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SOME CONVERGENCE RATE ESTIMATES
FOR FINITE DIFFERENCE SCHEMES

Bosko S. Jovanovié and Branislav Z. Popovié

Abstract. In this work we use function space interpolation to prove some convergence rate
estimates for finite difference schemes. We concentrate on a Dirichlet boundary value problem
for a second-order linear elliptic equation with variable coefficients in the unit 3-dimensional
cube. We assume that the solution to the problem and the coefficients of the equation belong to
corresponding Sobolev spaces.

1. Introduction

In this work we use interpolation theory to prove some convergence rate es-
timates for FDS. Our model problem will be a Dirichlet BVP for a second-order
linear elliptic equation with variable coefficients in the unit 3-dimensional cube
Q=(0,1)3

3
— > Di(a;;Dju)=f in Q, u=0 on I =090 (1)
ij=1
We shall assume that the generalized solution of the BVP belongs to the Sobolev
spaceWs(Q), 2 < s < 4, with the right-hand side f(x) belonging to W5 ().
Initially we assume that the coefficients a;;(x) belong to the space of multipliers
M(W;=1(Q)); for this it is sufficient that [10]:

)
ai; € Wi 1(Q), for 5 < <4,

ai; € ;Rijf)(ﬁ), 6>0, for2<s<

DN | Ot
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We also assume that the corresponding differential operator is symmetric and
strongly elliptic, i.e.
3

3
a;; = aj;, Y. aijYiy; >co Yy, x €, co=const>0.
ij=1 i=1

Let @ be a uniform mesh in Q with the step size h, w =@ NQ, v =T NT, etc.
We define finite differences v,, and vz, in the usual manner [11]:

ve, = (v =) /h, vy, = (v—v"")/h,

z

where v (z) = v(z & hr;), and r; is the unit vector along the z; axis.
We approximate the BVP with following FDS:

Lyv =TT3TEf in w, v=0 on 7, (2)

where T; is Steklov smoothing operator on z;, i.e.
1
T f(z) = / f(x + htry)dt =T, f(x + hr;) = Tif(x + 0.5hr;)
0
(Hence, T;T; f = T,T; f and T;rDiu = Ug,, T, Dju = ugz, ), and

1 3
Ly =—5 > [(aijvs,)e; + (@ijva;)z,] -
ig=1

Let w be the solution of the BVP and v the solution of the FDS. We define the
error as z = w — v. Pur aim is to show that

lu—vllwz) < C- 1 |lullws o), 2<s<4, (3)
where C' is positive constant depending of the coefficients, but independent of h

and u.

The finite-difference scheme (2) is the standard symmetric FDS [11] with aver-
aged right-hand side. Note that for s < 7/2 the right-hand side is a discontinuous
function, so without averaging the FDS is not well-defined.

Estimates of the type
lu = vllwiwy < C R lullws o) (4)

are said to be consistent with the smoothness of the solution of the BVP [9].

The same technique is used in papers of B.S. Jovanovic [6] (constant coeficient
case) and [7], [14] (n = 2).

Estimates of type (4) have been obtained for a broad class of elliptic problems
by Lazarov, Makarov, Samarski, Jovanovi¢, Siili, Ivanovié etc (see [5, 8, 9, 12]). As
a rule the Bramble-Hilbert lemma [3] and results of Dupont and Scott [4] are used
for proving those results.
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2. Interpolation of Banach Spaces

Let Ap and A; be two Banach spaces, linearly and continuosly embedded in a
topological linear space A. Two such spaces are called interpolation pair {Ag, A }.
Consider also the spaces Ay N A; and Ay + A; with corresponding norms (see [2,
13)).

Let us introduce a category Coy, whose objects A, B,C,... are Banach spaces,
and whose morphisms are bounded linear operators L € L(A, B), and a category
C1, whose objects are interpolations pairs {Ag, A1 },{Bo, B1}, ... and whose mor-

phisms are L € L({Ag, A1},{Bo,B1}), where L({Ag, A1},{Bo,B1}) denotes the
set of bounded linear operators from Ay + Ay into By + By, whose restrictions on
A; belong to the set £(A4;,B;), i =1,2.

A functor F : C; — Cy is called an interpolation functor if Ay N Ay C
F({Ao,A1}) C Ap + Ay for every interpolation pair {Ag, A;}, while for every
morphism L € L({Ao, A1}, {Bo, B1}), F(L) is the restriction of the operator L on
F({Ao, A1 }).

The corresponding Banach space A = F({Ao, A1}) is called an interpolation
space.Obviously Ag N A; and Ay + A; are interpolation spaces.

If the inequality

ILN 7t a0 =7 (180,810 < CILN S 5 1L, — By
where 0 < § < 1 and C' = const > 1, is satisfied for every morphism L of category
C1, the interpolation functor F is said to be of the type 6.

Let us consider the so called complex interpolation method [13]. We define
the following sets of complex numbers: S ={z € C:0< Rz <1} and S = {z €
C : 0 <Rz < 1}. For a given interpolation pair {Ag, A1} we introduce the set
M(Ap, A1) of continuous functions f: S — Ay + Ay, analytic in S, which satisfy
the following conditions:

() sup ()| ag+4, < o0,

z€S
(i) f(j+it)eA;, j=0,1, teR
(iii) the mapings t — f(j +14t), j =0,1, are continuous on ¢, and

(@) [fllamcag,an = maX{Sup [1f (@)l 4y, sup [ £ (1 + Z't)llAl} < 00,
teR teR

For 0 < 0 < 1 with [4p, A1]p we denote the set of elements a € Ag + Ay which
satisfy the conditions:

(i) there exists a function f € M(Ap, A1) such that f() = a, and

(i) MNallag a0, = inf |[fllaag,a,) < oo
feEM(Ap,Ar)
f(0)=a
The space [Ag, A1]s defined in that way is an interpolation space. The cor-
responding interpolation functor F({A4g, A1}) = [Ao, A1]e is of the type 6§, with
constant C' = 1. Analogous assertion holds true for bilinear operators [13]:
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LEMMA 1. Let Ag C Al7 By C By, Co CCiand let L: Ay x By — C1 be
a continuous bilinear form whose restriction on Ay X By is a continuous maping
with values in Cy. Then L is continuous maping from [Ag, A1]e X [Bo, Bile into
[00701]9, and

—0 0
“L”[A(),Aﬂs x[Bo,B1]6 —[Co,C1]s < ||L||}40XBQ—>CO ||L||A1><B1—>Cl :

3. Spaces H;, B,, and W

As examples of interpolation function spaces we consider the spaces of Bessel
potentials H;, the Besov spaces B, and the Sobolev spaces W (see [1], [2]
and [13]). The spaces H,; and B, are spaces of distributions. We know that
D(R*) C Hy(R") and B,, C D'(R*) where D(R") = Cg°(R") is the set of in-
finitely differentiable functions with compact support, and D'(R™) is the set of
distributions. For s = 0, HJ(R™) = L,(R"), where L, is the Lebesgue space of
integrable functions. For 1 < p < oo the Sobolev spaces W, are defined in the
following manner:

L H:R*), s=0,1,2,...
pp*(R™), 0 < s # integer
with the norm defined as
1/p
Iy = (S s +171)
k<s r v
where
1/p
( > f|D°‘f(x)|pdx> , r=20,1,2,...
|a|=rR™
|f|W1;‘ = 1/p
—\D‘Zi(;)n:ﬁ‘:_f[(%)lp dscdy) , 0 < 7 # integer.
le|=[r]R™ R"
Here a = (o, ..., ) is a multi-index, |a| = a1 + -+ ap, © = (T1,...,2,) €

R, |2| = (214 +2,)Y/2, D* = D¢ - D% = (3/dx1)%t - -+ (0)dx,)* and [r]
is the integer part of . Obviously, W (R") C L,(R"), s > 0.

For —oco < s <00, 1 <p<oo,e>0and 1< qy <q < o the folloving
imbeddings hold true [13]:

B;E(R") - B;l(]R") - B;qo(]R") - B;ql (R™) C B;OO(R") - B;IE(R"),

s+ n s n
H: (R*) C HS(R") and

(R™) C H5(R") C B, (R™). (6)

p,max{p,2}

B

;Jnin{pﬂ}
For —co<t<s<o0, 1<p<g<oo, 1<r<ocoand s—n/p>t—n/qwe also
have
s n t n s n t n
B:,(R") C BL.(R") and HS(R) C HL(R").
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The following assertion holds true [13]:

LEMMA 2. For —oo < 8p,51 <00, 1 <pp,p1 <00, 1 <qgp<oo, 1 <q <0
and 0 < 6 <1 we have

[Hy0(R"), Hy! (RY)], = Hy(R")  and (7)
[B;gqo (]Rn)7B;iQ1 (]Rn)]g = B;q(]Rn)v (8)

where 1 1-6 6 1 1-6 6
s=(1-=0)so+s1, —-= +—, -= +—.
p Do D1 q qo q1

From (7), (8) and (5), for so,s1 > 0, it follows that
W0 (R™), WH(RY)], = WS(R), s =(1—0)so+s1, 9)

if 59, s1 and s are all integer, or fractional numbers. For p = 2 from (6) it follows
that W5 (R™) = Hs(R™) = B5,(R") and (9) holds without the restriction that sy,
s1 and s are of the same kind.

The previous results hold for the spaces H;, B, and W} in a bounded domain
2 C R™ which satisfies the cone condition. Here we assume that s > 0 for H spaces,
and s > 0 for B, spaces.

4. Convergence of Finite Difference Schemes

Let u be the solution of the BVP (1) and let v be the solution of the FDS (2).
The error z = u — v satisfies the conditions

3
Lpz= Y vy, in w, z=0 on 7, (10)
ij=1
where

1 .
Q/Jij = TDi(aiiju) — 5 [(aijqu )xi + (aijuxj )51] R Tu = T12T22T32u, 1, =1,2,3.

Let (v,w)y = (v, W) 1,0y = P* Y, ., v(z)w(z) and [|v]|2 = (v,v), denote the
discrete inner product and the discrete Lo-norm on w. We also define the discrete
Sobolev norm

3 3 3
Iolivgo) = NollE + 35 a2, + 3 Moz 12 + 3 o, I,
i= = 1<J

where w; and w;; are subsets of @ where corresponding finite differences are well
defined.

The following assertion holds true [5]:

LEMMA 3. The FDS (10) satisfies the a priori estimate

3
Iz <C- 8 il (11)

2,7=1
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The problem of deriving the convergence rate estimates for thr FDS (2) is
reduced to estimating the right-hand side terms in (11). Let us decompose ;; in

the following manner: 1;; = 31 _, thijx, where
Yij1 = T(ai;DiDju) — (Tay; )(TDiDju),
Yij2 = (Tai; — aiz)(TDiDju),
Yijz = Q4j [TDiDju — 0.5(Uz,o; + Uz;z, )] ,
Yija = T(Diai;Dju) — (T Diai;) (T Dju),
Yijs = [T Diai; — 0.5(asj,0; + aijz,)] (TDju),
Yij6 = 0.5(aije; + aijz,) | TDju — 0.5(u;j + uijl)] ,
bijr = 0.25(aije; + aijz)(uy) +ul?).

The value 1;j; in the node x € w can be represented in the form

Vi1 Z%/"'/‘5(51,52753)‘1’(01,02703)[%;‘(51,52753)—aij(01702,03)]><

exe

(12)
X DiDju(&y, &, &) d§1déadésdodoaydos,
where e = (1 — h,x1 + h) X (x2 — h,xo + h) X (x3 — h,z3 + h) and

_ & — 2] |2 — @] &5 — a3
®(&1,62,63) = <1 - T) (1 - T) <1 — T) .

Now, from (12) it follows that:

c c
Winl < 5 llaillo@IDiDjulliae < 575 laiill o lullwg -
From here, summing over the mesh w we obtain
[Piille < C-llaijllo@llullwz ) < C - llaijllwree o) lullwz@), € >0, p=3. (13)
(@) » ()

Transforming a;;(&1,&2,€3) — aij(01,02,03) in (12) to integral form

31
aij(€1,£27€3)—aij(0'1,0'2,0'3) = Dlaij(Tl,O'Q,O'?,)dTl-{—
2 n €3 (14)
+ Dgai]—(§177'2703)d7'2 + Dgai]—(§17§277'3)d7'3
o2 o3
and exchanging &; and o;, we obtain
1 &1
Yij1 22—h6/"'/@(51752753)‘1’(01,02703) X [ 5 Dia;j(m1,&2,&3) dn+
exe
£2 €3 (15)
+ Dgaij(01,7'27§3)d7'2 + D3aij(01,02,T3)dT3] X
o2 o3

X [DiDju(§17§27§3) — DiDjU(O'l,O'Q,O'?,)] d£1d§2d£3d0'1d0'2d0'3.
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Finally, transforming D;D;u(1,&2,&3) — D;Dju(o1, 02, 03) in (15) to integral form
(like in (14)) and applying Hoélder’s inequality, we obtain
[Yiji| < C- h1/2||aij||wg(e)||u||ws () P>2

2p/(p—2)

From here, summing over the mesh w, and using the imbeddings Wp3 C WI} and
Wy C W23p/(p72) for p > 3, we obtain

[Vijille < C - h2||aij||wg(sz)||U||W§p/(p72)(s2) (16)
< C-hlagllws o lullwi@)y, >3

Estimates analogous to (13) and (16) hold true for the other terms 4;;; [14] and so
we obtain

1¥ijllo < C - llaijllyi+e @) llullwz@), >0, p=3 (17)
1%l < O B2llasilwso)llullwae)s p >3 (18)

The mapping (a;;,u) — ;; is bilinear. From (17) and (18) it follows that it is
a bounded bilinear operator from W)= (Q) x W(2) to Ly(w) and from W}(Q2) x
Wi (Q) to Ly(w). Applying Lemma 1, from (17) and (18) it follows that v;; is a
bounded bilinear operator from [W)+=(Q), W3(Q)] , x [W3(2), W5 (Q)], to La(w),
with the norm M < C' - h?. According to Lemma 2, (8) and (9)

(W), W ()], = B o P79(Q) and - [WH (), W5(Q)], = W3 (2).
Setting 2 4 26 = s, we obtain
||1ﬁ1]||w <C- h372||aij||B;;1+g(z_.«/z)(ﬂ)||u||W25(Q), p>3, 2<s<4. (19)
Combining (11) and (17)—(19) we have thus proved the following result:

THEOREM. The FDS (2) converges in the norm of the space W2(w) and fol-
lowing estimate, which is consistent with the smoothness of the data, holds true

lu = vllwz) < C-h52 ‘max flaijll gecivemorn o) - fullws @), P23, 2<s<4

REFERENCES

[1] R. A. Adams, Sobolev spaces. Academic Press, New York 1975.

[2] J. Bergh, J. Lofstréom, Interpolation Spaces. Springer-Verlag, Berlin—Heidelberg—New York
1976.

[3] J. H. Bramble, S. R. Hilbert, Bounds for a class of linear functionals with application to
Hermite interpolation. Numer. Math. 16 (1971), 362-3609.

[4] T. Dupont, R. Scott, Polynomial approzimation of functions in Sobolev spaces. Math. Com-
put. 34 (1980), 441-463.



256
(5]
(6]

(13]

14]

B. S. Jovanovi¢ and B. Z. Popovié

B. S. Jovanovié¢, The finite difference method for boundary value problems with weak solu-
tions. Posebna izdanja Mat. Instituta, 16, Beograd 1993.

B. S. Jovanovié: Interpolation of function spaces and the convergence rate estimates for the
finite difference schemes. Second International Colloquium on Numerical Analysis, Plovdiv
1993, (D. Bainov and V. Covachev, eds.), VPS, Utrecht 1994, 103-112.

B. S. Jovanovié: Interpolation technique and convergence rate estimates for finite difference
method. Lect. Notes Comp. Sci. 1196 (1997), 200-211.

B. S. Jovanovié¢, L. D. Ivanovié, E. E. Sili, Convergence of finite-difference schemes for
elliptic equations with variable coeffients. IMA J. Numer. Anal. 7 (1987), 301-305.

R. D. Lazarov, V. L. Makarov, A. A. Samarskii, Application of ezact difference schemes for
construction and investigation of difference schemes for generalized solutions. Mat. Sbornik

117 (1982), 469-480 (Russian).

V. G. Maz’ya, T. O. Shaposhnikova, Theory of multipliers in spaces of diferentiable functions.
Monographs and Studies in Mathematics 23, Pitman, Boston, Mass. 1985.

A. A. Samarskii, Theory of Difference Schemes. Nauka, Moscow 1983. (Russian)

E. E. Siili, B. S. Jovanovié, L. D. Ivanovié, Finite difference approximations of generalized
solutions. Math. Comput. 45 (1985), 319-327.

H. Triebel, Interpolation Theory, Function Spaces, Differential Operators. Deutscher Verlag
der Wissenschaften, Berlin 1978.

G. Zivanovié, Application of interpolation theory for establishing convergence rate estimates
for finite difference schemes. M.Sc. Thesis, University of Belgrade 1994 (Serbian).

(received 20.08.1997.)

University of Belgrade, Faculty of Mathematics, Studentski trg 16, 11000 Belgrade, Yugoslavia

University of Kragujevac, Faculty of Science, Radoja Domanovi¢a 12, 34000 Kragujevac, Yu-

goslavia



