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SPECTRAL PROPERTIES OF THE CAUCHY OPERATOR
AND THE OPERATOR OF LOGARITHMIC POTENTIAL TYPE
ON L? SPACE WITH RADIAL WEIGHT

Milutin Dostanié
Abstract. We consider the Cauchy operator C' and the operator of logarithmic potential

type L on L?*(D,dp), defined by

(RS __1
- Dadu(g), Lf(z)——E/Dln\z—ﬂf(f)dﬂ(g)v

where D is the unit disc in C, du(¢) = h(|¢])dA, h € L>~(0,1) is a function, positive a.e. on
(0,1) and dA the Lebesgue measure on D. We describe all eigenvectors and eigenvalues of these
operators in terms of some operators acting on L?(I,dv) with I =[0,1], dv(r) = rh(r)dr.

Cf(z) = -

Introduction

Let D denote the unit disc in C and let h € L>(0,1) be a function such that
h > 0 a.e. on (0,1). Consider the operators C, L: L?(D,du) — L?(D,du), where
du(€) = h(|¢]) dA (dA — Lebesgue measure in D) defined by

Cf(z) = —l/ 1(€) du(€) (Cauchy operator),

T Jp&—z
Lf(z) = —% / In|z =& (&) du(€) (operator of logarithmic potential type).
D

It is well known that under these conditions Ker L = {0}, Ker C' = {0} and both
operators are compact. Detailed structure of operators C' and L with A = 1 is given
by J. M. Anderson, D. Khavinson and V. Lomonosov in [1] and by J. Arazy and
D. Khavinson in [2]. Results obtained in [3] and [4] yield the following asymptotic
formulae for singular values of the operators C' and L:

9 1 1/2 1 1
3, (C) ~ (E/o rh?(r) d'l“) , Sn(L) ~ %/0 rh(r) dr as n — 0o.

In this paper we describe all eigenvectors and eigenvalues of operators C' and L in
terms of some operators acting on L*(I,dv) with I = [0,1], dv(r) = rh(r)dr.
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Results

For m € N let K,,(z,r) = L (r/z)™, for r < x and K,,(z,7) = L(z/r)™, for

x <r,and let A,,: L?(I,dv) — L*(I,dv) be an operator defined by

1
m

Amf(av):/0 Ko (x,r)f(r)dv(r).

LEMMA 1. Operator A, is selfadjoint, Hilbert-Schmidt and it has trivial kernel
(Ker A,, = {0}).

Proof. Since dv(r) is a finite measure and K,,(z,r) < 1/m, we have

11
/ / K2 (x,r)dv(z)dv(r) < %(V(I))z < 00,
0o Jo m
i.e. A,, is Hilbert-Schmidt.
Consider the equation A,,f =0, f € L*(I,dv), i.e.
T 1
x*m/ r™ f(r) - rh(r)dr + xm/ r~ ™ f(r)-rh(r)dr =0. (1)
0 T

Since f € L*(I,dv), we have g(r) = rf(r)h(r) € L' and from (1) it follows

T 1
:r*m/ rg(r)dr + 2™ / r~Mg(r)dr =0.
0 T

Differentiating the above equation with respect to z and multiplying by x we get

—x=™ ' r"g(r)dr + 2™ 1 r~™g(r)dr =0. (2)
J /

From (1) and (2) we obtain z=™ [ r™g(r)dr = 0 a.e., ie. [ r™g(r)dr =0 a.e.,
which gives g(x) = 0 a.e. Since h > 0 a.e., it follows that f =0 a.e. m

Let Ag: L?(I,dv) — L*(I,dv) be a linear operator defined by

Apf(x) = / Ko(z,r) f(r) dv(r),

where Ky(z,7) = —2lnx, for r < x, and Ko(z,r) = —2lnr, for x < r. In a similar
way as above one can prove

LEMMA 2. Operator Ay is Hilbert-Schmidt and Ker Ag = {0}.

Let {®,,n(r)}22, denote the system of eigenvectors of the operator A,, (m =
0,1,...) which correspond to eigenvalues s,,,, normalized by fol |® 1 (1)? dv(r) =
(27)7 L. Form =1,2,... set ® (1) := ®un(7), S_mn = Smn and let gp,n(2) :=
®

mn(]2])(2/]z])™ for m € Z, n € N.

THEOREM 1. Operator L satisfies L= 5.  Smn(, gmn)

2 Imn-
meZ,neN L3(D,du)
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Proof. Let m € N. Then

1 27
Lgmn = / Pnn(r) du(r)(—l / eim91n|z—rei9|da>. (3)
0 T Jo

Since the integral in parentheses is equal to r™/mz™, for r < |z|, and 2™ /mr™
m mn

for |z] < r, it follows from (3) that Lgmn = gmn o

with A @mn = SmnPmn gives

. This equation, together

Lgmn = SmnGmn-

In a similar way one shows that Lgg, = Songon. Also, one can check directly that
Lg_mn = Smng—mn (m,n € N), i.e. Lg_mn = S—mng—mn (SINCE S_imn = Smn)-
Therefore Lgmn = Smngmn, for allm € Z, n € N.

Since the operator L is positive ([5], Theorem 1.16), we get s, > 0. We will
show that the system {¢mn}mez, nen is orthonormal in L?(D, dp). Indeed,

/ Gonn(2) Gon(2) dp(z) = 276 / B (1) B (1) (1) = Sy
D 0

(from the way the system {®,,,} is normalized). Furthermore,

/ Imn(2) gmk(2) dp(z) = 27r/ D (1) @ (1) dv (1) = iy
D 0

since ®,,, are eigenvectors of a selfadjoint operator A,,. Since the systems
{®,,,}52, are bases in L2(I,dv) for all m € Z and since {e?},cz is a basis
in L%(0,2m), the system {gmn}mez, nen is complete in L?(D,du) (see [6], p. 66).
Therefore, {gmn} is an orthonormal basis in L?(D,du) and thus

f= Z(fvgmn) Gmn-

(D,dp)
Applying L to the above equation we finish the proof of Theorem 1. m

Next we consider the Cauchy operator Let B,, (m € N) be linear operators
defined on L?(I,dv) by B fo f(r)dv(r), with
4 {fo t2m Zdv(t), z <,

Bu(z,r) = _
(a.7) fo?m=2dv(t), r<«

(zr)m™

LemMMA 3. For all m € N, B,, is a selfadjoint, Hilbert-Schmidt operator and
Ker B,, = {0}.

Proof. Indeed, from

4 fo 2 th(t)dt, @ <,
By (x,7) (zr)™ { f $2m— 1h(t)dt r<e
47l { 22 [2m, @ <y 2flh]l
(xr)m 2" om, r<a . om

it follows that B, is a Hilbert-Schmidt operator.
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Consider the equation B,,f(z) = 0, f € L?>(I,dv). It can be written in the

form
/ ot [ GRaa) <o

ie. / fs) s)ds = 0. Differentiating, we get f = 0 a.e., and thus Ker B,,, = {0}.

Denote by {¥,,,}5>, the eigenvectors of the operator B,, corresponding
to the eigenvalues A, (sequences {\,,,}32; are ordered as non-increasing for
each m). Let By: L?(I,dv) — L?(I,dv) be a linear operator defined by By f(z) =

Jy Bo(,7) f(r) dv(r) with
Bo(x,r)=4~{ o a0/, v <
f dv(t)/t?, x <.

In a similar way as in Lemma 3 one can prove that By is a Hilbert-Schmidt
operator with trivial kernel. Denote its eigenvalues by {Ao,}52, and the corre-
spondlng eigenvectors by {¥g,}. We normalize the system {Un}tm=0.1,...n=12,.

by fo |V pn ()2 dv(r) = (2n)"t. For m € Z, m < 0 we set U, := ‘If,mn,
Amn = Almn and hpmn(2) = U (|2)(2/|2])™, m € Z, n € N.

THEOREM 2. Operator C*C satisfies C*C' = >°  Apn(t, hmn) hmn
meZ,neN L*(D,dp)

Proof. For m € N,

Chmn:/ol \Ifmn(r)dy(r)<—%/0%%d9> 6(:)(5 |)"H,

1
‘I]m’n .
where G(t) = —2tm*1/ Lmn(r) dv(r). That gives
t

,rm

1 1 [27 eimd B honn
Choyn _/0 G(r) du(r)(—;/o Eei9—rd0> = honn -~ = Mmoo

In a similar way one gets C*Chg,, = Agnhon and C*Ch_,p = A_pnh_my, for
m =1,2,.... That gives rise to A, > 0, since C*C is a positive operator.

In the same way as in Theorem 1 one proves that {hm,}mez, nen is an or-
thonormal complete system in L?(D,du) and thus it is a basis in L2(D,du). Ap-
plying C*C to

= b hmn 2 hmn
1= B )
we get the conclusion. Since A, > 0, setting s/, = v/Amn, We obtain

mn 2
mEZ,nEN L (Dydﬂ/)

That gives rise to the permuted Hilbert-Schimdt expansion

¢= Z Slmn('v Ponn)
meZ,neN

Chmn
Tmny, Tmn = ] . n
mn

L*(D,dp)
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Remark. Regarding the operators C' and L we can raise the following problem:
for which weight h, ||L|| = so1, [|C]] = Vo1 (= s41)?
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