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H-PROJECTING IN n-DIMENSIONAL

EUCLIDEAN SPACE En

Milan Jani�c

Abstract. Several types of projecting in n-dimensional Euclidean spaces are known. In this
article we de�ne a new type of projecting of the n-dimensional Euclidean space onto its �xed plane.
We shall prove some properties of this projecting. It will be shown that so de�ned projecting is
a central projecting with an (n� 3)-dimensional subspace as a center.

1. Central projecting

By En we denote the n-dimensional Euclidean space. An m-dimensional sub-
space of En will be denoted by Em. It is known that En can be extended to the
projective n-dimensional space Pn by adding a hyperplane En�1

1
. The subspaces of

Pn will be denoted the same way as the subspaces of En. The lower index 1 will
denote that a subspace of Pn is in En�1

1
. If En

1 and En
2 are subspaces of Pn, then

their intersection is also a subspace. If n1+n2�n � 0 and the subspaces En
1 and En

2

are in general position, their intersection is the subspace En1 \ En2 = En1+n2�n.

Let M be a point of En and
�
S11; . . . ; S(n�2)1

	
a simplex of a subspace

En�3
1

. The points S11, . . . , S(n�2)1, M determine a subspace En�2
M of En.

Let E2
0 be a �xed plane of En in general position with respect to the simplex�

S11; . . . ; S(n�2)1

	
, i.e. such that they span En. We de�ne that E2

0 \ E
n�2
M =

E0 = M 0, is the projection of the point M by a subspace En�3
1

. The subspace
En�2
M is called the projecting subspace. To determine the projection of any other

point N onto the plane E2
0 , it is su�cient to intersect that plane by the subspace

determined by the points S11, . . . , S(n�2)1, N . The subspace En�3
1

is called the

center of projecting of En onto the plane E2
0 . The point M 0 is called the central

projection of the point M by the center En�3
1

.

2. Projecting of En by En�3
1

Let Ox1 . . .xn be a coordinate system of En. Let Xi1 = xi \ En�1
1

(i = 1; . . . ; n) and let En�1
1;... ;n�1 be the coordinate hyperplane Ox1 . . .xn�1. If M

AMS Subject Classi�cation: 51 N15

77



78 M. Jani�c

is a point of En then its projection onto the hyperplane En�1
1;... ;n�1 is M1;... ;n�1 =

En�1
1;... ;n�1 \MXn1. Let Hn be a point of the line X11Xn1, Hn 6= X11, Xn1.

The point Mn
1;... ;n�1 = HnM \ X11M1;... ;n�1 is the projection of M by Hn onto

the hyperplane En�1
1;... ;n�1. If Hn�1 is a point of the line X11X(n�1)1, then the

procedure of projecting will be continued from the points X(n�1)1 and Hn�1.

We shall obtain the point M1;... ;n�2 = (M1;... ;n�1)1;... ;n�2 = En�2
1;... ;n�2 \

M1;... ;n�1X(n�1)1 and the point Mn
1;... ;n�2 =

�
Mn

1;... ;n�1

�
1;... ;n�2

= En�2
1;... ;n�2 \

Mn
1;... ;n�1X(n�1)1 as the projections of the points M1;... ;n�1 and Mn

1;... ;n�1 from

X(n�1)1 onto the coordinate subspace En�2
1;... ;n�2 = Ox1 . . .xn�2. AlsoM

n�1
1;... ;n�2 =

(M1;... ;n�1)
n�1
1;... ;n�2 = En�2

1;... ;n�2 \ H(n�1)M1;... ;n�1, will be the projection of the

point M1;... ;n�1 from Hn�1 onto the subspace En�2
1;... ;n�2.

After n� 2 such steps, we shall obtain the set of n� 1 points:

M1;2 = ((. . . ((M1;... ;n�1)1;... ;n�2) . . . )1;2;3
)
1;2

,

M3
1;2 = ((. . . ((M1;... ;n�1)1;... ;n�2) . . . )1;2;3

)
3

1;2
,

M4
1;2 = ((. . . ((M1;... ;n�1)1;... ;n�2) . . . )

4

1;2;3
)
1;2

,

. . .

Mn�1
1;2 = ((. . . ((M1;... ;n�1)

n�1
1;... ;n�2) . . . )1;2;3

)
1;2

,

Mn
1;2 = ((. . . ((Mn

1;... ;n�1)1;... ;n�2
) . . . )

1;2;3
)
1;2

.
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We call this projecting the H-projecting of En onto the plane E2
1;2 = Ox1; x2.

We shall prove that the central projecting de�ned in section 1 is actually an H-
projecting.

Lemma 1. Let En�k�l be a subspace of En and let
�
S11; . . . ; S(k+l)1

	
be

a simplex of Ek+l�1
1

in general position with respect to En�k�l. Let Ek�1
1

be the
(a�ne) span of fS11; . . . ; Sk1g, E

l�1
1

the span of
�
S(k+1)1; . . . ; S(k+l)1

	
, and

En�l the span of En�k�l and Ek�1
1

. If M 0 is the central projection of M from
El�1
1

onto the subspace En�l, M 00 the central projection of M 0 from Ek�1
1

onto
the subspace En�k�l, and M 000 the central projection of M from Ek+l�1

1
onto the

subspace En�k�l, then M 000 =M 00.

Proof. Let El be the span of El�1
1

andM , Ek+l the span of Ek+l�1
1

andM , and
Ek the span of Ek�1

1
and M 0. Then El � Ek+l implies M 0 2 Ek+l, which implies

Ek � Ek+l, and the last relation in turn implies M 00 2 Ek+l \En�k�l = fM 000g.

Theorem 1. The point M1;2 de�ned by the H-projecting is equal to the point
M 0, de�ned by the central projecting for Si1 = Xi1, i = 3; . . . ; n, and E2

0 = Ox1x2.

Proof. We shall prove the theorem by induction. The statement is true for
n = 3, we assume it is true for n = m� 1, and let n = m. By Lemma 1 the point
M 0 is the central projection of the point M1;2;... ;m�1 from the span of the points
Xi1, i = 3; . . . ;m�1, onto the plane E2

0 , which is (by induction) the pointM1;2.

We shall also prove the following essential property of the H-projecting.

Theorem 2. The points M12;M
3
1;2; . . . ;M

n
1;2 are on a line parallel to the x1

axis.

Proof. The planes which contain the points Hi and Xi1 do contain the point
X11 2 HiXi1. Hence, 2-dimensional planes spanned by the points Hi, Xi1 and
M1;2;... ;i intersect the coordinate planes Ei�1

1;2;... ;i�1 along the lines which are par-

allel to the x1 axis. Since M i
1;2;... ;i�1 = Ei�1

1;2;... ;i�1 \M1;2;... ;iHi, and M1;2;... ;i�1 =

Ei�1
1;2;... ;i�1\M1;2;... ;iXi1, we conclude that the linesM i

1;2;... ;i�1M1;2;...;i�1 are par-
alel to the x1 axis.

By central and H projectings onto the plane Ox1x2 the lines parallel to the x1
axis remain parallel to it. Hence, the linesM12;M

i
1;2 are parallel to the x1 axis, and

therefore they coincide, as the central projections of the lines M i
1;2;... ;i�1M1;2;...;i�1

onto the plane E2
0 .

By an H-projecting the point M is maped onto an (n � 1)-touple of colinear
points M12;M

3
1;2; . . . ;M

n
1;2. We shall prove that this correspondence is bijective.

Theorem 3. The mappings M
H
�! (M1;... ;i;M

i+1
1;... ;i; . . . ;M

n
1;... ;i), i =

2; 3; . . . ; n � 1, are bijections of En onto the set of (n � i + 1)-touples of points
(of the coordinate planes Ei

1;2;... ;i) which are on lines parallel to the x1-axis.
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Proof. We need only to prove that given an (n � i + 1)-tuple of points
(N1; . . . ; Nn�i+1) of a line from Ei

1;... ;i parallel to the x1 axis, there is a unique
point M such that

(N1; . . . ; Nn�i+1) = (M1;... ;i;M
i+1
1;... ;i; . . . ;M

n
1;... ;i): (1)

The proof will go by induction. Let i = n�1. The pointM , if it exists, is on the
lines N1Xn1 and N2Hn. Since N1 = N2, or N1N2 3 X11 and X11 2 Xn1Hn,
the lines N1Xn1 and N2Hn are coplanar nonparallel and intersect at a unique
point M .

Assuming the statement is true for i = k � n � 1 we prove it is true for
i = k � 1. Let us suppose that (1) holds for some point M and i = k � 1. As
we have just proved, the points N1 = M1;... ;k�1 and N2 = Mk

1;... ;k�1 give rise to

a unique point N 2 Ek
1;2;... ;k such that N = M1;2;... ;k. The point N = M1;2;... ;k

in turn determines the line through it parallel to the x1 axis which, as we have

shown in the proof of the previous theorem, should contain the points M j

1;2;... ;k,

j = k + 1; . . . ; n. The points M j

1;2;... ;k, j = k + 1; . . . ; n, are therefore unique
intersections of the line through N = M1;2;... ;k which is parallel to the x1 axis,

and the lines through the points Nj�k+2 =M
j

1;... ;k�1, j = k + 1; . . . ; n, which are
parallel to the xk axis. Now, using the induction, we conclude that n� k+1-tuple
(M1;... ;k;M

k+1
1;... ;k; . . . ;M

n
1;... ;k) uniquely determines M .

Remark. If the coordinate system Ox1 . . .xn is orthogonal, and the directions
Hi, i = 3; . . . ; n disect the right angles de�nd by the directions X11 and Xi1, then
M1;2M

i
1;2 equals to the distance of the pointM to the hyperplane En�1

1;... ;i�1;i+1;... ;n:
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