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ON THE SECOND ORDER INFINITESIMAL BENDINGS
OF A CLASS OF TOROIDS

Ljubica S. Velimirovié

Abstract. This paper is devoted to a study of the second order infinitesimal bendings of
a class of toroids generated by a simple polygonal meridian. A necessary and sufficient condition
for the existence of the second order infinitesimal bendings is determined.

1. Introduction

Let us suppose that the meridian of a rotational surface T is a simple polygon
with apeces A;(ui, pi), pi >0,i=1,...,n, A,11 = A; at the orthogonal coordinate
system uOp, with orths €, a(v), a'(v), where € is unit vector of the axis of rotation,
a(v) unit vector of the p-axis where v is the angle between the plane of initial
position of the meridian and a(v), then @'(v) L a(v) and @'(v) L é (see [1], page
90). The equations of the sides are

Pi+1 — Pi (

w—u;) = kiu + ng, (1.1)
Ui41 — Uy

pE) = pi+
where p;) is the value of p on A;A;11, and

ki:w7 ni:pi_w. (1.2)
Ui41 — Uy Uj41 — Uyg

By rotation of the mentioned polygon round the u-axis one gets the toroid 7. Let

us consider the second order infinitesimal bendings of such a toroid.

We shall use here Cohn-Vossen’s method [1], [2] and [3]. Infinitesimal bendings
of the first order for the toroid rotational surfaces with polygonal meridian were
considered at [4] and [5].

The correspondence between the volume variation and the flow of the infini-
tesimal bending for piecewise smooth surfaces was studied at remarkable paper [8].
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References for later investigations on infinitesimal bendings can also be found

at [6] and [7].
The radius vector of surface 7' is represented in the known way [1]
F(u,v) = e + p(u)a(v),
where p = p(u) is the equation of the meridian. Let

1 (1)
) = Ve + 8 () + Yw, ),
(2)

(2)
2 (u,0) = D, )e + 8 (wv)a+ F(u, )

(1.3)

(1.4)

(1.5)

be continuous fields of infinitesimal bendings of the first and the second order

(2) ¢y (1)
respectively, where Z (u,v) is an extension of the field Z (u,v). The fields Z (u,v)

2
and Z (u,v) satisfy the systems of differential equations [1]:

b

(1) (1) (1)
Wty Bu=0.8+%, =09 108, -F)+s5. =0,
(2) 1 (1)
(2) 1 (cly)i (D)2

@ (2

B+7e=— a,+(B.—7)

L, M (1),
2p '
(2) @) (2 (2) W@ D L
av+p'(ﬁv—7)+p’w=—lauav+ BulBo—=7)|-

According to [1] we have the first order fundamental field

) 1) Y _ _
Zr(u,v) = ag(u,v)e+ Br(u,v)a+ ve(u,v)a, k>2, keN
where
%z)k(um) = (1)k(u)ei}” +
@) (1) P —ikv
Br(u,v) = P r(u)e™ + ¥ _g(u)e™",

1 (1) 1kv (1) —1kv
Y ie(u,v) = X r(w)e™ + X _x(u)e™ ™.

(1) —1kv
' —k(u)e F )

(2)
The field of infinitesimal bendings Z ok (u,v) of the second order is

(2) (2) O @ i
z 216(’“’71)) = a2k(u7v)e + ﬂZk(uvv)a"'_ 7216(“7’0)0’ ) k Z 27 k € Na

where (2) (2) (2) (2)
2 2 . 2 —oike . (2
ok (u,0) = @ ok (w)e*™ + @ op(w)e™* + Yo(u),

) ) e
Bok(u,v) = Yar(u)e™™” + 9 _ap(u)e™ """ + ¥ o(u),

(2) (2) (2)

vk —2tkv 2
Vor(w,0) = Lax(we™ + R _ax(wye 2 + o).

(1.6)

(1.8)

(1.10)

(1.11)
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(1) 1) (2) (2) (2) (2) (2)
The functions (Pk( ) ka( )7 X/C(U’)v SOQk(u)v ¢2k(u)7 XQk(u)v @0(“)7 ¢0(“)7

(X)o(u) satisfy the following systems of differential equations

(1) (1) ICO Y () W (1)

Ortp ¢k=0 ikXe+ =0, ikor+p(Ye— Xr)+pXe=0, (1.12)
(2) (2) 1y, M ay
90’2k+p’1/12k:—§ G+ VE+ xR

(2 (2) 1 1 (1) 1
2Zk(X)2k + ok = ~3, [—kz(@)% + (kY — 5613)2] ) (1.13)
T ) (2), (1) (), W
2ik @or +p' (2tk Yok — Xok) FpX o = —thkpr oy — ¢k(zk¢k — X&),

(2) (2) ,w, ) <1, (1) (1),

Po+PYo=—0rp_y — Lk ko
(2) 1 (1) L) IR CU R €)'
wo—__l2@k@ ke — (kY — XE)@kY _k — X —k)
P (1.14)
,(2) (2), (1), (1) (1) (1), @, 1) (1)

—p'Xo+pXog=itkorp _r—tkpre  — i (—ikY _r — X k)

(1) (1) (1)
— 'tk — Xk)-

The system (1.13) can be written in the form

(2), ,2) (2)
Por + 0 Vi = Azi(u),
(2) (2) (2) /
2ik X 2k + V21 = Bag(u), (1.13)
@, @

22k<ﬁ2k+ﬂ(22k¢2k —(X)Qk)+ﬂX2k = Cax(u),

2 2 2)
where Ao (u), Bor(u), Cop(u), are the right sides of (1.13). If we express the right

(1)
sides of (1.13) by % we’ll have according to [2]

(2),

© RO
<P2k+P1/12k=2—k2{1—(1+p )k]¢k,

(2 @) 2 2 PR (1.2 W W, 0, 2
20k o+ 0 = | (62 = D214 )0+ 200 (02 = DU, + 20 2] 20,

2 (2) 2 2 , (1) (1 (1),
2k Pk + 920k Dok — Nak) + 0N o = —i[(1+p?) (K> =DV +pp' ¥ 7] /K.
(1.13 ")
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In the same way, the equations (1.14) are

(2), 2 (@)
Yo+p o= Ao(u),

2 ,
¥o = Bo(u), (1.14)
2) 2 _ @

PXo—pP Xo=Colu),
or

(2)

(2) 1 , (1) (1)
w6+p’w6=—p[k2(1+p2)+1]w’k o
(2) o (1) (1)
Po == (B = 1201+ 57) 0w
, VI R VR Y (1) ,
+ o0 (K = 1)( ) + ¥ k¢k)+ﬂ¢ k¢k /(pk?),
(2) (2) (1) (1) (1) (1)

PXo— P Xo=i(k* =)L+ p2) (V) — Vit )/ k.
(1.14")

The system (1.12) is equivalent to the differential equation of the second order

(1)
with respect to ¢ (see[l]):

(1) , (1)
py+ (k" =1)p" ¥y =0, (1.15)

and the system (1.13) is equivalent to the differential equation (see [2]):

@), N R
Py, + (4k* = 1)p" 1 or = Rop(u) (1.16)
where
(2) e @), 52 (@)
Rop(u) = —p" Bop(u) + pBhy(u) — 4k” Agp(u) — 2ik C 5y (u) (1.17)
i.e.

(2) k2 -1 2p’2 ,
Rop(u) = % {1 +p 2+ pp" (K = 1) +

20/ (k2 -1 (1) (1)
o p(k2p )[ppll+(k2_1)(1+p )]wkwk

1 212 1 2 (1)’2 '
b= ) 0 (1.17)

2 (1)
pp ]wk
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2. Infinitesimal bendings of the second order
of a toroid with poligonal meridian

The meridian of our toroid consists of line segments p(;)(u) = k;u + n;. From
(1.15)

(1) (1) (1) ) (1) (1)

¢k7l(u) :Mk7iu+Nk7i7 1=1,...,n, (Mkﬂ- :Mi7Nk7i :Ni) (2.1)
i.e. we have the linearity of the field of infinitesimal bendings of the first order,
where M;, N; are the constants defined in [4]. For the determination of the second
order field of infinitesimal bendings, according to (1.16) we have the equation

@) @)
iy (W) Yoy i (u) = Rag,i(u) (2.2)
where
(2) (k2 —1)%p2 , y k2 iyl 1)
Ropi(u) = T() {1 + P(f) + P(i)ﬂ(i)(k2 -1)+ 72()] Vi
P P
2p0 (k% = 1) N [EV I
- (l)czT [P(i)ﬁ&) +(K-1)(1+ P(%))] Vi Vi
1 '2 2\2 1 2 (1)’2
+ o | (L4 6))(L =877 = payp(y (L + K7) 1 . (2.3)

Since p’(i) =k, p’(’i) =0, we have

(2) 2121+ k2) [K2(Mu + N;)? Miu+ N;
ng,i(u):(k )k2( +k1){kl( u+ N;) o M w+

- ; MZ|. (24
(kiu + ’IL,‘)2 kiu +n; + M :| ( )

(2)
In order to find v ax,(u), we have to solve the differential equation of the second
order (2.2), which from (2.3,4) becomes:

(2) 2 _1)2 2 2(M; )2 : - 2
0(u) = (k 1)2(1 + k) [kZ(M;u + N;) kM, M;u + N; n M; '
’ k2 (kzu + ni)?’ (klu + ni)Q (kzu + nl)
(25)

The solution of this equation is

(K2 = 1)°(1+ k) (ki N; — Min;)* | () 2)

(2)
() = Moy u+ Ny, 2.6
Vakau) 2k2K2 (kyu + n;) + Mokt 4 N, (2:6)

(2) (2)
where Mo, Nogi, @ =1,2,...,n are the constants that are to be found. Rota-

tional toroid generated by a polygonal meridian consists of n regular parts. Let
us denote them by T;, ¢ = 1,2,...,n. Let ¢;, i = 1,2,...,n, be regular parts of

- (1) (2)
meridian, ¢; : piy = p@y(u). We shall denote by 24 i(u,v) and 2" 2,(u,v) the

fields of infinitesimal bendings at T;. The fields (?k,i(um)7 (?gk,i(uw) are to be
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continuous on the whole surface. At the circles circuscribed by the apeces of the
meridian, the fields of infinitesimal bendings of the first and the second order are to
be continuous [1]. From that fact, at the mentioned points v = o of the meridian
we have for the field of infinitesimal bendings of the first order:

(1) (1) (1) (1) (1) (1)
0r,i(0) = Prit1(0), Vii(0) = Vr,ir1(0), X,i(0) = X rit1(0) (2.7)

and in the same manner for the field of the second order:

(2) (2) (2) (2) (2) (2)
Qori(0) = Porir1(0), Vari(o) = ¢2k i+1(0), Xok,i(0) = Xor,it1(0),(2.8)
(2) (2) (2) (2) (2)

©0,i(0) = @o,it1(0), Yolo) = ¢01+1( ), Xo0,i(0) = Xo,it1(0). (2.9)

At the points u = o of the meridian p = p(u) we also have the following relations
Py (o) = prig1y(o), pzi)(a) + sz_l)(U), i=1,2,...,n. (2.10)

According to (1.15,1.16) on the parts T; of the surface T it is

(1)11 2 " 1)
Py Vi + (K7 = D)p(iy Y ki = 0, (2.11)

@), ) (2) (2)
Pl ¥ ok,i + (4K —1)/’(1)1#21”— Ragi, 1 =1,2,...,m. (2.12)

(1)
Based on [1], page 112, for the field of infinitesimal bendings % ;(u) at the points
u = o we have

(1)
iy (0) ¥l (o) + (2 = D)p(y (o Wu( )
(1) (1)
= p(ip1)(0) U iva(0) + (k* — 1)p2i+1)(0) Y k,iv1(0)

(2.13)

For the field of the second order infinitesimal bendings we have according to [2]

(2) ) , (2)
Pi+1) (o )¢2k z+1( (4% —1)p Pli+1) (0)¢2k i+1(‘7)

)2 (2.14)
(i) (o )¢ () + (4% = 1)pf;) (o )¢2m( ) + Qx(0),

where

Pliy = Pl , ., (1)
Qr(o) = W (K = 1)%(pé) — K = ooy plas ) k) V7

oy o Dy 5 , 5 1
+(L+ Kl 02 + poy (K = 1) (200 + K20y = k2pliin) Y ki ¥l |-
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At the line generated by A;(ui, p:), i =1,2,...,n, based on (2.8) we have

(2) (2) (2) (2)
wiMop; —uiMog iy1 + Nogi — Nogit1
) o0 )
(B =) (L + R ) (Rt Nejivr — My ipanigr) 5 15
2k2pi k722+1 ( . )
1+ 1) (ks Vs — My me)?
_ k) 5 )7 G o).
The equation (2.14) gives
, ) , 2)
[—pi — (4k* — Dkus)|Moak; + [ps + (4k° — 1)kip1ws| Mok ;41
NG ) ()
— (4k* = 1)ki N og,; + (4% — Dkiz1 N 2g,i41
2 2 2 ) ) 2
(R =12 (L + Kk )(Ripr Ngjivr — My ipaniv)
o2k, kiy1
(1) (1)
_ (]. + k?)(kiNk’i — Mk,mi)2]
4k2 — 1) (k%2 — 1)2 (1) (1)
( 2k)2(p- ) {—(1 + k2 1) (ki1 Ngiv1 — My ipinisr)?
Lo
+ (1 + ki )(ksz,z — M/w-ni)
I (1) (1)
+ kp% [(k;2 — 1%(k] = k* = kikip 1 kB°) (Mg jui + N i i)
O ) S I N RN €
+(L+E%)p" My + pi(k™ = 1)(2k; + K7k — k7kip1) (Mg i + Ny i) My i |
(2.16)
Solving the system (1.14") we have
@ 2 @ (2)
Pot) = [(Ao(w) = () Bow) du+ Mo,
(2) (2)
Yo(u) = Bo(u), (2.17)
(2) %) (u) (2)
2 olu
Xo(u) = pu / du+ N ]

(2) 2) (2)
where Ag(u), Bo(u), Co(u) are given by (1.14). According to (2.9) we have

(2) (2) (2) (2) (2)
Mo; — Mo i1 = |Aogit1(0) — Agi(o)|o + (ki — kit1) Coi(0), (2.18)
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(t=1,2,...,n). From (2.9) we also have

(2) (2) )
Ng,i:Ng,i+1, (z:1,2,...,n). (219)

From above exposed, the following theorem holds:

THEOREM. Neccesary and sufficient condition for the toroid rotational surface
generated by polygonal meridian to have a field of infinitesimal bendings of the

1)
second order as an extension of the field Z (u,v), is the systems of linear equations
(2.15,16) and (2.18,19) to be compatible.
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