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HYPERBOLIC REALIZATIONS OF TILINGS BY ZHUK SIMPLICES
Milica Stojanovié

Abstract. One possibility to classify hyperbolic sapce groups is to look for their fundamental
domains. For simplicial domains are combinatorialy classified face pairing identifications, but
the space of realization is not known. In this paper two series of fundamental simplices are
investigated, which have three equivalence classes for edges and two for vertices. Three edges
in the first class belong to the same face and vertices of that face are in the same class. Those
simplices are hyperbolic, mainly with outer vertices. If so, then truncated simplex tilings are also
investigated and classified with their metric data and other conditions.

1. Introduction

Hyperbolic space groups are isometry groups, acting discontinuously on the
hyperbolic 3-space with compact fundamental domain. In aim of classifying them
one may look for their fundamental domains. Face pairing identifications of a given
polyhedron give us generators and relations for a space group by Poincaré theorem
[, 2], [5]-

The simplest fundamental domains are simplices and truncated simplices by
polar planes of vertices when they lie out of the absolute. There are 64 combina-
torially different face pairings of fundamental simplices [12], [13], [8], furthermore
35 solid transitive non-fundamental simplex identifications [8]. I. K. Zhuk [12],
[13] has classified Euclidean and hyperbolic fundamental simplices of finite vol-
ume up to congruence. Some completing cases are discussed in [4], [7], [10], [11].
Algorithmic procedure is given by E. Molnar and I. Prok [7]. In [8] and [9] the
authors summarize all these results, arranging identified simplices into 32 families.
Each of them is characterized by the so-called maximal series of simplex tilings.
Besides spherical, Euclidean, hyperbolic realizations there exist also other metric
realizations in 3-dimensional simply connected homogeneous Riemannian spaces,
moreover, metrically non-realizable topological simplex tilings occur as well.

Two simplices, investigated in this paper, were described and considered in spe-
cial cases with other methods for first time by I. K. Zhuk [12], [13]. They have three
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equivalence classes for edges: a{ApA1}, b{A1 42, A1 A3}, c{AoAs, A2 A3, A3 Ay} and
two for vertices: {A;} resp. {Ag, Aa, A3} (Fig. l.a, 2.a).

Sum of dihedral angles around edges in the same equivalence class is always of
the form 7/v. That is the reason we have three parameters a, b and c¢. I. K. Zhuk
obtained in [12], [13] only values of parameters for which simplices are either spher-
ical of hyperbolic with finite vertices. E. Molnar, I. Prok and J. Szirmai have

extended these results in [9] for some parameters, to the Nil and SL;R geometries
(see also [6]). Some cases of simplices in hyperbolic space with vertices out of ab-
solute, are also mentioned in [10], [11]. In this paper we have classified all cases of
these simplices which are realizable in spaces of constant curvature including hy-
perbolic simplices with vertices which are not finite. With previous investigations
this provides complete result for all values of parameters.

When vertices are out of the absolute, the simplex is not compact and then
we truncate it with polar planes of the vertices. The new compact polyhedron
obtained in that way is fundamental domain of some larger group. It has new
triangular faces whose pairing gives new generators. Dihedral angles around new
edges are /2. That means there are four congruent polyhedra around them in the
fundamental space filling.

The geometrical results of this paper will be given in section 4 and the metrical
ones in section 5 in Theorems 2 and 3.

I started with investigations in this field during my studies in Budapest, under
supervision of Prof. Emil Molnar.

2. Projective metrics, spherical and hyperbolic spaces

The projective 3-space P3 can be introduced in the usual way by the 4-
dimensional real vector space V* and its dual space V; of linear forms. Then
the 1-dimensional subspaces of V4 (or the 3-subspaces of V;) represent the points
of P3, the 1-subspaces of V; (or the 3-subspaces of V*) represent the planes of P?
and 2-subspaces of V* (or of V}) represent the straight lines of P3. The point X (x)
and the plane a(a) are incident iff za =0, (z € V*\ {0}, a € V; \ {0}). If {e;} isa
basis in V* and {7} is its dual basis in V}, i.e. e;e/ = 67 (the Kronecker symbol),
then the form a = ejaj takes the value za = zta; on the vector z = z’e;. We use
the summation convention for the same upper and lower indices.

We can take basis {b'} in V} in such a way to represent planes containing
simplex faces opposite to the vertices A;, respectively. Projective metric in P? can
be introduced by giving a bilinear form

<; > : VZ X VZ — R, <biui;ijj) = ’U,ibij’l)j,

where ((b;b7)) = (b") is a Schlifli matrix. Vectors a; of the dual basis {a;} in V4,
defined by a;b® = 6;- represent the vertices A; of the same simplex. The induced
bilinear form

;) VXV S R, (2'a;97a;) = 2layy’

is defined by the matrix ({a;;a;)) = a;; inverse to (b'7).
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We assume that the bilinear form (; ) by (b¥/) has either signature (4, +, +, —)
which characterizes the hyperbolic metric, or (+,+,+,+), this will be the el-
liptic (spherical) metric. FEuclidean geometry would be described by signature
(+, +,+,0), that will not occur in our considerations.

It is well-known that the bilinear form induces the distance and the angle
measure of the 3-space. Let X (z) and Y (y) be two points in the projective space
P3. Then their distance d(z,y) is determined by

(z39) and  ch(d(z.u)) — ——L3Y)
(z;2)(y; v) ¢ etdey) (z;2)(y; v)

for elliptic and hyperbolic case, respectively.

cos(d(x, ) =

The next lemma will be used in section 5.

LEMMA 1. For any (r + 1)-minor determinant of a regular matriz (a;;) and
complementary (n — r)-minor of its inverse (b") the following equality holds

Qipjo -+ Qigj, pir+1dr+1 . pir+idn
= det(aij) : : g.
in Jr41 in Jn
Wirjo - i, bindrat b
Here o = sign(io, ... ,orylrg1y- - 50n)-8180(J0, -« »Jry Jrtls - - -, Jn) denotes the sign
product of the corresponding permutations of the elements 0,1,...  n.

3. Construction of discontinuously acting isometry groups

Identifications on the simplex 7 are face pairings by isometries, satisfying the
following conditions

a) For each face f,-1 of 7 there is another face f, and an identifying isometry
g of the space S®(H?), which maps f,~1 onto f, and 7 onto 79 2 T, the neighbor
of T along f,.

b) The isometry g~
simplex 7 along f,-1.

! maps the face f; onto f,~1 and 7 onto T9 " joining the

The face pairing identifications of 7 generate an isometry group G.

These generators induce subdivision of the edges into oriented segments
such that a segment does not contain two equivalent points in its interior. An
equivalence class consisting of edge segments e, es, ..., e, with dihedral angles
e(er),e(ez2), ... ,e(e,), respectively, is defined by the following algorithm

(elvfgfl) 2 (e2vfg1); (62vfg;1) 2 (637fgz); cee (ervfgfl) &, (elvfg,‘) (2)

where the symbols are not necessarily distinct.

In other words the segment e; is successively surrounded by simplices

—1 -1 _—1 -1 -1 _—1
T, 70 7% 0 7o e
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which fill an angular region of measure 27 /v. If plane reflection m; = g; occurs
then each edge segment comes two times in (2) and so

e(er) +---+eler) =7/v, (3)

otherwise
eler) + - +ele,) =2m/v. (4)

The cycle transformation ¢ = g1g2 - - - g, belonging to the edge segment class
{ei} is a rotation, say, of order v. Thus we have the cycle relation

(g192---9-)" =1 (5)
in the second case and an analogous in the first case.

c) Assume that (3) or (4) holds for the dihedral angles at {e;} in each segment
equivalence class.

We need the specified Poincaré theorem:

THEOREM 1. Let T be a simplex, or a truncated simplex in a space S® of con-
stant curvature and G be the group generated by the face identifications, satisfying
conditions a)-c). Then G is discontinuously acting group on S*, T is a fundamen-
tal domain for G and the cycle relations of type (5) for every equivalence class of
edge segments form a complete set of relations for G, if we also add the relations
g? =1 to the occasional involutive generators g; = g; .

4. Zhuk simplices and their isometry groups

a) Isometries which identify faces of simplex 7; (Fig. 1. a) are
(A A A (A A A\ Ay A A
P AL A4 Ax) TP\ A4z A Ay ) T T4 A Ay )

By notations in [8], [9] it is representing simplices from Family 30 with groups of
simplex tilings T'sg(a;2b;6¢). In the first edge equivalence class denoted by a is
the edge ApA;p, in the class b are the edges A; A; and A; Az, and in the class ¢
lie AgAs, ApAsz and Az Az. The face pairing isometries divide edges in class ¢ into
two equivalent oriented segments. Vertices Ay, Ay and Az are in one and A; is in

another equivalence class of vertices. Relations for the isometry group are obtained
by Theorem 1 and the presentation is

G(Ty,a,b,c) = (ry, 79,7 — (1)* = (rrl)b = (1"17‘21"7‘27‘*17‘2)6

=rf=r3=1,a>3,b>2.c>1).

Considering vertex figures on a 2-dimensional surface around the vertices, we
can obtain a fundamental domain for the stabilizer group G4, of vertex A; and
e.g. Ga, of vertex Az. Transformation r is mapping vertex figure 74, onto 7!
and ry is mapping 74, onto 7,?. That means that 74, and 7! have a joint
edge corresponding to the joint face f,, of the simplices 7; and 7{"* and similarly,
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Fig. 1

Ta, and 7,7 have a joint edge corresponding to f,,. One of the domains for G 4,
(Fig. 1.b) is
Pa, == TX; U7Ta, Ung.

In the diagram for P4, and P4, the minus sign in notations a=, b~ and ¢~
means that edges in these classes are directed to vertices according to vertex figure
(plus means opposite direction).

When parameters a, b, ¢ are such that simplex 77 is hyperbolic and that the
vertices either in the first or in the second equivalence class are out of the absolute,
it is possible to truncate the simplex by polar planes of the vertices. Then we get
a compact polyhedron denoted by O;. If we equip O; with additional face pairing
isometries, it will be a fundamental domain for the group G(O1, a,b) which will be
a supergroup for G(71, a,b). Trivial group extension with plane reflections in polar
planes of the outer vertices is always possible. In the case of vertices Ag, Az, A3 the
new relations, which are necessary to add to group G(71, a, b) to obtain supergroup
in this way, are (Fig. 1.c)

marimsry = (Mmarz)? = moramary = marmsr ! = mormer
_ o2 _ 2 _ 2 _
=mg=m5;=mz =1
where m; is plane reflection corresponding to the vertex A;. There are no more
possibilities for face pairing isometries for this equivalence class (see [4] and [10]).
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Fig. 2

For vertex A; these relations with trivial extension are (Fig. 1.d)

(mir1)? = myrmir !t =m? = 1.

For A; it is also possible to equip the new triangular face with half-turn r3 and
then the new relations are (Fig. 1.e)

(7“17"3)2 = (7“7"3)2 = 7"?2) =1L

If @ # 2b then 7; and O; are maximal (without further symmetries) (see [§],
[9))-

b) Notations for simplex 72 and its isometry group in [8], [9] are Family 26
and T'yg(a; 4b; 12¢), respectively. Face pairing isometries of 7 (Fig. 2.a) are

(A A As\ (A Ay A5\ Ay A A
A1 A A43) TP\ A Ay Ay) T T\ A A Ag )
Division of edges and vertices into equivalence classes is similar as for simplex 73

and the isometry group has the presentation
G(Tz,a,b,¢) = (m,r1,r — (r)* = (rmr™'m)" = (rorrer Yrymeyrror ™ rym)
:T%:mQZI; a>3,bp >1,c >1).

For 2b; = b and 2¢; = ¢ simplex 75 has the same metrical properties as the simplex
7T, with even b and c.
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Fundamental domain for the stabilizer group G 4, of vertex As, say, contains
vertex figure around that vertex. Since r is mapping vertex figure 74, onto 7!

and r—! is mapping 74, onto Tj{;l, one domain of G 4, (Fig. 2.b) is
—1
PA3 = Tg[l] U TAg U 77{2 .

If simplex 75 is hyperbolic with vertices outside of absolute, we have analogous
cases as at 77. For outer Ag, Ao, A3z we consider the polar planes and corresponding
plane reflections mq, ms2, ms (Fig. 2.c). We get the new relations

(mam)? = (magm)? = morymsry = (mary)? = mormsr™" = mermor ™"
=mi=mi=mi=1

For outer A; we have two possibilities to equip the polar planes with identifi-
cation either with plane reflection m; (Fig. 2.d) to get new relations

(myim)? = myrmyr~ =mi =1,
or with half-turn ro (Fig. 2.e) and new relations
(ram)? = (rrg)? =73 = 1.

The groups of tessellations with 75 and O, are maximal, if a # 4b.

5. Realization of Zhuk simplices in spaces of constant curvature

Schlafli matrix for simplices 7; and 75 are the same

1 r s s
_ oy |1 aq
B=ty=|] o 11, )
s g p 1
where p = —cos2n/a, ¢ = —cosy, r = —cos(w/c — 2v), s = —cosw /b, with the

natural parameters @ > 3,0 > 2, ¢ > 1 and 0 < v < 7/2¢. In agreement with
mentioned in sect. 4 for simplex 75 parameters b and ¢ can take only even values
(2b; = b,2¢;y = ¢), thus we deal with simplex 7; that is more general.

Symmetries of simplex 77 are giving us a necessary condition d(Ap, As) =
d(Asz, Az). Using the inverse matrix (a;;) in (1) we can express any side length (or
its function) by the angles, so

2 2 2 2
gy G33 or Qpod22 — Gpy (22033 — A33

o022 22033 oo @22 22033
Applying our lemma, we get
az3(bi11bzs — b%g) = apo(boob11 — 631)
and with notations as in (6),
f(y)=0 (7)

for f(7) = (1—p)A+p—2¢*)(1 —7%) — (1 —¢° —1° = s* + 2r5¢)(1 — ¢*). Angle v
can take its values from interval (0,7 /2c).
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LEMMA 2. Equation (7) has unique solution for (a,b,c), except a > 6, b =2,
c¢=1. These cases are discussed in [6] and [9].

Proof. A) Note that it holds f(0) < 0 and f(7/2¢) > 0 for ¢ > 2 and all values
of parameters a and b. It is possible to prove that then f’(y) > 0. So, for ¢ > 2,
(7) has the unique solution.

B) If c =1 then r = 2¢> — 1 and f(v) = (1 — ¢?)f1 () where
f1(7) = —4¢*(1 — 2p) — 4¢3s + ¢*(1 — 4p?) + 2¢s + s°.

Since 1 —¢% > 0 (except for ¢? = 1 i.e. for v = 0) we may consider fi(7) instead of
fon.

a) In the case b =21t is fi(y) =0 for a =3 and fi(7) =0 & ¢> = 22 for
a > 4. In the first case (a,b,c) = (3,2,1), we get spherical simplex with dihedral
angles 7/2 and 7 /4 at edges Ay As and AgAy (AgAs), respectively. Second case is
true only for ¢ = 4 and a = 5.

b) If b > 3 and a = 3 then f1(0) < 0, fi(7/2) > 0 and f{(y) = 2¢'s(1 —
6¢%) where ¢’ = siny. Since f{(v) changes sign only for ¢ = —1/v6 (ie. v =
arccos(1/v/6)), the equation fi(v) = 0 holds and so (7) has unique solution (with
v € (0,arccos(1/1/6)).

c) For b > 3 and a > 4 again f;(0) < 0, fi(7/2) > 0, and f{(v) = 2¢' f2(7),
with f2(7) = q(1 — 2p)(1 + 2p — 8¢?) + s(1 — 6¢?). Since 2¢' > 0, sign of f{(v) is
the same as of fa(7). Function f(y) changes sign: f2(0) > 0, f2(7/2) < 0 and

() = d'(—24¢*(1 — 2p) — 12¢s + 1 — 4p°).

It is possible to check that fi(v) < 0 for a > 6 (since ¢ < 0) and f(7y) changes sign
only for @ = 4 and a = 5. So, (similarly as in b)) fa(y) (i.e. f{(v)) changes sign
only once. That means that (7) has the unique solution. m

THEOREM 2. Simplex Ty is spherical when (a,b,c) takes (3,2,1), (4,2,1),
(5,2,1), (3,3,1). Simplex is hyperbolic for (a,b,1), a > 3, b > 3 except (3,3,1),
and for (a,b,c), a >3, b>2, ¢ > 2. Simplex Ty is hyperbolic for all parameters.

REMARK. In [8], [9] it is proved that simplex tiling by 7; is realizable in Nil
space for (6,2,1) and for (a,2,1), a > 7 in the universal covering space of SLa(R).

Proof. Signature of B in (6), obtained by finding the eigenvalues, is (+, +, 4+, —),
(+,+,+,0) or (+,+,+,+) whenever necessary condition is satisfied. Then we have
simplex in hyperbolic, Euclidean or spherical space, respectively. The last critical
sign is also possible to get as the sign of det B. In our case det B = (1 — p)@, with
Q= 1+p)(1—72)+4qrs —2(¢®> + s?). Since 1 —p > 0 it is enough to consider
sign of Q.

A) For ¢ > 2, ¢2, r? are in interval (1/2,1) and p < 1/2, s < 0 hold. Then
Q@ < O, so these are hyperbolic cases.

B)a)If c =1 and b = 2 then ¢ = # (for a € {3,4,5}) and so Q =
*(—2p® + p+1) > 0. These are spherical cases.
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b) If c =1, b > 3 and a > 4 it is easy to prove that @ < 0, so we have
hyperbolic cases.

c)Forc=1,a=3and b > 3itis Q = —2f1(7)+2¢%(2—3¢%) (fi(7) is defined
in Lemma 2.). According to Lemma 2, fi(v) = 0 has to be satisfied. Thus, sign
of @ depends on sign of 2 — 3¢%. Since fi(arccos/2/3) is positive for a = 3 and
negative for a > 4, we have spherical and hyperbolic simplex, respectively.

Since parameters b = 2by, ¢ = 2¢; for simplex 75 are even, then case B never
appears thus 75 is always hyperbolic. m

For hyperbolic simplices it is interesting to investigate the cases when the
vertices are proper, or they lie on the absolute or out of the absolute. Therefore,
we need any submatrix B;; of B in (6), corresponding to the vertex A;, which we
obtain by excluding i-th row and i-th column. Since vertices Ag, A; and A3 are in
the same equivalence class it is enough to consider only By for vertex Ay and By,
for Al.

Equivalently, as a 2-dimensional situation, we obtain well known simpler cri-

teria in

THEOREM 3. a) The vertex Ay is proper (>), lies on the absolute (=) or out

of it (<) if

=

1 1
44z
a C

AV

>
N =

b) The vertices Ay, As, Az are proper (>), they are on the absolute (=) or out

of it (<) if
1

1+1+ 3
a b <2

AV

We see that Ag, Az, A3 are outer vertices for any ¢ > 2, since a > 3, b > 2 hold
by our starting assumption.
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