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ASYMPTOTIC BEHAVIOUR OF A SEQUENCE
DEFINED BY ITERATION

Stevo Stevié

Abstract. One considers some results in [1] and [2] concerning asymptotic behaviour of
recurrently defined sequences and one gives more general and more precise form to them, especially
by obtaining new terms in asymptotic expansion.

Introduction. In this paper we consider asymptotic behaviour of sequences
(Zn)nen given by the recurrent formula z, = f(x,—1). We extend the following
result (see problem 1174 [1]).

THEOREM P. Let f : (0,a) — (0,«), where a > 0, be a continuous function
such that 0 < f(z) < x for every x € (0,a) and f(z) =z — ax® + ba**P + o(x*+P),

when x — 40, where k > 1, p, a and b are positive numbers. Let xg € (0,a) and
!

Tn = f(xn 1), n > 1. Then z, ~ ((k—1)an) =V,

In the special case of the sequence given by x, = x,—1 —22 |, 0 < 29 < 1
1 Inn

it was proved in [2] that , ~ - — =3, Thus the second term in asymptotic
development of this sequence is determined.

Now it is natural to ask if we can determine the second term in asymptotic
development of the sequence given in Theorem P.

Let us first prove Theorem P. Our version of this proof is somewhat different
from its original form, and the idea and structure of this version was starting point
and inspiration for our further consideration.

Proof. Since 0 < f(z) < z for every xz € (0, ), the sequence z,, is decreasing
so that there exists lim,, 4o, ©,. It can be proved by standard procedure that
lim,,—. oo , = 0. We have

Tn = f(xnfl) =Tn-1— al‘i_l + bxk-l_'li + O(l‘k+p)_

n n—1
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Since z,, > 0, we can write

L1 (—awty A ba T o, )Y
e (A Ty )

Since 2, — 0 when n — +00, it follows that —az®~! + bxffllﬂ’ +o(z

when n — +o0c. Using the asymptotic formula (1+2)* = 1+ (§)z+ (5)2? + o(2?),
z — 0, we get

1 1 k\ 4_ _
= g = D b= D () ok el ot )
Hence,
1 1 .
xﬁ—_l = k—_ll + (k — l)a + O(xn—l) (2)

for n > ng, natural number ng being fixed and s = min(p, k — 1).
It follows from (2) that

1 1 s s
F:Kgl+(k—1)0("—%)+O($n0)+"'+0(xnf1) (3)
and hence
1 1 no\ , O@},) + -+ O0(x; 1)
_ = k-1 1—— 0 . 4
nrst nakg! * Ja ( n ) " n @

By Stoltz theorem, we obtain lim, 4 « %[O(xs Y+ -+ 0(x5_1)] =0.

no

Now it follows from (4) that lim, ., 1/(nz*=1) = (k — 1)a.
1
Finally, we obtain =, ~ ((k — 1)an) *—1.m

REMARK. An inspection of the proof shows that the condition b > 0 is not
essential.

In order to improve our estimate we are going to consider the following cases.
CASE 1. Let p > k — 1. Then it follows from (1) that

1 1 k(k—1) . _
e a(k = 1) + 0 =——"2,71 + o(2,,71). (5)

Using the substitution b, = 2~ we can write (5) in the form of
1 1 k
— = +a(k—1)+a*( . )bu_1 + 0(bp1)- (6)
[ 2

By (6), we obtain

1_1 +a(k — 1)(n — ng) + a® (g) (71221 bi> +0(byy) + -+ 0(bp_1) (7)

i:n()
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From Theorem P it follows that b,, = m +0(1), and so

i = % +a(k — 1)(n — no)
)8 e () o

By Euler’s formula, 1 + % + -+ % —lnn =7, - v €R (n - +00) and since
o(b;) = o(%) we have

i: i%—a(k—l)(n—no)
o) () e ) £
Hence
i = c(no) +a(k — 1)n +a® <§> <ﬁ <1nn+7n1 - %) +§;: 0 <%>>7

where ¢(ng) is a constant depending of ng.
Since lim, 40 Yoim,, 0(2)/Inn =0, it follows that = = a(k—1)n+% Inn+
o(Inn). Hence

1 1

p— k — =T
M= (a(k — )n + % Inn +o(lnn)) *!

Ty, =0b

o

1 Inn Inn
= T =1 1 to

1 2k—1 R
(a(k = n)k=t  2(k —1) k=1 gh-1 pk-t

M)

k
nk—1
CaAsE 2. Let p =k — 1. Now instead of (6), we have

% = bn: +(k=1)a+ by <<§> a® — (k — 1)b> + o(bn-1),

and so the final asymptotic formula of the preceeding case in this case becomes

1 ka® —2b Inn N Inn
En = L 2(a(k - 1))? L = T\ E
(n(k — 1)a)*-t (af ) (k= 1)a)k—tnk-t nk-t
CASE 3. Let p < k — 1. In the same way as in the cases 1 and 2, we obtain:
11 o= T
== +(k—=1a—-bk—-1)b,= +o0(b,)
bn bn—l
1 n-1 _p  n-1 _p_
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1 1 n—1 1

1 1
E:bnz+(n—n2)(k_1)“_b(k_1)_z—»k_51+-7 O<L)
i=n2 (a(k — 1)i) e

=c(ng) + n(k - 1)a — 2_: io( _) (8)
(k= 1) T S T S\

We will use the known asymptotic formula

1 nts
; T 1-s )
Combining (8) and (9) with s = p/(k — 1), we get
Lt (b-1% - 1 _p)n‘;i?’ foln 1)
! (a(k — 1))
Hence
T, =

1 (=Y
—(n(k=1)a) © 11— (k—1)b 1 +O< 1 )
(k=1—p)alk—1)FT g1 \pFT
1 b 1 1
B = - pt+l  ptl +o pFL
(n(k —1)a)* =" a(k —1—p)(a(k —1))F1 nk-1 .=

REMARK. If b = 0 then we need not investigate the relation between p and

k — 1, because it is easy to verify that this case was considered in Case 1.

We state the results obtained in the cases 1, 2 and 3 in the following theorem

THEOREM 1. Under the same condition as in Theorem P we can conclude
a) If p>k —1 then

1 k Inn <lnn>
xn: 1 - -1 1 —k +O A .
(a(k —1)n)*—1 2(k — 1) = aF=1 nF-1 =T

nk-1
b) If p=Fk —1 then

o= 1 _ ka2—2b Inn +0<1nn>
" (k- D) 20a(k = DR ((k - Da)mrae

nk-1
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c) Ifp<k—1andb#0 then

1 b 1
Tn = 1 + 1 1 +o ( pF+1 > -
(a(k=1)n)=7  a(k—1-p)(a(k —1))F1 nFT nk=t

ExaMPLE 1. Let f(x) = sinz and a = 7. Since sinz = = — 2—? + gg—, + o(%)
we see that @ = 1/6, b =1/120, k = 3, p = 2. Since k — 1 = p, by the Case 2. we

obtain
_ V3 3\/3 Inn n Inn
=m0 T O\ )

ExaMPLE 2. Let f(z) =In(1 4+ z), and @ = +o00. Since In(1 + z) =z — % +

ZB—S + o(z?®) we see that a = 1/2, b =1/3, k = 2, p = 1. Again we have as in the
Example 1 £ — 1 = p, and by the Case 2.

2+21nn+ Inn
Tp=—+-——+o0|— ).
n 3 n? n?

ExAMPLE 3. Let f(z) =2 — 2%, and a = 1. Thena=1,b=0, k = 2. Since
b = 0 we obtain
1 Inn n Inn
Tpn=———— 40| —|.
n n? n?

Clearly, we can try to determine other terms in asymptotic development of our
sequence. The following theorem gives us a formula which contains three terms in
asymptotic developments of the sequence z,, in Case 1:

THEOREM 2. Let p > k — 1 and let all others conditions of Theorem P be
satisfied. Then

1 k Inn d 1
Tn = T 1 DT +o &

1 1 _k_
(a(k — 1)n)F=T  2qFT(fp — 1) kT k=T 5T k1
where d is a constant depending on xg.

Proof. We can repeat the procedure from Theorem 1. By Case 1 we have

1
= alk —1)n + a_2l<; Inn + o(lnn).
Hence ) " | |
nn nn
b = = 2a(k—1)2?+0<ﬁ>' (10)

Using standard substitution b, = z*~! in (1) we get

1 k 1 (k—1) [ min(p, 2(k — 1))
_— = — 1 2 n— = 1
i +alk—1)4a <2>b 1+0(0b, 27 ), 1 1 >
(11)
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By (10), we obtain

bi:c—ka(k—l)n

k=2 1 E Ini Ini il 1
2 _ —_— —_—
ta <2>Z<a(k—1)i 2a(k — 1) i2+0<i2>>+20 T

1=ng 1=ng Z k—1

where c is a constant depending on zy and ng, hence
1

k
Eza(k—l)n-{—%lnn-{—cn.

The sequence ¢, has a finite limit since the following two series are convergent

X i = 1

> T 20|
7 o

1=ng 1=ng Z'k—l

If we put ¢, = ¢(xo) + dy, where ¢(xg) = lim,,_ 4 » ¢, we have

= 1 k Inn c(zo) 1
b"_a(k—l)n_2a(/<:—1)2?‘m+0<p)- (12)

Finally, by (12), we obtain

e 1 k Inn  d(xzo

= IS P S S S
(alk — Dn)FT 2471 (k= 1) F=1 pF-T  pF-T o

~
—_

Tn =0

1 _k_
where d(z9) = —c(20)/a* ' (k—1)F1 . m
Of course, we can obtain in the same manner an analogous formula for other
two cases. This task we leave to the reader.

We finish this paper by determination of first five terms in the asymptotic
development of the sequence given by =, = =,—1 — xQn_l , 0 < zp < 1. This
sequence satisfies the following relation

1 1

= + 14z, +ai g +o(a ) (13)
Tn, Tn—1

Using Theorem 2 we get
1/zn =n+1nn+ c(zg) + dy, (14)

where lim,,, 4 o d,, = 0.
By (13) and (14), we have

Inn Inn
dn”n*‘?“(?)v
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hence

+00 400 +00
d, :;;(dk —diy1) :; (lZ—f +0<12—2k>> ~ k:an—f ~ 1“7"
and
1/, :n-i—lnn-i—c(xo)-i—lfl—;l +O<lz_2n> i
The last equality gives us the desired asymptotic development, i.e.

1 Inn c(xo) In*n Inn (ln nz)

5+ —5 + (2¢(x0) - I)F +o 3

Of course, if we had a better asymptotic evaluation of f(x), we could obtain
better asymptotic formula for z,,.
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