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ON HB-FLAT HYPERBOLIC KAEHLERIAN SPACES
Nevena Pusié

Abstract. We consider a hyperbolic Kaehlerian space with vanishing conformal invariant.
We prove a theorem which is fully analogous to results for Riemannian and Kaehlerian spaces
with vanishing conformal invariants. Also, we prove two theorems which are valid in some special
cases.

1. Preliminaries

If an n(= 2m)-dimensional pseudo-Riemannian space M, with metric (g;;) is
equipped with a non-degenerate structure tensor (F;) which satisfies the following
conditions

ViFj =0 (1.1)
F'F] =5} (1.2)
Fji = Flga = —Fy; (1.3)

then the space M, is called a hyperbolic Kaehlerian space.

As we have mentioned in the paper [2], the nondegenerate structure has n (the
dimension of the space is n = 2m) linearly independent eigenvectors in the tangent
space. In the paper [2], we also proved

PROPOSITION 1. (A) Every vector in the tangent space of a hyperbolic Kaehle-
rian space is transformed by the structure into an orthogonal vector.

(B) The scalar square of a vector-original is opposite to the scalar square of
the vector-image.

In accordance to the Proposition 1, eigenvectors of the structure are isotropic
(null-vectors). As the structure has n linearly independent eigenvectors, there exists
a basis of the tangent space of a hyperbolic Kaehlerian space where these isotropic
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vectors serve as basic vector fields. In such a basis, metric tensor is hybrid and
the structure tensor is pure. Covariant structure tensor is also hybrid. Using this
coordinate system, we can show that a hyperbolic Kaehlerian space admits isotropic
vector fields which are not eigen for the structure. Moreover, such a coordinate
system shows us that a hyperbolic Kaehlerian space is divided very naturally into
two totally gedesic subspaces of equal dimension. Such a basis is called a separated
besis. Later in this paper, we shall construct a separated basis effectively. Also,
according to Propostion 1(B), there exist vectors of positive scalar square (space-
like vectors) and vectors of negative scalar square (time-like vectors). Space-like
vectors may serve as a domain for the involution (F;) and its co-domain will be the
set of time-like vectors. We may choose such a basis; then the metric tensor will
be a pure tensor of signature (m,m) and (F}) will be a hybrid tensor. Such a basis
is called an adapted basis. Sometimes the adapted basis enables significant help in
calculations.

In the article [2], we have investigated some properties of a hyperbolic Kaehler-
an space. Among other properties, we investigated a conformal connection (as there
cannot be a conformal transformation naturally introduced) and we found a ten-
sor which is an invariant for all conformal connections on a hyperbolic Kaehlerian
space:

HBj = Ky — 01 Krj — 61.K15 + gr; K — 91K},

n+4
+ FliSkj — F,:Slj + ijSli — Fljsli + 2S;Fkl + ZSMF;
K i i i i
- n—_+_2(619kj —b4qij + FijFy — FFipj — 2F}Fiy)].  (1.4)

By Kjkl we denote curvature tensor of Levi-Civita connection for the metric (g;;),
by Kj; — the corresponding Ricci tensor and by K the corresponding scalar curva-
ture. Also, there holds

Slj = IX’ZQF;-I. (15)

In the paper [2] we proved that the tensor Sj; is skew-symmetric. The tensor HB
is a curvature-like tensor and in [2] we proved the following algebraic properties of

this tensor:
(a) HByjri = —H Bijix

(b) HB;jri = —HBj
(¢) HBjjii = HByuij
(d) HBjji + HBjj1; + HBjj1, =0
(e) HB;kt =0
(f) HB},, F; — HB.,, F} =0.
We call the tensor HB the Bochner curvarure tensor of a hyperbolic Kaehlerian
space, for the sake of two analogies: it looks much like the Bochner tensor (of the

Kaehlerian space) and the Bochner tensor is, in some sense, an invariant tensor of
conformal connections in a Kaehlerian space (K. Yano, [4]).

(1.6)
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In this paper, we are going to investigate a hyperbolic Kaehlerian space with
vanishing H B-tensor.

2. HB-flat hyperbolic Kaehlerian space with almost constant curvature
We shall give

DEFINITION 1. If the curvature tensor of a hyperbolic Kaehlerian space can
be expressed in the following way

K

Kijgi = ————
ikt n(n +2)

(q1igkj — grigi; — F1iFij + FriFyj — 2F F;), (2.1)
then such a hyperbolic Kaehlerian space is said to be a space of almost constant
curvature.

Later, when we construct a separated coordinate system, we shall explain the
fact of a hyperbolic Kaehlerian space being of almost constant curvature.

Now we shall prove

LeEMMA 1. If a hyperbolic Kaehlerian space with vanishing H B-curvature ten-
sor is an FEinstein space, then it is a space of almost constant curvature.

Proof. Suppose that our hyperbolic Kaehlerian space is an Einstein space,
what means :
. K

Kij = Zgzj (22)

Then, in accordance to the definition of the tensor S;;,
K

n

S = ——Fj;. (2.3)
If we substitute (2.2) and (2.3) into the expression for H B-curvature tensor and if
we take into accout that the space is H B-flat, then (2.1) holds.

As the space is an Einstein space, its scalar curvature is a global constant
and, in accordance to the Definition 1, the space is a space of almost constant
curvature. m

In order to transfer our calculations into the separated coordinate system and
to work in it, we are going to prove the following two lemmas:

LEMMA 2. For two eigenvectors of the structure tensor in a hyperbolic Kaehle-
rian space there holds that either corresponding eigenvalues are mutually opposite
or the eigenvectors are mutually orthogonal.

Proof. Suppose that u and v are two eigenvectors for the structure, with
corresponding eigenvalues A and k respectively. Then

. 1 1 . 1 .
U V" = ujvkg]k = Equ,fvsg]}” = Eujvsts = —Evsu]—F” = —Eusvs7
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whence \
uv*(14+ =) =0, (2.4)
K

what proves the statement. m

LeMMA 3. If the vector u is an eigenvector for the structure on a hyperbolic
Kaehlerian space, then Fu is also an eigenvector of the structure. Then the only
eigenvalues of the structure are +1 and —1.

Proof.

v = Fu,v; = Ff'u, = Auy,

7 _ Al _ L \2,, . .
Fivi = FjF'u, = uj = AN uj = Avj,

what proves the statement. m

Now we can construct the separated coordinate system effectively. First n = %3

places take those eigenvectors of the structure which correspondto the eigenvalue 1.
Those are vectors vy, vs,...,vn,. The basic vectors v,,4+1,... ,v, are eigenvectors
with eigenvalue —1. Every v,,4; we mark by v;. Subspaces of the tangent space
of a hyperbolic Kaehlerian space V,, and V;, generated by first m or the last m
of basic vectors are invariant subspaces of the structure. On each of them, by the
sake of isotropy and by the Lemma 2, every basic vector is orthogonal to every
basic vector (including itself) and integral manifolds of vector spaces V;, and V,,
are totally geodesic.

In the separated coordinate system, the metric takes the form

0 g 5:|
o 2.5
o % (2.5
in blocks, where o, 3 =1,... ,m and 4 = m + 7. The structure looks this way
E,, 0
0 —E, (2.6)

and the covariant structure has the form

0 9aj3
o 2.7
| gas (2.7)

The metric tensor is, of course, symmetric.

By looks of metric tensor, only those components of Levi-Civita connection

which are of the form I I";ﬂ do not vanish identically.

The only components of the Riemann-Christoffel curvature tensor, by looks of
metric tensor and Christoffel symbols will be of the form K ;.5 in the separated
coordinate system. Also, we have to take into account the all algebraic properties
of the Riemann-Christoffel tensor.
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We can see that only components og HB-tensor which do not vanish identically
in the separated coordinate system are of the form HB,3,5. Our proposal is that
the space is HB-flat. There holds

. 1 . . .
0= HBaB’yg = I‘aﬁ’yg n+ 4[9604‘[&’}/5 g'yaIXgﬁ + g’yfil‘ga - ggBIX’Ya
+ F50,5,5 — FyaS55 + F,3550 — F53S5ya + 255, F.,5 +25,5F5,
K
n+2(g(5agfyﬁ 9y 955 _FgaF’yB+F55F’Y‘1 _2FBaF’y5)]'

The all covariant tensors of second order appearing in the upper formula are hybrid
and, besides, there hold

Fop = 905 Fpa = =505 Saf = ~Kus Spa = Kpa- (28)
Substituting (2.8) in the upper formula, we obtain

——(9289+5 * 90395)]-
(2.9)
If a hyperbolic Kaehlerian space has constant sectional curvature, then that
sectional curvature vanishes and, moreover, the space is flat; also, any sectional
curvature of a hyperbolic Kaehlerian space vanishes except of cases when (from the
viewpoint of the separated coordinate system) the section directions of different
totally geodesic subspaces or if one direction of the section is a vector which has
nonvanishing components in tangent spaces of both totally geodesic submanifolds
(again in separated coordnate system) and the second direction of the section is
the image of this vector by the structure tensor. The first case of nonvanishing
sectional curvature we call the cross sectional curvature and the second one is
totally holomorphic sectional curvature, because of holomorphy of such a section.
If the totally holomorphic sectional curvature of a hyperbolic Kaehlerian space is
constant (or if it does not depend on choice of the section at a point), then the
space is a space of almost constant curvature. This fact may be expressed in the
form (2.1) in any general coordinate system.

. 2 K
K afyé = n+4[ga6]&'y,6 +g'y,6[‘a6 +gfy6'[&aﬁ +gaﬂI&76 n+2

In the same manner as in the article [1] it can be proved that if a hyperbolic
Kaehlerian space is a space of almost constant curvature, then the cross sectional
curvature equals to a quarter of totally holomorphic sectional curvature. Both these
types of sectional curvature are in such a case, of course, constant.

Suppose, now, that the hyperbolic Kaehlerian space is a space of almost con-
stant curvature. As the space is HB-flat, there holds formula (2.9) and we obtain

3 2 . 5 2K 5
K, 5, 5u" viuf = ﬂ[él(uw) LsuTv? — (u,v)?]
for vectors u,v which form a cross sectional curvature. By (u,v) we denote the
scalar product of vectors uw and v. The cross sectional curvature (which is constant)
can be expressed in this way

2 K. zu'vP 2K
K(u,v) = i . L (2.10)
n+4 g’YBu’Y’Uﬁ n+2
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If the space is H B-flat and Einstein, then, in accordance to the Lemma 1 its cross
sectional curvature is constant, and, by (2.1) is equal to —2K_ where I denotes

n(n+2)
the scalar curvature of the hyperbolic Kaehlerian space.

We can notice that our H B-flat hyperbolic Kaehlerian space of almost constant
curvature is an Einstein space, because of Ricci curvature, appearing in parentheses
of the expression for constant cross sectional curvature.

Comparing the expressions (2.1) and (2.10) we obtain that K = 0, what, by
(2.1) means that the space is flat.

We have proved that there holds

THEOREM 1. If a hyperbolic Kaehlerian space is HB-flat, then it is an Einstein
space if and only if it is a space of almost constant curvature.

We did not prove explicitely that a H B-flat space of almost constant curvature
is an Einstein space (the converse of Lemma 1), but it is very easy to prove.

3. On the indicating quadratic form

In the present paragraph, we shall not introduce any additional proposals. Our
hyperbolic Kaehlerian space will be just H B-flat.

We shall involve some abbreviations:

1 K
I, = K — oil, g = II; 3.1
kj n +4[ Xk] 2(TL+ 2)gk]]7 kg 7k ( )
1 K
Ty = Sk Fiil, Te; = —Tj. 3.2
kj n+4[ kit 2(n+2) kJ]v kj jk ( )
Also, there holds
Tyj = o FY' (3.3)
Now we can put
HBijri = Kijri — Diju, (3.4)

where

Dijrt = 91illi; — grilly; + griIs — 90510k
+ Fii Ty — Frilyy + Fir; T — Fiy Tk + 275 Fiy + 2T F;. (3.5)

We can show that II; and D;ji; satisfy the following relations

K
I =g¢"Tap = 57—, 3.6
9 M = 5t 2) (3.6)
Dijie = =Djire = =Dijie = Dhaij- (3.7)

We are going to prove a most significant theorem, which shows full analogy between
conformally flat Riemannian spaces, Bochner-flat Kaehlerian spaces and H B-flat
hyperbolic Kaehlerian spaces:
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THEOREM 2. On a hyperbolic Kaehlerian space, HB-tensor vanishes if and
only if there exists a quadratic form @Q such that the sectional cutvature of a holo-
morphic section o is equal to trace of the restriction of the form Q to o, metric
also being restricted to o.

Proof. We shall prove the theorem in both directions. Suppose, first, that

H B-tensor vanishes. We consider a holomorphic section, in directions of vectors X

and F(X). The vector X is not an isotropic vector field. From the viewpoint of

natural geomety of hyperbolic Kaehlerian space, the vector X can be expressed as

a linear combination of vectors from V,,, and V,,,. The sectional curvature of such
a section looks this way:

b= —K;ju X' FXIX*FX! B —Kiju X' FXIX*FX! (3.8)

(9irg1j — grjgu) X FXIXFFX! (X, X)? '

where we have taken into account the Proposition 1(B) from Preliminaries.

Now we take into account that HB;j,; = 0 and, according to (3.4) Kiju =
Djjri. If we pay more attention to local coordinates X*, F X’ = F7*X,, the ex-
pression (3.8) can be rewritten as

8T, XX

where I, are components of the tensor (3.1). Suppose that the first direction of

the section is the vector U, satisfying (U, U) = 1; the second direction is the vector

F(U), with scalar square —1. Then, there holds for the sectional curvature
E(U,F(U)) = 4I1,,UU® — 411, F*U°F U

Taking into account the formulae (3.1), (3.2) and (3.3), it can be easily seen that this
holomorphic sectional curvature equals to restriction of the trace of the covariant
tensor 4II,;, of the second order to the holomorphic section o.

Conversely, suppose that the sectional curvature k(o) of a hyperbolic Kaehleri-
an space in the direction of holomorphic section ¢ generated by nonisotropic vector
U and its image F(U) is given by k(U, F(U)) = 8I1,,U*U®. U is a unit vector and
coefficient of the quadratic form II;; satisfy the relation

I, FIFF = —Ilg. (3.10)

We shall prove that in this case H B-tensor of this space vanishes. In accordance
to this proposal about the holomorphic sectional curvature, there holds:

Koin XPFIXIXTFR X" = 894 XF X1, X' X" (%)

If we take into account that the structure is parallel, applying the Ricci identity
we obtain F} Ky, = Ff K. Further, there hold

F;Fi-[(sitk = F;:F[:I(sitj (311)

F;SLF;KS]C“‘ = —F/CSF;EI(S]'# (312)

F;F]stitk - F}iF;Kskti = FlF{ Kgj + FFL Kgjie = FLFS (Kgirj + Kyjis) (Z 0. |
3.13
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Now if we rewrite the formula marked by (x) this way
KawFIFXFXTX' X" = 8¢ TLin XM XX X" = 8, Iy XF X/ XX

and if this relation holds for components (X*®) of any nonisotropic vector, then
there will hold
Ksith;Ff: = 4(gr;Lin + ginIly;), (3.14)

whence
Ko FiFy + Kauo F{ F + Ko FLFY
=4g1;Lin, + grilln; + grllyi + Ui gin + iign; + Hargji].  (3.15)
In the formula (3.15) we change index j for ¢ and h for p and then contract by
F;’F,ﬁJ . We obtain
Kpiji + I(jpthfF}f + Kijin
=A4[F;3Tin, — giillin, + FarTij + Tj Fni — Hiigjn + FjiTen],  (3.16)
where the relation between T; and the form II;; is given by (3.2). Then we
alternate the indices £ and j in the last equality. We obtain
2K hijik + (Kjptk — Kipty ) FLFY + Kijen — Kikgn
=4[2F;Tip — grilljn + gjillen + FripTij — FjTip + 2Tk Fls
—igin + Wjigrn + FiTkn — FriTin].  (+%)
There holds
(Kjpek — Kiptj ) FL Fy = (Kjper + Kjup) FLFf) = =K F{ F,
= —KpjFy F} = =Ky F{ F} = Knijp.
By this fact, we can rewrite the equality marked by (#x) in this way
2K hiji + Knije + Kijen — Kigin = 3Knhije — Kijne — Kigjn = 3Kpije + Kinkj
= 4Kk = 42FjTin — grillin + g5:llen + FenTij — Frj Tk + 2T Fhs
—gigin + Wjigun + FjiTin — FiiThn). (3.17)
After contraction by %gkh, we obtain K;; = (n+4)II;; +1Ig;;, and after contraction
by ¢¥, II = #;2) whence

1 K

L, = K- ———
J [ J 2(n+2)

n¥d 9]

and then ) K
— S ——
n+4[ it 2(n+2)
just as it has been defined. As we showed what the symbols II;; and 7;; mean,
from (3.17) we obtain Kz = D;j;i and, consequently, HB;ji; = 0. m

Ti; = Fij] =1L, F},
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The analogous therem for Riemannian and Kaehlerian spaces has been proved
by Yano and Chen in [5]. The technology of proof of the first part of our theorem
is very similar to theirs.

4. H B-flat decomposable hyperbolic Kaehlerian spaces
We shall prove the following theorem:

THEOREM 3. If a hyperbolic Kaehlerian space HK,, can be locally decomposed
into two hyperbolic Kaehlerian spaces of dimensions p and n —p (p and n — p
are even numbers) and if its H B-tensor vanishes, then each of these two spaces
is a space of almost constant curvature and these almost constant curvatures are
mutually opposite; conversely, the product of two hyperbolic Kaehlerian spaces with
mutually opposite almost constant curvatures is a hyperbolic Kaehlerian space vith
vanishing H B-tensor.

The consideration of a hyperbolic Kaehlerian space which is itself a product
space does not mean that we shall consider a space with two different structures.

Proof. We are going to prove this theorem using the separated coordinate
system. The fact that the space is decomposable we can express in the following
way

ds® = ds} + ds3, (4.1)

where B
ds? = 2g,3dr*dx® and ds? = 2g,sda”dx® (4.2)

are matrices of decomposition components H K, and HK,_,, which are themselves
hyperbolic Kaehlerian spaces. The indices a,b,c,... are associated to the space
HK, and the indices r,s,t,... are associated to the space HK,_,. Evidently,
chosen coordinate systems in both spaces HK, and HK,_, are separated and
they together make a separated coordinate system for the space HK,,.

For the space HK,, there holds

I{agccz =0 (43)
because of o
I(azcu? = _I(Ea'r@ = _gEcI{STE = —Y95¢ axa:; = 07

where we use the fact about the form of only nonvanishing components of Levi-
Civita connection in the separated coordinate system.

The space HK,, is HB-flat and there holds
HBaEccz = -

: : K
<grshab + 95K rs — —gabgrs> .

n+4 n+2

After contraction by ¢"*, we obtain
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and after contraction by g‘“_’7
K K,
Krg = I—— r3-. 45
(n +2 p ) g (4:5)
That means that the spaces HK, and HK, _, are Einstein spaces.

Now we calculate K ;.;, which are components of Riemann-Christoffel tensor

of the space HK,. We obtain
2 K K, K
K_;.7= — 1—-— 79ed 70ed
abed n+4 (’I’L +2 n _p) ( n+ 2) (gabgcd + gadgcd)v
using the fact that the space HK, is HB-flat. The upper equality means, in ac-
cordance to Definition 1 (and taking into account that we use separated coordinate
system), that the space HK, is a space of almost constant curvature; in a similar
way we can obtain that HK,,_, is a space of almost constant curvature. Taking
into account the form of Ricci tensor of the space H K, there yields:
Ky . K, K

=— (4.6)
P n—p n+2
and by (4.1)
K+ K, =K. (4.7)
Eliminating K from (4.6) and (4.7), we obtain
Ky Ky =0 (4.8)

+
plp+2)  (n=p)n—p+2)
and this is the sum of almost constant curvatures of spaces H K, and HK,,_,, what
completes the proof in one direction.

Conversely, if HK, and HK,_, are spaces of almost constant curvatures and
if these almost constant curvatures are mutually opposite, there yields that both
of them are Einstein spaces; then so is their sum. The scalar curvarure of the sum
is the sum of scalar curvatures of components etc. m

The theorem which is analogous to the last one (for Kaehlerian spaces) has
been proved in [3] by Tachibana and Liu.
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