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ON CERTAIN CLASS OF RATIONAL FUNCTIONS
WHOSE DERIVATIVES HAVE POSITIVE REAL PARTS

S. B. Joshi and Milutin Obradovié

Abstract. For a certain class of rational functions we give a sufficient condition such that
their derivatives have positive real parts.

1. Introduction and preliminaries

Let A denote the class of functions f analytic in the unit discU = {z : |2| <1}
with f(0) = f(0)—1 = 0. Let R denote the subclass of A for which Re{f'(z)} > 0,
z € U. Tt is well known that the previous condition implies univalence of functions

feA

In their paper [3] Ozaki and Nunokawa proved the following criterion for uni-
valence in U.

THEOREM A. If f € A and

2f'(2)
12(2)

—1‘<1, zeU, (1)

then f is univalent in U.

But the condition (1) doesn’t imply Re{f'(2)} > 0, z € U. For example, for

the function .

f(@zm7 0< k<1,
we have that
k 2 £/
f’(z):%; %(z)—l‘=|—k22|<k7 zeU;

and Re{f'(i)} = Re{(1—6k+k?)/(1+k)?} <0, for 0.17157... =3 -2V2 < k < 1.
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In that sense we have just showed that for 3 — 2v/2 < k < 1 the condition

2f'(2)
f*(2)

—1‘<k7 zeU (2)

does not imply that f € R.

In this paper we give some additional conditions to (2) such that they provide
f € R. We apply these results to a certain class of rational functions.

We also need the next lemma.

LEMMA 1. [1] Let Q be a subset of the complex plane C and suppose that the
function ¢: C* x U — C satisfies the conditions (ixz,y;2) ¢ Q, for all real x,
y < —(1+2%)/2 and all z € U. If the function p is analytic in U, p(0) = 1 and

(), 21/(2); 2] € 9, then Re{p(2)} > 0.
2. Results and consequences
First, we prove

THEOREM 1. Let f € A satisfy the condition (2) and the condition

a - <1acta s
rg —| < = arctan ———,
ST S 2 K
for some 0 < k< 1. Then f € R.

Proof. If we put f'(z) = p(z) and (2/f(2))? = g(z), then by the conditions (2)
and (3) of the theorem we obtain

z €U, (3)

1—k?
k ’

i)

for some 0 < k < 1. Also, if we put g(z) = u + v, then by (4) we get v? <
and so

l9(z)p(2) —1| <k and |argg(z)| =2 |arg

‘ < arctan

(4)

1—k%, 2
P

lg(2)(ix) — 1> — k* = |(u + iv)(iz) — 1| — k* = (u? +v)2® + 2oz + 1 —k* > 0.
By Lemma 1 we conclude that Re{p(z)} =Re{f'(2)} >0,z€U,ie. fER. m
From Theorem 1 we easily obtain the following

COROLLARY 1. Let f € A satisfy the condition (2) and let

‘L_l‘< 1-Fk
f(z) SVo2
for some 0 < k <1. Then f € R.

zeU,

In the next theorem we give an application to a certain class of rational func-
tions.
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THEOREM 2. Let )
f(z):z{l—l- > bnz”} (5)
n=1

and let
0 x 1-k
S (=D <k and 3 [bal <4/ (6)
n=2 n=1

for some 0 < k <1. Then f € R.

Proof. First let us suppose that the function (5) satisfies (6) and let 0 < k < 1
and >~ , |by] > 0. Then we have
1)
< [
f(z) =z

2f(2) _1‘: ‘_ZQ{ 1 1}’

() flo) =
= iQ(n —1)b,z" 7% < iQ(n —1)|bs| <k, zeU.
and
‘ﬁ - 1‘ - ni:;l boem 1| < 21 Ibn| < \/? cel.

Hence from Corollary 1 we conclude that f € R.

The other cases are simple. Namely, for k = 0 or for Y~ , |b,| = 0 we get by =
by = --- = 0 with |b;| < v/2/2, and the function (5) becomes f(z) = z/(1 + by 2).
For this function we can obtain that Re{f’(z)} > 0, z € U, for |b1| < v/2/2, i.e.
that f € R. For k = 1 we obtain the function f(z) = z, which also belongs to R. m

Finally we have

THEOREM 3. Let the function f be given by (5) and let

(n = 1)|ba] + 2(?;1 |bn|>2 <L (7)

e

Then f € R.

Proof. Let us put > ,(n—1)|b,| = k. Then from (7) we have that 0 < k < 1
and 07 |by] < +/(1 — k)/2, which by Theorem 2 means that f € R. m

n

z
2n+1

0o —1
EXAMPLE. For the function f(z) = z{l + > } we have that b, =
n=1

27D and 3520 (n — 1)[ba| +2(302, |bn|)2 = 1. By the previuous theorem we
conclude that this function belongs to R, i.e. it is univalent with Re{f'(z)} > 0,
zeU.

We note that the method given here is the same as in [2].
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