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RELATIONSHIP BETWEEN THE OPERATORS OF CAUCHY
AND LOGARITHMIC POTENTIAL TYPE

Milutin R. Dostanié

Abstract. Asymptotic behaviour of singular values, together with the estimate of the
remainder term, of Cauchy operator and the operator of logarithmic potential type, as well as the
corresponding trace formula are determined.

1. Introduction and notation

Let 2 C C be bounded domain. Denote by L? (Q) the space of complex valued

) 1/2
functions in Q for which the norm ||f||, = ( Jo |f (O da (g)) is finite. Here

dA (€) denotes the area measure in . The operators L and C: L? () — L2 (Q)
defined by

L1 ()= 3= [l =617 (©) dA(©)
nd
' cr@=-+ [ Haa
L o

will be called the operator of logarithmic potential type and Cauchy operator re-
spectively. It is well known that C and L are compact operators on L2 (Q) and
L > 0 iff Q is inside the unit disc; see [1]. The spectral properties of the operators
L and C are studied in many papers (see [1], [2], [5], [7]).

In what follows we denote by [, M (z,&) - dA (€) the integral operator acting
on L? () whose kernel is M (z,£).

For compact operator T we denote by s, (T') the n-th eigenvalue of the operator
|T| = (T*T)l/z, i.e. s, (T) = A (|T]). By c¢p we denote the set of compact operators

T such that
1/p
= (X m)

E>1
In particular ¢; is the set of nuclear operators.
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2. Results

The operators L and CZ—C have similar spectral asymptotics. Let A, (L) and

An (CZ—C) be eigenvalues of the operators L and CZ—C arranged in the decreasing
order, according to their multiplicity.

THEOREM 1. If Q C C is a bounded simply connected domain with analytic
boundary, then the following asymptotic formulae hold:

a)
_ 1920 1
An (L) = 4mn +0 n4/3

cxCc\ 19| 1
An( i >—m+0(m>

Proof. For the eigenvalues A, of the problem

—Au = du, ulog =0 (*)
the following Weyl formula holds

L_ﬂ_ |09 1 + 1
An 4mn 1/471-|Q|n3/2 © n3/2 )"

Here |0€)| denotes the length of the |0€2|. By the inversion of the boundary problem

—Au = \u, ulag =0

we get
Sf(z) = /Q G (,6) f (€) dA(€)

where G (-, ) is the Green function of the problem (x).

It is clear that s, (S) = ﬁ In terms of conformal mapping h : Q@ — D
(D is the unit disc) we have

1

G (z,6) = —%ln

h(z) —h ()
1= h(§)h(z)
(Observe that the function h can be analytically continued to some neighborhood

of Q. The same holds for ¢ (z) = h=' (z). Therefore, ¢’ () is a bounded function
on D.)

Then we get

S=—%/gln‘@‘-dA(§)+%/an‘1—mh(z) -dA(6)+ L

2
=51+ 5+ L.
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From the Birman-Solomjak theorem on the growth of singular values of operators
with an analytic kernel, [3], we obtain

$p(S1) =0 <e_C°‘/ﬁ) (co does not depend on n). (1)

Since s, ([ In|1 = €z|-dA) = O(1/n?) and

5n (S2) = s, (i/Dgo' (2) ¢’ (©)In|1 - ¢ 2| -dA)

27

we have s, (S2) = O(1/n?) and from (1) and properties of singular values of the
sum of two operators we get

1
Sn (Sl +Sz) =0 (F) .

Now, we need the following simple generalization of the Ky-Fan theorem (it can be
deduced in the same way as the Ky-Fan theorem [9], see also [8]).

LEMMA 1. If A and B are compact operators such that
a

sn(A)zn—a-i—O(n_ﬂ) a+tl>B>a>0
52 (B)=0 (%) p1> Oﬁ’%ﬂ

then a
sn(A+ B) = n—a—f-O(n*B)

Applying Lemma 1 to the operators S and — (S; + S2) we get the statement
of Theorem 1 a).

For the proof of Theorem 1 b) we observe that the operator R = CTTC — L has
the following kernel

1 In|t — 2|
X = dt
(z’ 5) 47T2i ‘/'39 t— 5
and hence 1
(Indeed, the kernel of the operator CfTC is equal to the function

1 dA (t)
K(z"f)‘m/g(&—t)(z—f)’

so applying the Cauchy-Green formula we obtain
1
K(z,6) = —5-Inlz = € + X (2,

i.e. the kernel of the operator R is equal to X (z,£).)
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Let us show (2). It is enough to prove that for the singular values of the
operator R: L? (D) — L? (D) with the kernel

Injp ) —p )|
prm—wo P (0) di

there holds sy, (R1) = O (1/n?). Observe that

nlp®) -9l
prm—wa o (1) dt
[ (=99 @) nji—z e -0 ¢ -¢©
_pr@—w@) - “*ADI iz | o) _v@© “
/ pt)—p(2))| 1 1
wo [ m T (w@-wﬂ@ t—é)“
=22
+@ (O | —m——dt=Ki+ K> + K3 + K.
oD £

The functions Ks, K3, K4 are real analytic on a neighborhood of D x D and thus
the corresponding integral operators have exponential decrease of singular values.

(Theorem of Birman-Solomjak). The function (¢,&) — (t — &) % is analytic

on a neighborhood of D x D and the rate of growth of the singular values of the
operator with the kernel K is equal to the rate of growth of the singular values of
the operator with the kernel

In|t — 2| iln(l—t3
/apit—i dt (=miln(1—£%).
Since s, ([pIn (1 — ¢ z) - dA(€)) = O(1/n?) we obtain (2).

It follows that s, (R — Sy — S2) = O (-z) and applying Lemma 1 to the oper-
ators S and R — S; — S» we obtain the statement of Theorem 1 b). m

From Theorem 1 it follows that the function

v0=3 (% (52)-xnw)

n=1

(M =e**; InXx =In|A| +iarg\, 0 < argA < 2m) is analytic for Rez > 2/3.

THEOREM 2. If Q C C is a bounded simply connected domain with analytic
boundary, then the following trace formula

> c*C _
Z(An( 1 )—,\n(L)> :—#/@Q/mlnﬂz—adzdg

n=1

holds.

In the proof of this theorem we need the following
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LEMMA 2. [6] If C and D are positive compact operators on some complex
Hilbert space H such that |C — D|Rez €c; (0<Rez<1), then C* — D? € ¢; and

|sin7rz|

|Cz __Dz|1 < "C D|Rez )

sinm (Re 2)

Proof of Theorem 2. From (2) it follows that for every k € N holds
cc\* . 1
(5 -+) -0l

and by Lemma, 2, the function
z/k
cx0\* </
() -

zr—>tr<<C4C) —Lz> =tr

is analytic for ;35 < Re (%) < 1ie. &5 <Rez < k. So, the function

oo () -

. z
If Rez > 1, then both operators (C C) and L? are nuclear and hence

is analytic for Rez > 1/2.

4

(50 ) =e(CE) v
wer=u((52) 1)

for Rez > % Particularly, for z = 1 we obtain

i (/\n (C;C) —An (L)) = tr (Czc —L> =trR.

n=1

Hence

Having in mind that R € ¢, by [4], Theorem 3.1 it follows
1 Injz—t |
trR=—— dA(z)/ nlz | / / Injz=1 (2)
47 27, 80 z—1t 471' ) 80 z — t
Let Q. = Q\{z: |z —t| <e}, t € 0. Since

/ 2=t 4y = - lim/ Ml ga ey = —tim [ 2 (e~ 1)) dA(2)
o Q. 0z

z—1 e—0 z—1 e=0 Jo_

according to Green’s formula, [10], we get

1 —t 1 1
/711'2: |dA(Z)=—lim ——./ In? |z — t| dz :_-/ In* |z — t| dz
Q z—1 e—0 21 Q. 24 oQ
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So,
1 1 ) 1 )
trR=— dt — In® |z —t|dz = —— In“|z —t| dtdz. =
An2i Jaq 21 Jag 812 Jaq Jaa
REMARK. In the case Q@ = D (D is the unit disc) it was proved in [1] that the
spectra of the operators CZ—C and L are equal and we may expect that
o
cc
> (,\n( 1 ) —)\n(L)) =0.
n=1

But direct calculation shows that

/ / In? |z — &| dz d€ = 27* .
ap JaD

The explanation lies in the fact that the operators C;—C and L have the same spectra
(in the case Q@ = D ) but their multiplicities differ.

COROLLARY. Assume the boundary of a simply connected bounded domain G,
is given by z (0) = (1 +ep (0)) €. Then applying Theorem 2 to the operators <<

and L (acting on L2 (G.) ) we have
Z An cc — A (D) :_i/ / In® 2 — t| dzdi+e-A+0 () ,e = 0
4 87> Jap Jop

n=1
where A depends only on ¢ and ¢'.

So the operators C;—C and L on domains which are close to the unit disc,
either have different spectra or if they have the same spectrum the multiplicities of

eigenvalues are not the same.
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