n1,n50 + 72,50 and Fny = m,nN +M2,8N  then

N N
[ AhU U]<C4 h2zz 611]+£2,]1 +hz €1N1+£111+€21N+£211)
7=0 =1 =1
N
+h? Z (7% i0 + 117 in + 15,00 + 15 i) } .
=0

LeMMA 5. Under the same assumptions as in Lemma 4, and defining ap;, =
Siti — Envos, ani = —&nvi — Emne, Bio = &1 — Bmaio and Bin = —&oun —
%77271-]\77 (1=0,1,2,...,N), the following inequality holds:

N N N
(AU, U] < Cs 222 & +85) hZ(agi+a?\u+ﬁ?o+ﬁi2N)
7=0 =1 =0

4. Convergence of the finite-difference scheme

Before stating our main results we quote the following theorem which is a
variant of the well-known Dupont-Scott approximation theorem (see [2]).

THEOREM 2. Let E be a bounded connected domain in R? satisfying the cone
condition and A(u) a bounded linear functional on H*(E) (s = {s} + «, {s} >
0 is integer and {s} < s, 0 < a < 1) such that Ppyy C Kernel (A(u)), where Ppq
denotes the set of polynomials of degree < {s}. Then, for any w € H*(E), |A(u)| <
Clulgs+(gy, where C = C(E,s) is a positive constant independent of w and
| - |u=(p) is the highest seminorm of H*(E).

The derivations of all error estimates below are based on the above theorem.
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THEOREM 3. Suppose that uw € H*(Q), 2 < s <4, is the solution of problem
(1) and U is the solution of the finite-difference scheme (2). Then

U =ully), < O 2 |lull 0y = O(A72).

Proof. Let us define the global error as z = U — u. Then Ayz;; = ApU;; —
Apui; = Fi; — Apus; = ;. We shall consider three cases:

i) If (ih,jh) € Qu, then

.. _TQA*au

h _ou (., . h
e <h+ 7]h> +T1A,y % <’Lh,]h+ 5) —Ahui]‘.

Using Theorem 2 and standard technique based on Theorem 2 as in [3], [5] or [9],
we obtain || < Ch*?|u|ge(,,), 2<s5<4, where
eij ={(z,y):ith—h <z <ih+h; jh—h<y<jh+h}

i) If (ih,jh) € 002, for example (0,jh), then

2 au h 8u 8 h
P ] T.:A

_U (07]h) — 4U0j:| .

1
2 [Uo,j+1 +uo -1+ 2w, — 2h oo

In the same way, except that 2 < s < 3, we obtain |pp;| < C’hs’3|u|Hs(60]_),
where eg; = {(z,y): 0<x<h; jh—h<y<jh+h}.
i) If (ih,jh) € 0}, for example (0,0), then

2= [Ou (h ou 2~ [ou h ou
=i 5 (30) - go0] +in 5 (03) - 500 -

2

ou ou
5z ——(0,0) 4 uo1 — uoo — ha—y(Q 0)]

{Uw — Ugg — h@x

and we obtain, provided 2 < s <3, |poo| < Ch* ?|u|g=(cyy), Where egg =
{(x,y): 0<a,y <h}.

However, we can obtain |[U]|fh < C[ARU,U]. Thence, using (4), we get

, 21\/—1 Y N ) p3 N=1
[z, <C SR Z‘Pi]“Fzz(‘Pio +¢iv) ZZ @o; + Vi)

i,j=1 1=0 =1

Now, for 2 < s <3, it is easy to prove that |[z]|, , < Ch*~?|u
then

Hes(Q)- If 3<s<4,

N-1
WY g < ChP Hulf o). (5)

6,y=1
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On the other hand, if « € H*(Q), then u € H3(Q) and

w3 [ N-1
T Z (0ho + win) + Z (0: + %) | < ChP|ulgs(a,0), (6)
i=0 i1

where 9, is the boundary strip of width h. But, according to [7]

he=3, 3<s<1
lulgreone) < Cllullg=() - & Vh|Inh|, s=1I (7)
Vh, % <s<4.

Using (5), (6) and (7) we obtain [[z]|1, < Ch* ?||ul|g+(q) and that completes the
proof. m

THEOREM 4. Suppose that uw € H*(Q), % < s <3, is the solution of problem

(1) where o € M (H*='(0,1)) (see [6]) and U is the solution of (2). Then

O(h*~1) , f<s<?
U = ullun = OBVhlInh]), s=3
O(hv/h) 2<s<3.

Proof. This theorem is similar to the previous one. Therefore we begin the
proof as before. Naturally, this time we shall use Lemma 5 and thus we have to
derive the following:

) i=1,2,.,N; j=1,2,.N—1 and £ <s<3, then

ou (. h . _ s
1,55 =T [% (Zh— §7jh>:| —Ayug and &) < Ch 2|U|H5(eij)7
where e;; = {(2,y): th—h <z <ih, jh—L2 <y<jh+2L}.

@) If i=1,2,.,N; j=0 or j=N and 2 <s<2, then

= [Ou (. h _ = ou (. h _
ri0 = T2 {% <Zh— 57())] —Afuio, &iin =T> {% <zh— 5&)] — AJuin

and |€1,i5] < C'}13_2|“|H~‘(eu)

where 67;0:{(1',y)2 ih—hgxgih,ogygg}
or eiN:{(x,y):ih—hgxgih,l—%gygl}.
(Analogous results can be obtained for &».)

ZZZ) If _] = 1,2,...,N — ]., then Qp; = T2(Uoju0j) — 0p;Uoj and
|aw;| < Ch* 3 loulgemr(ayy, 1< 8 <3,

where do; = [jh—2,jh+ £]. (The same results can be obtained for ay;, Bjn
and ﬁjo.)



30

B. Popovié

z'v) If i=0 and ] = 07 then Qoo = TQ(O'(]OUO(]) — OpoUO0 and
ool < OB "2 loulme(ayy)y  1<s<2,

where dgo = [0, 2] . (The same results can be obtained for a;; and f;; where
(ih, jh) € OQL.)

an

Thence:
N N-1
WYY (8 + &) SCRPlulfqy, 5 <s<3,
i=1 j=1
v hs 3<s<t
h? Z (fiio + fiiN + fg,oz' + £§,Ni) < C”“”?—I(Q) - BPI*h, s=3 )
=1 h3 2<s<3
N-1
hY o ag; < CR* Plouffg,) ., 1<s<3,
j=1
R*72 . 1<s<3
hagy < Clloull3.-1o1) - § 7° In*h, s=2
3, 5<s<3
d

low|e-10,1) < lloullga~100,1) < Cllollarczs-10,0)) 1wl zo-1(0,1) <

< Olloll a1 0apllull g (o)

Now using Lemma 5, we easily complete the proof of the theorem. m
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