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O NEPODVI�NYH TOQKAH V METRIQESKOM

PROSTRANSTVE NAD TIHONOVSKIM POLUPOLEM

Slobodan Q. Nexiq

Rez�me. Dokazana teorema kotora� obobwaet nekotorye teoremy o nepodvi�nyh toqkah
funkcii de�stvu�wih v metriqeskom prostranstve nad tihonovskim polupolem.

1. Pon�tie metriqeskogo prostranstva nad polupolem, bylo vvedeno v
rabote M. �. Antonovskogo, V. G. Bolt�nskogo i T. A. Sarymsakova [1].

Pust~ � { proizvol~noe nepustoe mno�estvo. Kol~co vseh de�stvitel~nyh
funkci� na � v tihonovsko� topologii nazyvaets� tihinovskim polupolem

i oboznaqaets� qerez R�. Oboznaqim qerez K� mno�estvo vseh strogo po-
lo�itel~nyh �lementov f 2 R�, t.e. takih �lementov, qto f(q) > 0, dl� vseh
q 2 �.

Pust~ teper~ X { proizvol~noe mno�estvo. Otobra�enie d : X �X ! K�

nazyvaets� metriko� v X nad polupolem R�, esli vypolna�ts� obyknoven-
nye aksiomy metriki. Paru (X; d) nazyvaets� metriqeskim prostranstvom nad

R
�. Esli � sostoit tol~ko iz odnogo �lementa, to R� � R �vl�ets� polem

de�stvitel~nyh qisel (sm. [2]).

2. Pust~ (X; d) { polnoe metriqeskoe prostranstvo nad polem R, a T : X !
X otobra�enie. V [3] dokazyvaets�, qto T imeet edinstvennu� nepodvi�nu�
toqku, esli udovletvor��ts� sledu�wie uslovi�

d(Tx; Ty) 6 k d(x; y); 0 6 k < 1:

V stat~e [4] �ti uslovi� byli zameneny uslovi�mi

d(Tx; Ty) 6 a [d(x; Tx) + d(y; Ty)]; 0 6 a <
1

2
;

v [5] uslovi�mi

d(Tx; Ty) 6 a d(x; Tx) + b d(y; Ty) + c d(x; y); a; b; c > 0; a+ b+ c < 1;
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v [6] uslovi�mi

d(Tx; Ty) 6 c [d(x; Ty) + d(y; Tx)]; 0 6 c <
1

2
;

v [7] uslovi�mi

d(Tx; Ty) 6 q d(x; y) + r d(x; Tx) + s d(y; Ty) + t [d(x; Ty) + d(y; Tx)];

q; r; s; t > 0; q + r + s+ 2t < 1;

v [8] uslovi�mi

d(Tx; Ty) 6 a d(x; Tx) + b d(y; Ty) + c d(x; y) + e d(y; Tx) + f d(x; Ty);

a; b; c; e; f > 0; a+ b+ c+ e+ f < 1;

v [9] uslovi�mi

d(Tx; Ty) 6 a d(x; y) + b [d(x; Tx) + d(y; Ty)] + c [d(x; Ty) + d(y; Tx)];

0 6
a+ b+ c

1� b� c
< 1; b+ c; a+ 2c < 1; c > 0;

v [10] uslovi�mi

� d(x; y) + � d(Tx; Ty) +  [d(x; Tx) + d(y; Ty)] + � [d(x; Ty) + d(y; Tx)] > 0;

�+ � + 2 < minf0;�2�g; � +  + � < 0; �+ � + 2� < 0:

3. Sledu�wa� teorema �vl�ets� usileniem privedennyh vyxe teorem o
nepodvi�no� toqke.

Teorema 1. Pust~ (X; d) { sekvencial~no polnoe metriqeskoe pros-

transtvo nad polupolem R�, a T : X ! X otobra�enie, udovletvor��wee
uslovi�mi

q d(Tx; Ty) + r[d2(x; Tx) + b2d(x; Ty)d(y; Tx)]
1

2

+ r[d2(y; Ty) + b2d(x; Ty)d(y; Tx)]
1

2
6 s [d(x; Ty) + d(y; Tx)] + t d(x; y) (1)

dl� l�byh x, y iz X i fiksirovannyh qisel b, q, r, s, t,

r 6 s+ t; t+ s+ jsj < q + 2r; b > 0: (2)

Togda T imeet nepodvi�nu� toqku u. �sli

2s+ t < q + 2br; (3)

�ta nepodvi�na� toqka edinstvenna.
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Dokazatel~stvo. Pust~ x0 iz X proizvol~na� toqka. Obrazuem teper~
sledu�wu� posledovatel~nost~ fxng

+1
n=0, polo�iv

xn = Txn�1 = Tnx0 (n = 1; 2; . . . ):

Podstaviv v (1) xn�1 vmesto x i xn vmesto y, poluqim

q d(xn; xn+1) + r[d(xn�1; xn) + d(xn; xn+1)] 6 s d(xn�1; xn+1) + t d(xn�1; xn):

Togda, esli vospol~zuems� aksiomo� treugol~nika dl� metriki d, imeem

q d(xn; xn+1) + r[d(xn�1; xn) + d(xn; xn+1)]

6 s d(xn�1; xn) + jsj d(xn; xn+1) + t d(xn�1; xn)

ili

q d(xn; xn+1) + r[d(xn�1; xn) + d(xn; xn+1)]

6 jsj d(xn�1; xn) + s d(xn; xn+1) + t d(xn�1; xn)

i po�tomu
(q + r � jsj)d(xn; xn+1) 6 (s+ t� r)d(xn�1 ; xn) (4)

ili
(q + r � s)d(xn; xn+1) 6 (jsj+ t� r)d(xn�1; xn): (5)

V silu (2) imeem

0 6 s+ t� r < q + r � jsj i 0 6 jsj+ t� r < q + r � s;

otkuda

0 6
s+ t� r

q + r � jsj
< 1 i 0 6

jsj+ t� r

q + r � s
< 1:

Polo�im teper~

max

�
s+ t� r

q + r � jsj
;
jsj+ t� r

q + r � s

�
= �;

takim obrazom, 0 6 � < 1. Iz (4) i (5) sleduet, qto

d(xn; xn+1) 6 � d(xn�1; xn); (6)

dl� vseh n = 1, 2, . . . . Iz (6) sleduet, qto dl� l�bogo x0 iz X posle-
dovatel~nost~ fxng

+1
n=0 �vl�ets� fundamental~no� posledovatel~nost~� v (X; d).

V silu sekvencial~no� polnote prostranstva (X; d), taka� posledovatel~nost~
shodits� k nekotoro� toqke u iz X.
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Podstaviv v (1) xn vmesto x i u vmesto y, poluqim

q d(xn+1; Tu) + r[d2(xn; xn+1) + b2d(xn; Tu)d(u; xn+1)]
1

2

+ r[d2(u; Tu) + b2d(xn; Tu)d(u; xn+1)]
1

2
6 s [d(xn; Tu) + d(u; xn+1)] + t d(xn; u)

i v predele pri n ! +1 imeem (q + r � s)d(u; Tu) 6 0 i tak kak q + r � s > 0,
to d(u; Tu) = 0, to est~ u �vl�ets� nepodvi�no� toqko� otobra�eni� T .

Pust~ teper~ Tu = u i Tv = v. Neravenstvo (1) dl� toqek x = u, y = v,
imeet vid (q + 2br � 2s � t)d(u; v) 6 0. Ots�da i v silu (3) imeem u = v. Tem
samym dokazana i edinstvennost~ nepodvi�no� toqki otobra�eni� T . Teorema
dokazana.
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